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The least eigenvalue of an operator H = H, + g V is considered, where H is a semibounded
self-adjoint operator in a Hilbert space and V is symmetric. It is shown that the J-type continued
fraction (i.e., the sequence of the [N —1, N] Padé approximants) to the Brillouin-~Wigner
perturbation expansion converges to the eigenvalue, provided V is a regular perturbation of H,. An
application of this result to some quantum mechanical systems, such as the helium atom, is briefly

discussed.

1. INTRODUCTION

In quantum theory one is very often faced with the prob-
lem of computing the eigenvalues of a self-adjoint opera-
tor H in a Hilbert space X written under the form
H = Hy + gV, where g is a scalar parameter. Usually
an exact solution for Hy is known, and V is treated as a
perturbation.

It is well known from the Rellich-Kato theory that
under some appropriate conditions on H, and V the
perturbation theory is regular, i.e., the usual (Rayleigh-
Schridinger) perturbation expansion in powers of g of
the eigenvalues and eigenprojections has a nonzero
radius of convergence.! It will be shown in this paper
that the same conditions imply also the convergence of
the J-type continued fraction (i.e., of the [N —1,N] Padé
approximants sequence) corresponding to the Brillouin-
Wigner implicit perturbation expansion of the least
eigenvalue E(g) of H.

The utility of this result is twofold: First,the con-
vergence takes place for any real g belonging to the
maximal analyticity interval I of E(g),i.e., g may lie
outside the radius of convergence of the Rayleigh-
Schrodinger expansion,2 secondly, whereas the rate of
convergence of the Rayleigh-Schridinger expansion may
be very slow, the Padé approximants yield a good approx-
imation method, due to their well-known monotonicity
and bounding properties. The paper is organized as
follows: In the next Sec. we state our hypotheses and
establish the validity of the Brillouin-Wigner implicit
formula for the case under discussion;in Sec.3 we
prove the convergence statement and point out briefly
an application to the He atom and He-like ions.

For an explicit expression of the approximants to
E(g), as well as the relationship with the Rayleigh-
Schrodinger expansion, the reader is referred to a re-
cent paper of McClary,3 where the same result is
proven for a &4(x) quantum field theory model in two-
dimensional space-time.

2. BRILLOUIN -WIGNER PERTURBATION THEORY

Let X be a Hilbert space, and H, a positive self-
adjoint operator in X. Let the eigenvalue E, > 0,
isolated and nondegenerate, with normalized eigen-
vector &, be the least point of 2 (Hy). Let V be sym-
metric and Hy-bounded in X, i.e.,let D(V) D D(H,) = D,
and let there exist positive constants ¢ and b such that

\Vull < allull +bllHqull, ueD (2.1)
These are the well-known conditions under which
H=H(g =Hy, +gVv (2.2)
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is a self-adjoint holomorphic family of operators of
type (4) and also of type (B), defined for any com-
plex g.1

If we indicate with E(g) the least point of } (H), the
above conditions imply the existence of a maximal inter-
val I C R, containing the origin, such that for any g I
E(g) is an analytic function representing an isolated non-
degenerate eigenvalue of H = H(g).2 If P(g) is the cor-
responding eigenprojection, it will be analytic in the same
interval, P(g)X being one-dimensional there.

We proceed now to obtain the Brillouin-Wigner
implicit formula for E(g).

Let X! be the Hilbert space X0&. If T is an operator
in X, and P* the orthogonal projection onto X, let T+ the
operator in X+ defined by T+ = P-TP:.

If Y = ¥(g) is the normalized eigenvector correspond-
ing to E(g),
(Hy + gV ¥(g) = E(g)¥(g),
write
Y(g) = + ¥(g),
i(g) = ¥ € X+,

2.3)

(@, %) =0

Applying P* to (2.3) and then taking in the same form-
ula the scalar product with &, we get the two equations

[(Hy +gV)t — E(gQ)] ¥+ + gPtVe =0, (2.4)

E(g) = Ey +g(3,Vd) + g(PVe, ¥t), (2.5)
where Hy® = E;® has been used. By elimination of ¥+
between (2.4) and (2. 5), we get the Brillouin-Wigner im-
plicit equation for E(g):

E(g) _EO _g(¢7 V(I)) =f(E7g)} (2-6)
where )
f(E,g) = —g2(P-V&,[(H, + gV)* — E}'1P-V8). 2.7

By Lemma 2.1 below, for any g € 1,f(E, g) exists in
the interval — o < E < B(g), with B(g) > E(g), and since
it is clearly a monotonically decreasing function of E,
the eigenvalue E(g) must be the unique solution of (2.6)
in the above defined interval,for any g ¢ I.

By Theorem 2.1, we can write f (E, g) under the form

f(E, g) = —g2(K-1/2P+Vv$, (1 + A)-1K-1/2PLryd), (2.8)
where K = P+H,P* is of course a self-adjoint and
strictly positive operator in X* so that K1/2 and K-1/2
exist as positive self-adjoint operators in X+, and A =
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K-1/2(V — E)LK-1/2 with A + 1 positive by Lemma 2. 2.
The usual Brillouin-Wigner implicit perturbation expan-
sion comes from the expansion of (1 + A)-1 in (2.8), and
an approximate expression for the eigenvalue is obtained
by truncating the expansion, substituting in (2. 6), and
solving the resulting algebraic equation.

Let us turn now to the above mentioned statements.

Lemma 2.1: For any real g the operator H* =
(Hy +gV)* = P*HP* is self-adjoint in X+, and for any
g € Iits lower bound B(g) is strictly greater than E(g).

Proof: The first part of the statement is obvious.
As for the second part, it will be shown that by the exist-
ence of a 6(g) > 0 that the interval (—w, E + §) belongs
to the resolvent set of H. Since P* is a projection of nul-
lity 1, we can use the well-known Weinstein- Aronszajn
formula,® which gives the relationship between the iso-
lated eigenvalues of H and PHP if P is a projection of
finite nullity. According to the Weinstein-Aronszajn
method, we have to compute

w(z, H) = (u, (H — z)"1u), 2.9)

u being any basis vector of (1 — P1)X,i.e., any non-zero
vector proportional to &. By our hypotheses, there
exists a transformation function® U(g), analytic and
unitary for g € I, such that P(g) = U(g)P(0)U(g)- =
U(g)PtU(g)-1. Taking u = U(g)$ the spectral theorem
yields

«  dp(n
1 4 p(2)

w(z,H) = .
E(g) —z E(g)ta M2

)gEI,

where E()) is the spectral family associated with H,
p(\) = (u, E(\)u), and d is the isolation distance of the
eigenvalue E(g), positive for any g ¢ I.

It follows that w(z, H) is meromorphic in the whole
complex z plane cut along the real axis from FE +d to
+ 0o, with a simple pole at z = E(g). In addition, since
zeroes and poles of a meromorphic function are iso-
lated points, there is a 6(g) > 0 such that w(z) is dif-
ferent from zero for E(g) < z < E(g) + 6(g). Hence
by the second Weinstein-Aronszajn formula we can con-
clude that no point of 7 (H*) lies in the interval
(—w, E(g) + 6(g)), and this proves the lemma.?

Lemma 2.2: Let A be the symmetric operator in
X* defined as A = K-1/2(V — E)*K-1/2, Then A is a
bounded and strictly positive operator in X+, g c I.

Proof:, Since V is Hy-bounded in X, it is easy to
see that (V — E)* is K-bounded in X*. Now K is self-
adjoint and semibounded in X* and (V — E)! is sym-
metric. It is known that this implies that the quadratic
form ((V — E)*u, u) is relatively bounded with respect
to the form (Ku, «) and the same is true for their clo-
sures.8 It follows that the symmetric quadratic form
(K-1/2(y — E)*K-1/2p,v) v € X*, is bounded. Then A is
bounded and hence self-adjoint.

As for the positivity, we make use of an argument of
McClary.3 Since B(g) > E(g) and E(g) is continuous,
there exists € > 0 such that

ofeie) > g o0

and there is a C(g) > E(g) such that

BG£—>>—L—UQ> 1

1—c¢ 1—e¢ l-eE(g)'
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Then if E <C(g) we have as a quadratic form on Dt ® D*

g Y g 1
(I{0+l__—€‘V>>B<i—__~E>>1_E E (DJ'=X‘LnD),

i.e., (Hy +gV)* — E > Hy* = €K, which is equivalent to
the relation 1 + A > € on K1/2DL ® K1/2p+, Since K1/2
is positive and essentially self-adjoint on® D+, the set of
vectors K1/2D* is dense in X+ and the assertion follows.

Theorvem 2.1: As an operator identity in Xt we
have

[(Hy + gV)* —ET! = K-1/2(1 + A)-1k-1/2, (2.10)

Proof: For any f € D+ we can write
[(Hy +gV)* —E]f = K1/2(1 + A)KV/?f . (2.11)

Now, as it has been seen before, D' = K1/2D" is dense in
X+ and by Lemma 2.2 (1 + A)D’ is also dense. Hence for
E < C we can invert (2.11) and conclude

[(Hy +gV)* —EJ! = K-1/2(1 + A)K-1/2,

3. CONVERGENCE OF THE CONTINUED FRACTION

The validity of the Brillouin-Wigner implicit for-
mula E(g) — E, — (8, V®) =f(E, g)

f(E, 8 =— g2(K-1/2P-V®, (1 + A)1K-1/2pLvy) (3.1)

has been justified in the former Sec. Let us turn now
to the convergence questions.

Theorem 3.1: The Brillouin-Wigner expansion of
E(g) has a non-zero “radius of convergence”.

Proof: Since A is bounded, we can expand (1 + A)-1lin
geometrical series in (3.1):

f(E,g)= 2 (=)= Cc,;C, = (K-1/2pLvd, AnK-1/2V®)
n=0 (3.2)
and there is a D(E) such that

Ic,| <DE)», n=0,1,2,---. (3.3)

0

This shows that the power series 7, C (—z)" hasa
=0

nonzero radius of convergence, def;ending on E and g.

Lemma 3.1: Let M be the upper bound of J,(A4).

The Hausdorff moment problem

M
C,= [ Xwdo(x), n=0,1,2-", (3.4)

-1lte

where the numbers ¢, are defined by (3.2),n = 0,1, 2 --
and de(x) is a positive measure on [—1 + ¢, M), has the
unique solution ¢(x) = (K-1/2pLVé, E(x)K-1/2PLV®)
where E(x) is the resolution of the identity of A.

b

Proof: The fact that de(x) is a solution of (3.4) is a
direct consequence of the spectral theorem. The unique-
ness comes from the general statement that whenever
a Hausdorff moment problem has a solution it is deter-
mined.10

Consider now the sequence of orthonormal polynomials
P,(z),n =0,1,2,--,0f degree n, obtained from the
powers 1, z, ..., z# through the Gram-Schmidt orthogonal-
ization procedure, the orthogonality being defined by
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M
[ P, 00P,X)dpX) =5,, .

-1re
Consider also the polynomials @, (z), of degree n — 1,

defined as
M

Q"(Z) =7 f

-1re

Pz) — P,(x)
Z—X

do(x).

As is well known,!1 the rational functions Q,(z)/P,(2)
are the successive approximants of the J-type continued
fraction associated with the power series E;’O Cn(z)".
It is also well knownl2 that @, (z)/P,(2) coincides with
the [n — 1,n] Padé approximant to the power series

Z‘:Z 0C, &)1, uniquely defined as that rational func-
tion whose Taylor expansion at the origin coincides with
22 9 Cp(+ 2)271 up to the order 2n — 1. Let us indicate
with /P, the sequence Q,()/P,(2)| ,-_;. The con-
vergence statement for the eigenvalue is the following:

Theorem 3.2: Letf (E,g) =—Q,/P,,and E,(g) be
the least solution of the equation E(g) =f,(E,g) + Ey +
(®, V®). Then for any g c I, E,(g) decreases monotoni-
cally to E(g) as n — .

Proof: Since the coefficients ¢, have the representa-
tion (3.2), it is well knownll that for z < —1 + ¢ the
rational functions @ ,(z)/P,(z) are positive and mono-
tonically decreasing as — . Furthermore, since the

. . . : (2 M do(x)
representation (3.2) is unique, lim =
n— o Pn(z) “1ve X TZ

n

= —(K-1/2p+V$, (z —A)-1K-1/2 P-V,) uniformly in any com-

pact subset of the complex z plane cut along the real
axis from —1 + € to M11, We may then take z = — 1, so
that f,(E, ) is negative and monotonically decreasing to
f(E, g) as n — ©, and consequently E,(g) is monotonically
decreasing as well, with ”lirg E,(g) = E(g).

Let us briefly indicate now an application to the
Helium atom and Helium-like ions. In this connection
the present result justifies earlier computations of the
ground state energy of the above mentioned systems by
means of the [n — 1,n] Padé approximants applied to the
Brillouin-Wigner expansion.13

In atomic units, the Schrddinger operator for a system
consisting of a fixed nucleus of charge Z and two elec-
trons is given by H = H, + gV, where

Hy=T—-U, T=—348—308, U=(Q/7))+1/7)

3.5

V=—1—, g=1/z, z>0. (3.5)
Ti2
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Here 7, = (x;,v;,2;), i=1,2,is the position of the
ith electron, and r,, = [(x; —%5)2 + (y; —¥,)% +
(2, — 245)%]1/2 is the relative distance. A;,i=1,2,1s
the three-dimensional Laplacian 32/0x,2 + 82/3y 2 +
92/0z 2.

It is well known that H = H(g) can be realized in
L2(R6) as a self-adjoint holomorphic family of type
(A) as well as (B,) defined for any complex g.14

It is also knownl5 that for any g > 0 the least (ground
state) eigenvalue is isolated and nondegenerate. It is
then possible to apply the former statements and conclude
that the [n — 1,#] Padé approximants to the Brillouin-
Wigner expansion converge to the ground state eigen-
value for the He atom and any He-like ion.16

'T. Kato, Perturbation Theory for Linear Operators (Springer-
Verlag, Berlin, 1966), especially Chap. VII.
2The analytic continuation of E(g) in a region outside the radius of
convergence of the Rayleigh-Schrodinger expansion has been obtained
through the Mittag-Leffler method. See M. Reeken, J. Math. Phys. 11,
822 (1970).
3W. K. McClary, Commun. Math. Phys. 24, 171 (1972).
4] C R here is the maximal analyticity interval, containing the origin,
of E(g) as the least eigenvalue of H. The maximal analyticity interval
of E(g) as an eigenvalue of A may contain /, because there may be
level crossing without singularities. Our definition excludes that such
a level crossing can take place for g e 1. (See Ref. 1. Chap. 11-6.4 and
VII-3.1,2.
SReference 1, Chap. IV-6.1, 2.
SReference 1, Chap. 11-6.2 and VII-3.2.
"The second Weinstein-Aronszajn formula does not hold forz = 0.
This makes no difficulty, because in the present case H, is semi-
bounded as well as A.
8Reference 1, Chap. VI-1.7.
°Reference 1, Chap. V-3.11.
107 Shohat and J. D. Tamarkin, The Problem of Moments (A. M. S.
Colloquium Publications, Providence, R. 1., 1943).

YIN. I. Akhiezer, The Classical Moment Problem (Oliver and Boyd,
London, 1965).

2Gee, €. g., The Padé Approximant in Theoretical Physics, edited by
G. A. Baker and J. L. Gammel (Academic, New York, 1970).

13G. L. Bendazzoli, O. Goscinski, and G. Orlandi, Phys. Rev. 2A, 2
(1970).

14Reference 1, p. 410

ST, Kato, Trans. Americ. Math. Soc. 70, 212 (1951).

16 A constant must be added to H, to make it a positive operator.

Of course this does not change anything in the procedure.
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The aim of this paper is to provide the user with tools for the solution of linear differential equations
with random coefficients. Only analytic methods which lead to expressions in closed form for first
and second order moments and probability distributions of the solution are considered. The paper
deals both with approximate methods which require the existence of a small (or large) dimensionless
parameter and with the method of model coefficients, where the true coefficients of the stochastic
equation are replaced by random step functions with the same first and second order moments and
probability distributions, chosen in such a way that the equation can be solved analytically. The
second procedure does not rely on the existence of a small parameter.

1. INTRODUCTION

Consider a linear system subject to time dependent
stochastic perturbations (both in the external forces and
in the parameters). The evolution of such a system is
governed by a set of linear differential equations with
random coefficients (stochastic equations) of the form

d
m X, (w;t) = ? M;(w; £) X(w; 8) + f‘i(w;t),

i,j=1,...,n, (1.1)
where w is an element of a probability space @, the X;
describe the state of the system in an n-dimensional
space and where the parameters (coefficients) Mi].(w; t)
and the forces F,(w;t) are prescribed stationary ran-
dom functions of the time variable ¢£. To simplify the
notation, w will usually be omitted. In addition to Eq.

(1. 1),a set of initial conditions is given (usually non-
random)

X, (w;0) =X?. (1. 2)
Examples of physical applications of linear stochastic
differential equations are mentioned in the concluding
section. Broadly speaking, by “solving” a stochastic
equation we mean finding the statistical properties of
the solution. Notice that most of the material covered
in this paper can be extended to linear stochastic opera-
tional differential equations involving time dependent
stochastic operators in an abstract finite- or infinite-
dimensional space. However, the more difficult problem
of stochastic partial differential equations is not
covered here (see, e.g., Refs. 1-3).

When dealing with the linear stochastic equation (1. 1),
it is convenient to introduce the Green's function G
satisfying an equation which in matrix notations reads

d N '
- G(t, t') = M()G(¢, 1),

G, ) =1, (1. 3)
where I is the identity matrix. In terms of G, the solu-
tion of Eq. (1. 1) with the initial condition (1. 2) may be
written
X(#) = G(t, 0) X(0) + fo’ G(t, ') F(t))at'. (1. 4)

The aim of this paper is to present the reader with a
variety of methods which have proved to be useful in
dealing with physical applications. We shall concentrate
on analytic methods leading to exact or approximate
solutions in closed form. Questions of existence, unique-
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ness, measurability, stability, etc., will not be considered
here.4.5.6

It is useful to distinguish between two approaches:
one either tries to find an approximate solution of the
stochastic equation using the true random coefficients,
or to find an exact solution using a model (e.g.,a Mar-
kov process) for the random coefficients.

In Sec. 2, various approximation methods will be re-
viewed and their validity discussed. This includes the
Born approximation, the static approximation, the Bour-
ret and related approximations (diffusion and Hashmin-
skii limits, Kraichnan direct interaction approximation).
The concept of Kubo number, a measure of the effect of
the stochastic perturbation over one correlation time,
is introduced.

In Sec. 3, it is shown that the mean Green's function of
a linear stochastic differential equation can be obtained
explicitly for a rather large class of random coefficients
called kangaroo processes (KP) for which the single time
probability distribution and the two-time second order
moments can be chosen in a rather arbitrary way. Par-
ticular attention is given to the validity of the approxima-
tion procedure where the true coefficients of a stochastic
equation are replaced by KP coefficients.

In Sec. 4, the calculations are extended to second order
moments and probability distributions of the solution, and
also to the inhomogeneous case. Nonlinear stochastic
differential equations are also briefly considered in con-
nection with the Liouville equation approach. It is also
shown that for certain conservative systems, the asymp-
totic probability distribution of the X i(t) for ¢ - © can be

. obtained explicitly from ergodic theory.

Sections 2, 3 (excepting part C),and 4 (excepting part
A) can be read independently.

Finally, we mention that, as far as the result are con-
cerned, there is quite a bit of overlap between this paper
and other papers on linear stochastic differential equa-
tions,7-8 especially in Secs. 1B and 3A. The distinctive
features of this paper are that
(i) many results usually obtained by Fokker—Planck
techniques are here derived simply by averaging the
equations and using the semigroup property of the
Green's function;

(ii) a large class of exactly soluble equations is obtained;

(iii) the ranges of validity of the various methods are
carefully examined and a guide for the user is given in
the last section.

Copyright © 1974 by the American Institute of Physics 524
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2. APPROXIMATION PROCEDURE FOR
LIMITING CASES.

A. Short time perturbation expansions: The Born and
mean Born

We start from Eq. (1. 3) for the Green's function,
written as

d

dat

where we have separated the stationary random matrix
M(¢t) into its mean value M, and its fluctuating part

My (8); Eq. (2. 1) is easily recast into the following integ-
ral form

G4, 1) = [My + M{()]G(, 1), G, t) =1, (2.1)

G(t, t,) — eMQ(t—g’) + f;tl eMo(t—t")Ml(tu)G(tn’t/)dtl( (2. 2)

which, when iterated, yields the well-known von Neumann
series

G(t,t") = eMo(t-u) + f,f at, eMo(t—t,)Ml(tl)eMO(tl-t:)
t ¢ My (t-ty) Mg (¢~ ty)
L5 aty [ dty MU (1) Mot

X My ()Mol 4 ..., (2.3)
To study the convergence of this expansion, we assume
that M, and M, (¢) are operators acting in a normed
space. The norm of the vector X is denoted || X |.
Furthermore, we assume that

et | < 1. (2. 4)
This condition is satisfied if, e.g., M, is anti-Hermitian
or dissipative. In the rest of this paper we shall de-
note by o the order of magnitude of the fluctuations of
the coefficients of the stochastic equation (1.1). This
can be measured, e.g., by the largest dispersion of the
coefficients of M(¢) assumed to be finite. To avoid un-
necessary complications, we assume in this section, the
much stronger condition

IS o (2.5)
almost surely and for any ¢ It is then easily seen that
the norm of the »nth term in the perturbation expansion
(2. 3) is less than

fe—¢|n

On
nl

We conclude that the perturbation expansion is always
convergent and that

G(t, ") = eM ) L ot —t| o) (2. 6)

for moderate values of |f— #'| o we can use the Born
approximation

G(t,¢) =eM°(t~t') + ftf eMo(t-tl) M1(t1)eM°(“vt')dt1
to[(lt—t]0)2]. (2.7)

Consider now the mean Green's function (G(¢, #')).
Since (M, (#)) = 0, the second term in Eq. (2. 3) vanishes
upon averaging. Expanding to second order we obtain

the ‘“mean Born approximation”
(G, ) = eMo(t—t') + ftf dty .[tfl dt, eMD(t-tl)

x My (1) e Mot iy (1)) Mot (2.8)
At first sight, the validity of (2. 8) as an approximation

still requires |t — #'| 0 << 1. However, let us assume
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that Ml(t) has a finite correlation time, i.e., that its
autocorrelation is integrable; define the correlation

time T,,,, as the integral scale of the autocorrelation
[roughly speaking, T, is the time over which My (¢)
and Ml(tz) are appreciably correlated]. Now, we notice
that the major contribution to the double integral in (2. 8)
comes from |t; —t,] £ T¢qopp; a8 a consequence the
order of magnitude of the second term on the rhs of (2. 8)
is only 027, |t —t'|and not 02 [t — ¢’ |2, Hence,the
validity of the mean Born approximation requires

0-2 Tcorr

[t—t| <1, (2.9)
which is weaker than |# — #'| 0 < 1 provided that

(6= 1> Tegpy-
B. Weak perturbations: Bourret approximation, the white
noise, and Hashminskii limits

Clearly, when |t — #'| o > 1, the perturbation expansion
is of little use. We now seek an approximate expression
for (G(¢, #')) valid for arbitrarily large |t — #'].

Iterating the integral equation (2. 2) once averaging,
we obtain
(Glt, ¢ = M+ [T ay, [h dtyeMol ™

X (M (t;) e Mo M (2,) G2y, ). (2. 10)

We notice that

(G(t,t')) =(G(t—t',0)) (2.11)
which is a consequence of the stationarity of M, (t); we
may therefore as well set £’ = 0. Differentiating with
respect to ¢, we obtain

(62, 0) = Mo(Gt, ) + [ 0y ()Mot

X My(#")G(',0))dr'. (2.12)
Bourret? has proposed the following closure approxima-
tion

My () ™ My 6@, 0))

m My (0™ My ()6, 0)),
originally obtained by him as a first order approxima-
tion on the basis of a diagrammatic expansion;? this
approximation can also be obtained quite differently as
will be shown below.

(2.13)

Equation (2. 12) reduces upon use of (2. 13) to a
simple integrodifferential equation for {G(¢, 0)) which we
shall call the Bourret equation:

j_t (G, 00 = Mo(G(2,00) + fo‘ (M (1) eMoCt7t)

X My (¢){G(¢',0) dt’, G(0,0) =1 (2.14)
Equivalent equations have been proposed by Keller1©
and Frisch 2;closed equations of this type for mean
quantities are generally called master equations. Notice
that the Bourret equation is easily solved by Laplace
transformation. Indeed, defining

(Gla))y = [ ei=t(G(t,0))at (2. 15)
and

R@) = [ eizt(My (@) e My (0)) s, (2. 16)
we obtain

(G(2)) = [ iz — My — R(2)]L. (2.17)
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Now we investigate the validity of the closure assump-
tion (2. 13). Let us assume that
G0l < 1. (2.18)
This condition is usually satisfied, since in most applica-
tions My + M,(¢) is anti-Hermitian and, hence, G(¢, 0) is
unitary. It is known that any Green's function satisfies
a semigroup property

G(t',0) = G(t', s) G(s, 0). (2.19)
From the preceding section, we have

G(t', s) = ™7 4 o(o(t' — ). (2. 20)
From (2. 18), (2. 19), and (2. 20) we obtain

G(,0) = M g(s,0) + O (' — ). (2.21)
Assuming

ol —s| <1, (2. 22)

we can write the lhs of (2. 13) in the following form:

M. (t-¢')

(My(t)e™o My () G(#,0)) = (M, () e b (¢1)

x eMtt7) (s,0)). (2.23)

We now make the fundamental assumption that M, (f) has
a finite correlation time 7,.,.. For

l—si>T (2. 24)

corr
the stochastic Green's function G(s, 0), which is a func-
tional of M,(7) for 0< 7 < s,is only very weakly corre-
lated to M, (¢') and M, ()(t> #'). It is therefore legitimate
to factorize the rhs of (2. 23) to obtain

(M, () ™ p () G, 0)) & (M (1) e™0 ¥ My ()
x (eMo ") (s 0)). (2. 25)

Using again (2. 20), we obtain the desired closure approxi-
mation (2, 13).

The compatibility of (2. 22) and (2. 24) obviously re-
quires

K=o0T <1,

corr

(2. 28)

The dimensionless number K, sometimes called the
generalized Reynolds number,2 will be called the Kubo
number, because it was first introduced by Kubo,11

In deriving the Bourret equation we implicitly assumed
t > T.,.p;this is indeed a consequence of > 1" >s>0
and of (2. 24). In fact,the Bourret equation is also valid
for small times since it can be checked that the pertur-
bation expansion solution of Eq. (2. 14) agrees with the
mean Born approximation (2. 8) up to the order of o2,

It is interesting to notice that the closure approxima-
tion (2. 13) and the Bourret equation become exact, what-
ever the Kubo number, if M, () is of the form

My () = m(t) Ly, (2.27)

where m(t) is a dichotomic Markov process (also called
random telegraph process) and L, is a constant matrix,12
Recall that the dichotomic Markov process is defined as
a step function with values x1, the transitions occurring
at Poisson distributed times;this process is a special
case of the KAP introduced in Sec. 3A.
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The Bourret equation (2. 14) is a “non-Markovian”
master equation, i.e.,the derivative of (G(¢,0)) involves
an integral over past values of the mean Green's function,
Yet, the Bourret equation can be used as starting point
for the derivation of various Markovian approximations
which we shall now consider.

For t > T_,., the Bourret equation can be reduced
to the following Markovian form, first given by Kubo:11

d

L (61,00 = (Mo + [ (My(s)e™* My (0)eMo*) as)

X (G(t,0), (G(0,0) =1. (2 28)

To derive Eq. (2. 28) from the Bourret equation (2. 4), we
notice that,as a consequence of K< 1, we have for
lt—riI<T

corr

G(0) m ¢ Mo Gt 0). (2. 29)
To obtain (2. 28) we then put ¢ — # = s and integrate
over s from zero to infinity, rather than from zero to
t;this is legitimate provided that the covariance of

M () is integrable, since the integrand will be negli-
gible for t>> T

The Kubo equation (2. 28) has two limiting cases which
actually cover all situations as we shall find later., First,
the white noise limit: write My (¢) = oM{(¢/Tcorr) and
let T.oppr = 0,0 = in such a way that 02 Teorr — D.

It is easily seen that in this limit the factors e*Mes in
Eq. (2. 28) cancel out and that the Kubo equation goes over
into

corr”®

£ (60,00 = My(G(t,0)) + D [7 (Mi(s) Mi(O) ds(Gt, O).
(2. 30)

Since, inthe white noise 1imit, the Kubo number K = 6T ..

goes to zero, Eq. (2. 30) becomes exact. (Notice that,

whereas the amplitude of white noise is infinite, its

strength, measured by the Kubo number, is zero.) In

Ref. 13 the reader will find another derivation of a

master equation equivalent to (2. 30) which uses the

fact that white noise can be defined as the limit of shot

noise.

We turn now to the Hashminskii limit. If we let the
strength o of the stochastic perturbation go to zero, the
variations of the Green's function over a finite time
interval will be entirely due to M,. We now factor out
the variation to M, by introducing the “interaction rep-
resentation”

(G(t,0)) = ™' (G, (t,0)). (2.31)
Then, we let # — © in such a way that 02¢ remains finite;
this results in a finite variation of (G,). Indeed, writing
M, = oM} and { = 7/02, we find that in the limit ¢ — 0,
the Kubo equation (3. 28) goes over into the Hashminskii
equation

;;—i,; (G,(1,0)) = H{(G,(7,0)), (2. 32)

wherein

H= lim o7 fooo (M (s) M0 My(0) e ™Mo%) ds ¢ Mo™,
o0 (2.33)

Limits of the form lim ., qe are fre-

quently used in the quantum mechanical theory of S mat-

rices.14 The existence of the limit requires that M, be

anti-Hermitian; it is then easily checked that H com-

mutes with M, (hint: take a representation where M is
diagonal). This result greatly simplifies the resolution

-Mo’r/nzAe".lt'fo‘r,’a2
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of the Hashminskii equation.15 Other derivations of the
Hashminskii equation, based on Fokker—Planck tech-
niques may be found in Refs. 16 and 17.

Let us now investigate more closely the validity of
the white noise equation (2. 30) and the Kubo equation
(2. 28); we see that the only difference is the drop out
of the factors ¢*o°, Since the integral over s extends
over roughly one correlation time T, .., we may
safely neglect the exponentials if the following condition
is fulfilled

Mo Il T

corr

< 1. (2. 34)
For the Hashminskii limit the problem is somewhat
more difficult. Consider the Kubo equation (2. 28); the
first operator M, on the rhs, which is usually anti-
Hermitian, does not contribute to the relaxation of the
mean Green's function as { » ©. This relaxation comes
entirely from the second operator

R=[" (M, (s)e™o® M, (0)e M%) ds. (2. 35)
By dimensional analysis we find that this operator is of
the order of 02T, ... Hence,the relaxation time £
must be of the order of (62T, ,,)"1. If we now rewrite
the Kubo equation in the interaction representation, we
obtain

Zz% (G,(t,0)) = & Mo! Re™MoH(G, (t,0)). (2. 36)
If ¢ is large enough we can replace ¢ "o'Re ™Mo’ by its
limit for { — © which is precisely the Hashminskii
operator H (within trivial changes of notations). Now the
times ¢ of interest are of the order of ¢, ., ® (02T, .},
hence the condition to be fulfilled is
1>,

| Mg |l (02T (2. 37)

corr)
If we recall that K = 0T, < 1, we find that one of the
two conditions (2. 34) and (2 37) is automatically satis-
fied;there is even some overlap. We thus arrive at the
important conclusion that if the Kubo number is small
andif t > T it is always possible to use one of the

corr
two white noise and Hashminskii limits.

Remark: Kraichnanl8 has proposed another master
equation for the mean Green's function called the direct
interaction equation. With

L (G(t,0)) = Mo(G(L, 0)) + [ (My (Gt — #,0))

X My (#'){G(t',0)) dt'. (2.38)
This nonlinear equation is an exact consequence of
Kraichnan's random coupling model. It can also be ob-
tained from the theory of parastochastic operators.3

The usefulness of the Kraichnan equation as an approxi-
mation is questionable. For small values of the Kubo
number, the Kraichnan equation is equivalent to the much
simpler Bourret equation, and for large values of the
Kubo number, it can no longer be used as an approxima-
tion. For linear stochastic ordinary differential equation,
a much more powerful method will be described in the
subsequent sections. Nevertheless, the Kraichnan method
of stochastic models, the essence of which is to intro-
duce an additional stochastic element into the equation

to make it tractable, remains very useful in dealing with
nonlinear stochastic equations, particularly in the field

of turbulence.19-21
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C. Strong perturbations: The static approximation

The Bourret equation is limited to the case when the
effect of the stochastic perturbation over one correla-
tion time is weak,i.e., when oT < 1. In the opposite
case,

corr

K=oT > 1, (2. 39)

corr
the mean Green's function (G(t, 0)) can be substantially
affected by the stochastic perturbation for times ¢ satis-

fying

1T (2. 40)

corr”®
Since the stochastic operator M(7) undergoes insignifi-

cant changes for 0S 7 <t < T,,,,,we may as well
neglect its time dependence (but not its randomness) and
integrate Eq. (1. 3) to obtain

(G(£,0)) = Gg(t) = (expf{em}). (2.41)
Gg(t) will be called the static mean Green's function. It
is often useful to deal with the static resolvent, the Lap-
lace transform of the static Green's function

Gola) = [° et Gat = {—iz—M}p1).  (2.42)
The explicit calculation of G s(2) requires only a matrix
inversion and an averaging over the probability distribu-
tion of the coefficients of M.

At first sight, the static approximation is restricted
totK T, ... However, in many problems,the mean
Green's function is damped by phase mixing or dissipa-
tion for ¢ — «©, If the damping time is small compared
to T, ,the static Green's function can be used to des-
cribe the full relaxation. An example is provided by the
pseudo-oscillator discussed in Sec. 3C.

3. THE METHOD OF MODEL COEFFICIENTS

From the preceding chapter, we know that the Born
approximation is limited to short times and that the
Bourret and static approximation are limited to respec-
tively small and large Kubo numbers. Such approxima-
tions are of no use if the Kubo number is of the order
of one and if it is necessary to follow the evolution of
the mean Green’'s function over times long enough so
that there is an appreciable damping by phase mixing.
There is thus need for a method which puts no restric-
tion on the Kubo number; of course, the results of Sec. 2
should be recovered in the corresponding limits.

If we recall that the Bourret equation involves in an
essential way the two time second order moments (cova-
riance) of the stochastic coefficients, whereas the static
Green's function involves the single-time probability
distribution of the coefficients, it is clear that an approxi-
mate master equation for the mean Green’'s function
should involve both the probability distribution and the
covariance. It turns out that it is possible to construct
a class of stepwise constant Markovian random functions
with arbitrary probability distributions and rather arbi-
trary covariances. Such functions, when used as coeffi-
cients in a linear stochastic equation, lead to a closed
analytic expression for the mean Green's function.

A. The Kubo-Anderson process (KAP)

The Kubo—Anderson process (KAP) is a stepwise
constant random function which jumps at randomly
chosen times between random step-values. The times
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t,tq,... will be called jumping times. A more precise
definition will be given below. The KAP has been intro-
duced in connection with nuclear magnetic resonance22.23
and introduced again, in a special case, by Bourret24 as
a tool for linear stochastic equations (see also Ref. 25).

Definition: The step-wise constant random function
m(t) is called a Kubo—Anderson process (KAP) if the
jumping times ¢,(i = —©,...,+ ®©) are uniformly and
independently distributed in (— ®, + ©) with density v
(Poisson distribution) and m(f) is a constant, m(#) =m,,
for t,< ¢t < t,.,;the m) are independent random vari-
ables with the same probability density P(m).

We notice that m(¢) is a stationary Markov process
with probability density P(m). Assuming (m) = 0 for
simplicity, we obtain for the covariance of m(¢)

(m@)m(t')) = (m2) ev!t-t't, (3.1
We see that for a KAP the probability density P(m) and
the correlation time

= y-1
Tcorr =V

(3.2

may be chosen arbitrary, but not the functional form of
the covariance, which is always exponential.

We shall now show that the linear stochastic equation

2 G(t,0) = M(H) G(2, 0), (3.3)

dt
can be solved analytically for the mean Green's function
provided that the coefficients of the stochastic matrix
are KAP's with all the same jumping-times or, in short,
when M(f) is a KAP.

If there is no jumping-time between 0 and ¢, M(7) re-
mains constant for 0 < 7 < ¢ and we are back to the
static case (Sec. 2C). The probability of this event is
et and the corresponding contribution to (G(¢,0)) is

(G, 06 jump = € (€M)
=evt Gglf).

G(0,0) = 1,

(3.4)

In the opposite case, let #’ denote the last jumping-time
before ¢. It is a well-known property of the Poisson pro-
cess that the probability for this jump to occur between
t' and ¢ + dt’ is ve *¢~t) dt’. Using the semigroup prop-
erty of the Green's function, G(¢, 0) = G(¢,t') G(¢', 0), we
can write the corresponding contribution to (G(¢,0)) as
(6(t,0)) junps = J; ve™11) (G(t, ) G(t'0)) pdt’,  (3.5)
where (*),.,is a conditional average knowing that a jump
occurred at . Using the fact that M remains constant
between ¢’ and ¢ and that its value is independent of the
values of M(7),0< 7 < ¢, and therefore also independent
of G(t’,0) which is a functional of M(7), we obtain

(G(t, ') G(t',0)),. = G4t — ') (G(t',0)),. . (3.6)
We claim that
(G(#,0)),, = (G(¢',0)). (3.7

Indeed, the knowledge that a jump occurred at ¢ imposes
no constraints on previous jumping-times and previous
values of M(r). Adding the contribution of (3.4) and (8. 5)
and using (3. 6) and (3. 7), we obtain the Kubo~Anderson
master equation

(G(t,0))gpp = Gl evt + v [\ evttet) Gyt — t)

X (G(t',0)y ap dF. (3.8)
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This master equation can be solved for the mean re-
solvent, the Laplace transform of the mean Green's
function,

(G)gap = J; € (G(t,0))gpp dt. (3.9)
The solution reads
<G~(Z)>KAP = [I_ Vés(z + iV)]_l és(z + iv), (3.10)

where the static resolvent G4(2) is given by Eq. (3. 3).
Another derivation of the master equation may be found
in Ref. 25 where the KAP is called the Poisson step
process.

Equation (3. 10) constitutes a strikingly simple result:
the KAP resolvent is an algebraic function of the static
resolvent; it turns out that in many applications, the quan-
tity of interest is the resolvent and not the Green's
function itself. 25.26

Remark: The KAP can be slightly generalized to
include the case of jumping-times selected according
to a compound Poisson process, i.e., when the density
v(t) is a (deterministic) function of the time. A straight-
forward modification of Egq. (3. 8) yields

(G(t,0)) = G5 exp(— f§ v(r)dr) + Jo at' v(t')
X exp(— [, v(7)d7) Gg(t — t')(G(¢',0)). (3.11)

This equation may be useful in the study of nonstation-
ary processes.

B. The kangaroo process (KP)

We recall that a KAP has an exponential covariance.
The study of the problem of stochastic Stark broaden-
ing,25 where the covariance is proportional to 1/¢ and
is not even integrable, has led us to modify the KAP by
requiring that the frequency of jumping times is a func-
tion v(m) of the value of the process itself. The new
process is called a “kangaroo process” (KP).

Definition: A KP is a step-wise constant Markov
process27 with stationary transition probability given
for infinitesimal time intervals by

P, (m,At|m’,0) = {1 — vim") At} 6(m’ — m)

+ v(m') AtQ(m), (3.12)

where Q(m) is a given probability density.

P,, dm is the probability that the kangaroo process at
time Af is between m andm +dm knowing that it was equal
to m’ at time 0. The meaning of Eq. (3. 12) is clear:

{1 — v(m’) At} is the probability that no jump occurred in
the time interval (0, Af) and v(m’) At the probability that
at last one jump occurred. Immediately after such a
jump, the probability density of m becomes Q(m). We
stress the fact that @(m) is not the stationary probability
density of m(¢). Indeed,the Fokker—Planck equation27
for the kangaroo process reads

5%— P(m,t)
= lim { [P, (m,at|m,0)P(m,t)dm’'— P(m,t)}/At

oHt—0
ot 20

=— vm)P(m,?) + Qm) [ vim’)Pm’,tydm’. (3.13)

Hence, the stationary probability density P(m) of m(¢) is
related to Q(m) by
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Q(m) = v(m) P(m)/ [ vim’) P(m’) dm’ = u(m)P(m)/<(v§.14

Next, we evaluate the covariance of a KP. The calcula-
tion of T'(¢) = (m(¢) m(0)) requires the summation of a
series to take into account the possible occurrence of an
arbitrary number of jumps between 0 and ¢. After some
algebra we obtain for the Laplace transform

f(z) = [° et r@at, (3. 15)
the following result
~ m2 1 m 2
T(z) = <u(m) — iz>5_iz(v(m)/[u(m) — iz]>s< v(m) — iz >s')
(3. 16

In many cases, e.g., if P(m) and v(m) are even, we have
{m/(W(m) —iz))s =0
then, the above result simplifies to
= m2
() = <u(m) — iz >s

r@) =

or, equivalently, (me v(mt).=0;

(3.17)
or

f*°° m2evm)t! Pim)dm ,

— o0

(3.18)

which is just an ordinary variance conditioned by the
probability e #{n)t that no jump occurs between 0 and ¢.
The interesting point, about formula (3. 18) is that it can
easily be inverted: Given P(m) and the covariance I'(¢#),
the jumping frequency v(m) can be calculated as follows.
Assume that v(m) is a monotonic increasing function of
| m| such that v(®) = «;this is a reasonable assumption
since in most applications very strong values of the
stochastic perturbations last only for a very short time.
Taking v as new integration variable, we obtain
() =2 f:o) m2P(m) ‘dl—’:l eVt dy (3.19)
which is essentially a Laplace integral. A calculation of
v(m) requires the inversion of the Laplace transforma-
tion and the solution of a simple differential equation.
An example may be found in Ref. 25 (Sec. 5). In connec-
tion with this inversion, Table I gives some useful re-
sults. Notice that the inversion is not always feasible.
Indeed, from (3. 18) we see that the derivative of the
covariance is necessarily discontinuous at the origin;
we do not know whether this is a sufficient condition for
inversion. We conclude that it is always possible to
construct a KP with an arbitrary probability distribution
and a (quite) arbitrary covariance.

A linear stochastic equation with KP coefficients can
again be solved implicitly for the mean Green's function.
Indeed, the KP resolvent can be put in the following form:

TABLE I. Kangaroo process: expression of the jumping frequency
v(m) in terms of the one-time probability distribution P(m) for
several types of covariance I'y(f).

To obtain Use
Tip(t) = mOm(0))yp = v(m) = Remarks
e’uoll\ Vo
T(1/n) mt g » r(") is the
[¢]1/n @ fo m2P(m) dm) gamma func-
tion. P(m) even
a2/(1 + [t]) —log(z f|:| m2P(m)d—7;'> P(m) even
I
—_ -mlel/2
g2 L arc cos (2 f°° mZP(m)d—m) P(m) even
1+ ¢2 tmi o2

o2 ||+ e mitr/2

e arc sin[z f0' ""mZP(m)d—Zl] P(m) even
o
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(G@)gp = (B)s + (WG LI — vB))s} (G5,  (3.20)
where v denotes v(M),
G ={[vM) —iz] I— M}, (3.21)

and (- )s denotes the averaging over the stationary dis-
tribution of M (static averaging). Again,the resolvent is
expressed in terms of purely static quantities. A proof
of Eq. (3. 20) may be given which parallels the proof for
the KAP given in Sec. 3A. Another more constructive
proof will be found in Ref. 25, Sec. 4.

Remark 1: In some applications the stochastic
operator M(f) appears naturally as the sum of two (or
more) processes with quite different correlation times.
To deal with these situations,a compound KP has been
defined and the corresponding mean resolvent has been
calculated (cf., Ref. 25, Sec. 6).

Remark 2: The KP has a non-Markovian generali-
zation which allows an arbitrary probability distribution
for the step-length, still conditioned by the step-value of
M. Let :

B(M, ) =prob{t,; — ¢, 2 t|M(1)=Mfor t,< 1< t,,}

(3. 22)
be the conditional probability distribution of any step-
length. . Let Q(M) and P{(M) denote respectively the proba-
bility density of step-values and of the stationary pro-
cess M(t); they are related by

P(M)
{ [° B, ar 1/ f;° B, D) dr)gh,

where (- - -); denotes averaging over P(M). With these
notations the resolvent is again expressible in closed
form as

QM) =

(3. 23)

(G2))=L, (f,” cM, ‘r)d’r> + L [C(M, D]

x L{(ﬁ(t) + a‘it-> C(M,t)jl% T L em ] (3.2

with
C(M,t) = BM, )/ [, BM,7)dr (3. 25)

and
LIfM,0)] = [,° dteizt (Mt f(M, D). (3. 26)

C. The method of model coefficients used
as approximation

We have seen .in Sec. 2 that for weak (resp. strong)
perturbations, the mean Green's function of a linear
stochastic equation depends essentially on the covari-
ance (resp. the probability density) of the coefficients.
The question naturally arises how close the KP solution
will fit the true solution when the true coefficients are
replaced by KP's with the same probability distributions
and covariances.

Let us first check that the KP solution (3. 20) is in
agreement with the true solution for short times satis-
fying ¢ , < 1. To the lowest nontrivial order, the mean
Green's function is then given by the mean Born approxi-
mation (2. 8) which involves only the covariance of M, ().
Hence, for short times, the mean Green’'s functiondepends
only on the covariance of M, ().

We show now that the KP solution (3. 20) reduces in-
deed to the previously obtained approximations of Sec, 2
for very weak and very strong perturbations. We recall
that the strength of perturbations is measured by
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K =0T, ® 0/{v), where o is the order of magnitude
of the fluctuating part of M(¢). We thus obtain the limit
of very strong perturbations by letting v(M) — 0. In this
limit the KP resolvent (3. 20) reduces obviously to
Gs(z), which is the static resolvent; this is in agreement

with the result of Sec. 2C.
To study the opposite limit, we write

V(M) = T

and corr

M(t) = My + oM(t) v(My).  (8.27)
As in Sec. 2B when deriving the white noise limit, we let
Teopr > 0, 0 29, 02T, — D, and obtain from
equation (3. 20)

(C(=))gp = [ 2] — My — DXM2/v (M{)]?

(diffusion limit). (3. 28)

This is equivalent to the following master equation

g-t (G(t, 0))p = (Mg + D f;° (My(r) Myf0))p d7) (G, g)ng |
which is identical with the white noise limit (2. 30).

Remark: The proof given here that the KP is cor-
rect in the limit of weak perturbations relies implicitly
on the assumption that the covariance of M(f) is integ-
rable. In Refs. 25 and 28, we have checked, in a special
case, that the KP can still be used as an approximation
when the covariance is proportional to 1/%.

So far we have only checked the agreement between
the KP solution and the exact solution in limiting cases.
In intermediate range of moderate perturbations, it is
very difficult to draw any general conclusions. Special
cases have been investigated which show indeed very
good agreement; in particular, when the KP is applied
to Stark broadening of spectral lines.25-28 Ag a quanti-
tative test for the validity of the intermediate range, we
have compared the true and KP solutions for a randomly
frequency modulated pseudo-oscillator satisfying the
scalar equation

a

ar &
where m(¢) is a real zero mean value stationary Gaussian
process with covariance (m(f) m(#')) = o2evit-t'l

(¢,0) = im(t) g(¢,0), (3. 30)

Equation (3. 30) has an exact solution?

(g(t,0)) = exp{— K2[t; + ™ — 1]} (3. 31)

with K = 0/v and #; = vt. The corresponding exact re-
solvent can be written as

(é(Z»E — ok? i (— K2)n

—_— 3.32
n=0 nl(n—iz + K2) ( )

The KP resolvent for the same problem reduces to a
KAP resolvent, since the covariance of m(f) is an expo-
nential.

The KP resolvent reads

~ iy 7 -1
(§2))gp = (f i iKm 2 dm)
1—4iz— iKm
f e—mz/zdm

(3. 33)
1— iz — iKm

The real parts of {g(z)), and (g(2))p for z real, i.e.,
the Fourier transform of (g(¢,0)); and (g(¢,0))p,have
been calculated numerically for different values of the
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Kubo number K and plotted as a function of z: results
are shown on Fig. 1. For small and large values of K,
the agreement is almost perfect. In the intermediate

range K = 1 the discrepancy is at most 10%.

D. Stochastic equations with Markovian and shot
noise coefficients.

The KAP and the KP processes constitute special
cases of Markov processes. A general theory can be
given for linear stochastic differential equations with
Markovian coefficients,? based on the fact that the joint
process {M(t), G(¢,0)} is also a Markov process; this
leads to a Fokker—Planck or a Chapman-Kolmogorov
equation for the joint probability density. This method
should not be recommended since it leads to rather
complicated partial differential or integral equations
for which closed analytic solutions are generally not
available.

Another case worth mentioning has been considered
by Blume.2° The coefficients are taken in the form of
shot noise

(3. 34)

where the {;'s are Poisson-distributed with density v and
the M,'s are independent identically distributed random
matrices. This case, which is very similar to the KAP,
leads to the following resolvent:

+00
MO =My+ 25 M,(t—¢,),
=00

(G(2)) = [— iz — My + v(I — (expM)) |

4. CALCULATION OF VARIOUS STATISTICAL
QUANTITIES

A. Simultaneous and time-displaced second-order moments

(3. 35)

By second-order moments, we understand the quanti-
ties ( X,(¥) X].(t)> or,in short, { X(f) ® X(#)). We notice
that, for zero, the right-hand side in Eq. (1. 1) we have

(X(H® X(t')) =(G(t,0) ® G(¢,0)) (X9 ® X0), (4.1)

by definition of the tensor product of two matrices.

Let us first consider the case of simultaneous mo-
ments,i.e.,{ = . We introduce the double Green's
function

St t) =Gt t) ® G, t'). 4. 2)
Differentiating (4. 2) with respect to ¢ and using the fun-

damental stochastic equation (1. 3), we find that §(¢, #'),
satisfies another linear stochastic equation, namely

d

T 86 =MOS@H ), §h) =1, (4.3)
where
M) =ME)@ I+ T M. (4. 4)

Clearly, Eq. (4. 3) is a linear stochastic equation of the
standard form. Hence, the calculation of simultaneous
second-order moments has been reduced to the calcula-
tion of first-order moments. 30,31

The calculation of time-displaced moments of the
form (G(¢,0) ® G(#’,0)) is somewhat more involved, ex-
cept when the random coefficients are of white noise
type (i.e., have zero correlation time). Indeed, assuming
that ¢ 2 t’,which is no loss of generality, and using the
semigroup property, we have

(G(t,0) ® G(t',0)) = (G(t,#')G(t",0) ® G(¢',0)). (4.5)
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Using the independence of G(¢,¢’) and G(¢',0) which are
functionals of M(r) for t 2 7 2 # and # 2 7 2 0, res-
pectively, we finally obtain

(G(¢,0) ® G(t',0)) ={G(t—',0)){8(,0)), (4. 6)

which is a shorthand notation for ({G) ® I){(g).
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FIG. 1. Comparison of the exact mean resolvent and of its KP
approximation for the randomly modulated pseudo-oscillator defined
in Section 7.

. 1: the agreement is perfect.
: the discrepancy is at most 10%.
0: the agreement is perfect.

The general case can also be dealt with if we assume
that M(¢) is a KAP. The essential idea is to notice that
the KAP is a Markov Process. It follows that if M(#’) is
given, the past (r < #) and the future (7 > #’) become
independent. If we define the conditional mean Green's
functions {G(¢,#; M), and (G(¢, ¢'; M), , conditioned by
M(t') = M, we obtain, using (4. 6),
(G(t,0) ® G(t', 0)) = (G(t, 3 M), (S (t, ' M), )y,
where (* ) denotes an averaging over the probability
d1str1but1on of M (static averaging). It remains to calcu-
late the conditional mean Green's function. First, we
notice that from stationarity

4.7

(Gt t';M)), =(G(t—t',0;M)),. (4.8)
Denoting by (G(z; M )). and (S (z; M)), the Laplace trans-
forms of (G(¢,0; M)) and (G (¢, 0 MS , we easily obtain,

using the same method and notatmns as in Sec. 2C

(Gz; M), = [I—vGs (z +iv)[L—iz +v—IM)T (4.9)
and, similarly,
(§g; M), = [I— vGylz + iv)]L (— iz + v— M) L. (4.10)

This method, which is somewhat reminiscent of a method
introduced by Morrison and McKenna3%.31 may lead to
rather tedious calculations. A much simpler method is
described in Ref. 11 for the special case when M(?) is of
the form
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M(t) =My + m(t) Ly,

where m(¢) is a dichotomic Markov process (random
telegraph process).

B. Inhomogeneous equations

In general, because of dissipation, the solution of a
linear stochastic equation with initial conditions and no
rhs relaxes to zero as ¢ =  (there is, however, a no-
table exception for conservative systems, see Sec. 4C).
A nonzero stationary solution may be obtained in the
presence of a random rhs (random driving forces). In
this section we shall therefore be concerned with the
inhomogeneous case
4 x=3 M (X0 +F8); ij=1,...,n.
dt i ! (4. 11)
M, .(t) is a stationary random matrix as before, and the
F,(#) constitute a set of stationary random functions in-
dependent of the M;;({)'s. For the sake of simplicity we
shall assume that F (¢) is a real zero mean value white
noise, i.e.,
(F;())=0,

(F)F;(t)) = S;;8(t — 1), (4.12)

where S;; is a constant positive definite matrix.

In order to get stationary solutions we assume that

M;;(t) has a dissipative part, so that
}Ln:o Gy (¢, ') =0, (4. 13)

where G,.(¢,1’) is the random Green's function defined
by (1. 3). "In terms of the Green's function we may write
the solution of (4. 11) as
X (1) = .JE Gy;(t, 0 X0 + [ ‘JQ G,(t,t')F,(t")dt. (4.14)
We shall be interested in the statistical properties of
X(#) for t — 0, and especially in the first- and second-
order moments.

Taking the average of (4. 14) and using (4. 12) and
(4. 13), we obtain

lim (X,(8) = 0. 4. 15)

Let us now evaluate the time displaced second-order
moment,

r. .(r)=

2]

Lim (X,()%,(t + 7). (4. 16)

From (4. 14), we obtain, using (4. 13) and the indepen-
dence of the Green's function and the driving forces,

ry(m=lm [ [ 5(G6,,¢ )G, ¢+ 1,t")
t—=>c0 nm

X (F,(t') F . (t")) dt’dt". (4.17)

Finally, using (4. 12) and the fact that

(G (t, )G (t + 7,1)) =(G,;,(5,0) G, ,

s=t—-1t,

(s +7,0)),
(4. 18)
we obtain

r,(0=f~ Z) (Gin(5,0)G;,, (s + 71,0))ds S,,,, (4.19)

which is the des1red result. The calculation has been
reduced to that of the second-order moment of the
Green's function (see preceding section).

In the same context another (obvious) result is worth
mentioning: The mean Green's function is the inter-
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correlation function of the solution and the right-hand
side when Sij =

Lm (X,(t + 1) F;(0)) = (Gy(7)). (4. 20)
The main interest of the results (4. 19) and (4. 20) is
that T';;(7) and lim,_ (X (¢ + T) F,(t)) are easily mea-
surable quantities using a time average over a single

realization, whereas the mean Green's function is not
directly measurable.

C. Probability distributions: The Liouville equation

In this section, we shall consider the following prob-
lem: Let there be given the nonlinear stochastic differen-
tial equation

d
dt

where A; is a nonlinear real deterministic function of
the real (scalar or vector-valued) random function
m(w; t) and of X (j=1,...,n). In add1t10n, we assume
deterministic real 1n1t1al conditions X

X(w;t) = Am(w;0;X,], j=1,...,n, (4.21)

Our purpose is to evaluate the joint probability den-
sity P(t; Xy,...,X,) of X;,X,,...,X, at time £. We
shall use the so-called “Liouville equation” method
which reduces the present problem to a linear stochastic
equation of type studied in previous sections.

For each realization m(w;¢), let us denote by X,(w; t)
the solution of Eq. (4. 21). We shall assume ex1stence
and uniqueness. Let us think of X, (w t) as a point which,
starting from X0 moves around in a stochastic fashion
in an n- d1mens1ona1 phase space. Introducing the “fine
grained density,”
plw;t;Xy,...,X,) = 6{X; — X, (w; )} -+ 6{ X, — X (w; t)},)

(4. 22
we notice that the joint probability P is the average of
the fine grained density, i.e.,

P(t; X,,...

X)) =(p(w;;Xy,...,X,))

which follows immediately from (4. 22).

(4. 23)

From the equation of motion (4. 21), we may derive an
equation of continuity, or Liouville equation, for the fine
grained density, which reads

a"a
EDE

Z 3% [A{m(w;8),X;}p]=

(4. 24)

To derive the Liouville equation (4. 24), let us intro-
duce an indefinitely differentiable test function
¢(X;,...,X,). Integrating the lhs of (4. 24) after mul-
tiplication by ¢, we obtain, using (4. 22),

g_p_+§; A > dX,...dX
f(at 1aXz[p](p 1rermn
d < dg .
=4 dX,...dX, — A, 22 gx,...dx,
dt fP(P 1 n f Z]; pA; aXi 1
o dX; 39[X,(1)] n 30[X,(1)]
= NSt i AL A, 4,25
?’1 X, 121 Poex, . 29)

this quantity vanishes identically because of (4. 21).
Since this property holds for an arbitrary test function,
we have proved (4. 24).

In spite of the fact that it contains partial derivatives,
the Liouville equation can be treated as a stochastic
ordinary differential equation since the random function
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m(w; ¢) does not depend on X,...,X,. The calculation
of the joint probability distribution can now be carried
out using the same methods as described in previous
sections.

D. Asymptotic behavior of linear conservative systems
from ergodic theory

Let us come back again to the linear stochastic equa-
tion

d

— X=Muw; )X,

T, (w; 8)
We assume now that X is a vector and M is a random

matrix in a real n-dimensional space,and that equation

(4. 26) is conservative in the sense that

X(0) = Xo. (4. 26)

n

2 X2(t) = const, (4. 27)

i=1

This is obviously equivalent to the requirement that

M (w; t) be antisymmetric. For convenience, we shall

assume that
n

1%ol2 =2 1x012=1.

i-

The phase space of the system under consideration is

then the n-dimensional unit sphere S.

(4. 28)

Since M(¢) is antisymmetric,the mapping X(¢') — X(¢)
is unitary. Therefore,the motion on the unit sphere S
preserves the uniform measure dm. This situation is
reminiscent of a problem in classical statistical mecha-
nics: Given a system of interacting classical particles
enclosed in a box, it is known that the point representing
the system in the phase space remains on the energy
surface, that the motion on the energy surface has an
invariant measure, and that the point will eventually fill
up the whole energy surface with a density proportional
to the invariant measure, provided that a certain condi-
tion of metrical transitivity is satisfied.32 In statistical
mechanics, these results are proved by means of the
Birkhoff ergodic theorem. 33

Because of these similarities we expect that, under
certain conditions to be specified later, the point X(w; #)
will eventually fill up the whole “energy surface”
| X| =1 with a uniform density. We do not want, here,
to go into the mathematical details of the ergodic theory
of the stochastic equations. We shall just state the main
conditions to be satisfied by M(w; ¢), and the results.

TABLE IL. Range of validity of various approximations for the mean
Green's function,
Approximation|Condition on (Condition
and eguation [Kubo number|on Further Remarks
number K =0T, |t condition (See Sec. 4E)
Born (2. 7) ot <1
Mean Born K< 1 Kot < 1
(2. 8) K >1 ot < 1
Bourret (2. 14) (1)
'White noise
(2. 30) K<<1 I Ml Ty o r e K1
t >> TCOFX'
Hashminskii
(2.32) Il Ml Tcorr>>K2
Static (2. 41) < Teorr (2)
KAP (3. 10}
and (3)
KP (3. 20)
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We require that

(i) M(w;?) is a stationary ergodic (matrix-valued)
random function of ¢; roughly, this means that ensemble
averages of functionals of M(w;¢f) are equal to time
averages.

(ii) For any X, on the unit sphere S,and any set A of
positive measure on the unit sphere, the probability
that a solution of (4. 26), starting from X, will never
penetrate A is zero (stochastic metric transitivity).

It may then be shown that, for any function f(X) which
is measurable with respect to the uniform measure dm
on the unit sphere,

lim % Jo FX(w;nldr = ([s f[X]am)/( f5 dm)
= lim { f[X(w;]). (4. 29)
{ >

As an illustration of this result, let us calculate the
asymptotic values of the first and second moment of
X,(w; #), assuming that dm is normalized.

For the first-order moment we obtain
lim ( X,(w;8)) = f; X,dm =0 (4. 30)

froni:osymmetry argument.

For the second-order moments we obtain

- 1
lim (X2(w; 1)) = [ X2dm = - [ (X2 + - + X2)dm

1 1
and
lim (Xi(w;t)Xj(w; H)=0 if j=i. (4. 32)
t—>©

It is interesting to notice that the asymptotic distribu-~
tion of the “energy” (X?) is simply equipartition. This
has interesting applications to the energy transfer be-
tween randomly coupled oscillators. 34

Remark: The above ideas may sometimes be ex-
tended to nonlinear stochastic equations if there is an
invariant measure. For an application to the stochastic
Ricatti equation

dz

4z 2 2(- ) =

dx+ 22 + n2(w;x) = 0.
which is encountered in the theory of wave propagation
in a one-dimensional random medium, the reader is re-
ferred to Ref. 35.

(4. 33)

E. A guide for the user

We give now a few practical indications for the user
who wants to calculate the mean Green's function of a
linear stochastic equation. Calculation of other statis-
tical quantities are usually reducible to the former as
we have seen in Sec. 4.

First check if the equation falls into one of the
classes of exactly soluble equations: white noise, shot
noise, KAP, KP, Markovian coefficients, etc. If it does,
the equation is usually soluble in closed analytic form
except for the case of Markovian coefficients where the
solution of a Fokker—Planck equation is required. If
not, some approximation procedure must be used. Then,
separate the stochastic evolution operator into its mean
part M and its fluctuating part M, (f). Estimate the
correlation time T, and the dispersion of M, (#) and
the norm || My ||. Then, evaluate the dimensionless
Kubo number K = 0T, ,.,.. Recall that K is a measure
of the effect of the stochastic perturbation over one
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correlation time. According to the values of K Table II
indicates the optimal method(s) for each case. A num-
ber of remarks on this table are in order.

(1) I the stochastic perturbation is a dichotomic Mar-
kov process [c f. Eq. (2. 27)] the Bourret equation (2. 14)
is exact. Its solution by Laplace transformation usually
requires only a little algebra. Notice that the Bourret
equation may also be considered as a first semiquanti-
tative approach to any stochastic equation by suitably
adjusting the dispersion and correlation time of a dicho-
tomic Markov process.

(2) The static approximation describes the full relaxa-
tion of the mean Green's function only if K > 1.

(3) The KAP and KP approximations should be used

when a wide range of Kubo numbers is involved (includ-
ing K=~ 1). If a good accuracy is wanted (e.g., in line

broadening problems) and if the covariance is a suitable
candidate for the inversion problem, use the KP method.
If not, in particular, if the covariance of the random co-
efficients is not too well known, use the KAP method with

— -1
v= Tcorr N

To conclude, we stress that the KAP and KP methods
are probably the most flexible tools presently available
when it is required to solve a linear stochastic differen-
tial equation over a large range of values of the Kubo
number. In contrast to most approximate methods in
mathematical physics, they do not rely on the existence
of a small expansion parameter.

Applications of the methods described in this paper
to problems of physical interest are discussed in other
papers. Among the possible fields of application, let us
mention: Stark broadening,25.28 line formation in tur-
bulent stellar atmospheres,26 stability and Brownian
motion of linear and nonlinear dynamical systems with
random parameters,12 energy transfer between ran-
domly coupled dynamical systems,?.34 and propagation

of waves in a one-dimensional random
medium. 2.7.30,31,35-38
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A recently characterized class of (in general nonvacuum) algebraically special space-times with
twisting rays is studied. The Weyl tensor satisfies the peeling-off property along the repeated
principal null congruence, and the Ricci tensor exhibits an equally simple asymptotic behavior,
which is in fact compatible (via the Einstein field equations) with the presence of a suitably
restricted electromagnetic or neutrino field. If the gravitational and source fields are nonradiative,
the above asymptotic behavior is restricted. In this case we explicitly solve the Einstein vacuum field
equations, the Einstein—-Maxwell equations and the Einstein-Weyl (combined gravitational-neutrino}
equations. The solutions obtained are related to the known algebraically special solutions of these

equations.

1. INTRODUCTION

Motivated by the 1962 paper of Robinson and
Trautman,! the problem of finding exact solutions of
the vacuum gravitational field equations in general
relativity which admit a geodesic, shearfree and expand-
ing null congruence? {and hence are algebraically
special?) has been extensively studied in the past de -
cade3~16 with emphasis on the case in which the con-
gruence is twisting. The general procedure that has
been used is as follows.4:8,9,12 One chooses a co-
ordinate system (u,7, x,y) such that » is an affine para-
meter along the geodesics of the given congruence,
while #, x,y are constant along these curves. It then
follows, by virtue of the assumed properties of the null
congruence, that the subset of the vacuum field equa-
tions

R,,=0 1.1)
contained in the algebraic restriction
ki Rk =0, (1.2)

where k2 is tangent to the given congruence, completely
determinesl? the dependence of the metric components
on the affine parameter . Because of this one can ob-
tain a reasonably simple canonical form for the line
element using (some of) the remaining freedom in the
choice of the coordinate system. One of the vacuum
field equations (1.1) not included in (1.2), that cor-
responding to

R =0, (1. 3)
is identically satisfied1? on account of (1.2). The re-
maining three field equations yield. a set of partial
differential equations to be satisfied by the remaining
arbitrary functions of #, x,y which appear in the line
element, In this way one obtains a considerable simplifi~
cation of the problem.

The remaining field equations have not been solved
in general, even in the case in which the given nuil con-
gruence is in addition twist-free, considered by Robinson
and Trautman.! However, by imposing simplifying
assumptions on the line element one can obtain explicit
solutions. In particular, this approach led to the dis-
covery of a physically important generalization of the
Schwarzschild solution, namely the Kerr solution,4 in
which the given null congruence has nonzero twist.

535 J. Math. Phys., Vol. 15, No. 5, May 1974

Both the Schwarzschild and Kerr space-times are
asymptotically flat (see Sachs8 or Penrosel?), al-
though this is not true of the general class of space-
times under consideration. The general space-time
does, however, display one feature of asymptotically
flat vacuum space-times in that its Riemann tensor
exhibits the “peeling off” property2© along a generic
geodesic of the given null congruence:

Rapea = [4abed™t F [31]apea?™? + [211] ypq 73 + 009,
(1.4)
where r is an affine parameter along the given null con-
gruence.21 The coefficient tensors have the symmetries
of the vacuum Riemann tensor, and admit the tangent
field k¢ as a repeated principal null direction, of multi-~
plicity indicated by the kernel.2 These tensors are also
covariantly constant along the null congruence.

One of the aims of the present paper is to explicitly
solve the remaining vacuum field equations referred to
earlier, subject to the assumption that the first two
terms in the expansion (1.4) are identically zero. This
assumption corresponds physically to the absence of
gravitational radiation. In order to justify this state-
ment, however, it is necessary to relate the resulting
class of exact vacuum solutions to the Newman-Unti22
asymptotically flat approximate vacuum solutions, using
the correspondence developed by Aronson and Newman,23
We will not elaborate on this here.

The solution of the preceding problem is obtained as
a special case of a more general situation. In a recent
paper,24 the present authors showed that the integra-
tion procedure based on (1.2) (leading to a canonical
form for the line-element) could also be carried out
subject to an algebraic assumption on the Ricci tensor
weaker than (1.2) (see Condition II below). This weaker
restriction is in fact compatible, via the gravitational
field equations

Gab=~Tab (1'5)

with the presence of a fairly wide class of electro-
magnetic or neutrino fields. [On the other hand, condi-
tion (1.2) is only compatible with a null electromagnetic
field, or a null neutrino field.] In this paper then we
study in some detail the significance and consequences
of this weaker restriction.

More specifically, we begin by imposing (locally)
the following conditions on space-time.
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Condition I: There exists a null vector field k¢
which satisfies
k,. ok b=0,

Dot~ (k% )2 =0, (1.6

ke, = 0. (1.6b)
Equations (1. 6) assert that the integral curves of this
vector field form a geodesic, shearfree, but expanding
null congruence.?

Condition II: The Ricci tensor satisfies

kiR gy Ray = S Rig 8uype Rays (1.7a)

E =0, (1.7b)

for some function f, where %7 is the given vector field.

Note that Conditions I and II imply that k¢ is @ re~
peated principal null divection of the Weyl tensor, which
is thus algebraically special. This is a straight-forward
application of a result due to Kundt and Trumper.25

In Sec. 2, we describe the canonical form for the line-
element of a space-time satisfying Conditions I and II,
which reduces to the previously given vacuum canonical
form when we impose R ,, = 0. It is shown that the
asymptotic behavior (1.4) of the vacuum Riemann tensor
(subject to Condition I) is preserved provided we con-
sider the Weyl tensor:

("ab»c{.»’ﬂ {4}01’0‘17"1 + {31]@(:“17_2 + {211}abcd’r~3 + O(’rﬁti)}
(1.8)

where the symbols have the same meaning as in Eq. (1. 4).

In addition, the Ricci tensor has a simple expansion in
inverse powers of 7:

Rp=RWr-2 + RDy-3 + RGr-4 +0(-3). (1.9
The coefficients R®), a =1,2,3 are tracefree sym-
metric tensors which are covariantly constant along the

given null congruence, and are related algebraically to
ke by the following conditions26:

RO,k =0, (1.10a)
ki R® 4y kg =0, (1.10b)
k{aR(s) b][ckd} :fk[agb][ckd]‘ (1.100)

In Sec. 3 we impose the following restrictions on the
asymptotic behavior (1.8), (1.8) of the Weyl and Ricci
tensors.

Condition I

C opea = [211] a2 + Or %), (1.11)
with [211] , ., = 0.

Condition IV :

Ry =R®7r-1 + ol -3). (1.12)

We regard Condition IIT as excluding the possibility
of gravitational radiation, by analogy with the vacuum
case. Furthermore, if the Ricci tensor is determined,
via (1.5), by an electromagnetic field, then Condition IV
excludes the possibility of electromagnetic radiation, as
will be seen in Sec.5.
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It is shown (in Sec. 3) that subject to Conditions ITI
and IV, the canonical line element of Sec.2 can be further
simplified so that it is determined explicitly up to a
number of completely arbitrary functions of at most
two variables, In addition, ¢¢ ¢s found that the non-
vanishing of the Ricci tensor affects the line element
only via the appearance, in a purely algebraic fashion, 27
of a single veal function of two veal variables. The
general solution of the vacuum gravitational field equa-
tions subject to Conditions I and III is thus obtained
from the line element of Sec.3 by simply setting this
function to zero, thereby solving the problem which was
mentioned in the paragraph following Eq.(1.4). We in
fact find that Condition III, together with the various
additional restrictions to be introduced in Sec. 4, enable
us to characterize almost all the explicitly known twist-
ing solutions of the vacuum field equations subject to
Condition 1. Sections 5 and 6 deal respectively with the
specialization of the results of Sec. 2, 3, and 4, to obtain
and characterize a class of exact solutions of the
Einstein-Maxwell and Einstein-Weyl24 (combined
gravitational-neutrino) field equations.

As regards techniques for dealing with the type of
problem under consideration here, the spin coefficient
formalism of Newman and Penrose3! is particularly
convenient. In the remainder of this paper familiarity
with this formalism on the part of the reader is assumed.
Our conventions for the Riemann, Ricei and Weyl tensors
are those of Newman and Penrose.

2. SPACE-TIMES SATISFYING CONDITIONS | AND II:
LINE ELEMENT AND ASYMPTOTIC BEHAVIOR

In this section we give the canonical form for the line
element of a space-time satisfying Conditions I and II,
and describe the asymptotic behavior of the associated
Weyl and Ricci tensors. We use coordinates {u, 7, x,y) =
(x1,x2,x3, x%), where u, x,y are constant along the
geodesics of the given null congruence, and # is an affine
parameter for the congruence, chosen so that the tangent
field 2¢ in (1. 6) has the form

ke = 0§. (2.1)

Theovem 2.1: A space-time satisfies Conditions 1
and II of Sec.1 if and only if the line element can be
written locally in the form

ds? = — (2GG) 1 dzdz + 2(k ydx?)[dr — Re(Wdz)

— Ulk,dx®)], (2.2a)

where
k,dx® = du — Re(Qdz), dz =dx +idy, (2.2p)
G =— Ply —iz)1, (2. 2¢)
W =—rD,Q —i(D3Z + ZD,Q), (2.2d)
U=US+¥D,InP + mr + ME— ¢$9,)(r2 + £2)-1.  (2.2e)

The complex function @, and the real functions m, P, ¢,
are arbitrary functions of u, z, z, while the real functions
3, U° and M are defined in terms of P, @ by

2iT = P2(D3Q — D4Q), (2. 3a)

UO =— Re[P2D4(D,Q + D,In P)], (2. 3b)

M =— 23U +P2Re[Dy(D,% + 2D, Q) + D,Q(D,Z +ZD1Q)].
(2.3c)
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The differential operators D,, D3, D, are defined by

Dy = Dj.
(2.4)

D1 =9,, Dy=20;+Q0, =0, +iay + Q9,,
An outline of the proof of this theorem, using the

Newman-Penrose formalism, was given in Trim and

Wainwright.24 A more detailed treatment can be found

in the thesis of Trim.32

A remarkable feature of the line element (2.2) is the
fact that its dependence on the affine parameter r is in
terms of rational functions of . This permits » to
assume arbitrarily large values, so that a generic null
geodesic of the given congruence can be extended to in-
finite values of its affine parameter. This is borne out
by the dependence on # of the expansion 6 and twist w
of the congruence?:

0 =r(r2 +32)-1, w=—T2+3z2)1 (2.5)
[see Eq. (A 4a), noting that 9, w are related to the spin
coefficient p according to p = — (8 + iw)].

In the derivation of the line element (2.2), the vector
fields k2, n2, me, 7 ¢ of the associated null tetrad31
were simplified to the following form:

@ =54, (2. 6a)
ne = 6¢ + Us4, (2.6b)
me=G(Qb§ + Wsg + 6% +i6g). (2.6¢)

This tetrad is adapted to the given null congruence in

the sense that the tetrad vector field 42 is tangent to the
congruence [see Eq. (2.1)]. In addition the tetrad vectors
are parallel transferred along the congruence [see Eq.
(A2)]. One can thus study the variation of the Weyl and
Ricci tensors along the given congruence by considering
the dependence of their components, taken with respect
to this null tetrad, on the affine parameter ». The de-
tailed expressions for these components, and for the

spin coefficients are given in Appendix A for completeness.

In this paper we are mainly interested in the asymptotic
behavior (i.e.,as the affine parameter » — ©) of these
quantities, and the form of their leading coefficients.

Firstly, for the nonzero components of the Weyl tensor
we obtain from (A10), on expanding p = — (» + iZ)-1 in
inverse powers of r:

(2.7a)
¥, = U9r-2 + 0fr-3), (2.'Tb)

¥, =¥l + [(D, +4D,Q)(PYY) — iZ¥pr2 + Ol é).'? )

.Te
For our purposes it is convenient to write the leading
coefficients in the form

¥, = ¥9r-3 + 0(r-9),

¥ = — (m +iM), (2.8a)

¥9 = P3D,J, (2.8b)

¥9 = — P2D,J, (2.8¢)
where33

J=D,L +L2, (2.9a)

L =D,Q +DyInP. (2.9b)

The expressions (2. 8b, ¢), which are the same as in the
vacuum case,34 are obtained from Egs. (A5a), (A11b, ¢)
using the commutator relations for the operators D,, D,
D,: .
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Dy3 — D3y = (D1Q)D;, (2.10a)
D4 — Dy = (D1Q)Dy, (2.10b)
D3y —Dy3 = (D3Q — D4Q)D,, (2.10c)

where D, ; = D,Dg, etc. Equations (2.7), together with
the fact that ¥, = ¥, = 0, imply that the Weyl tensor
exhibits the “peeling off” property (1.8) along the given
null congruence.

Secondly, for the nonzero tetrad components of the
Ricci tensor, we obtain, from Egs. (A7) and (A8)

&,, = $9,7% + 0(r-9), (2.11a)
&, = 89,73 +00r-1) = 521, (2.11b)

®,, = 9,72 + {2P2Re[(D, + 3D,Q)(P-149,)]
+ P4D (P-489,)} 73 + O(r-4), (2.11c)

where ®9, is an arbitrary real function of «, z, z, and35
11 y 9Ky Ky

%9, = 3 P(D; + 3D,Q)¥9, (2.12a)

®9, = P2(D, + 2D,Q)(P-1¥9) + P3D (P-3¥9). (2.12b)
The expansion (1.9) and the relations (1.10) follow from
(2.11) on making use of the expansion (A13) for R_,.

In connection with the Ricci tensor it is important to

note that
R, =0<=> &}, =89, =3, =0. (2.13)

We thus regard the functions 9,,®9,, 9, as represent-
ing the freedom available in specifying the energy tensor
T, in the gravitational field equations (1.5). Thus when
T, has been specified (in a way consistent with Con-
dition II), Egs. (2. 12a,b) represent restrictions on the
functions P, @ and ¥9 = — (m + iM). However, when we
recall that M is expressed in terms of P and @ by means
of Eqgs. (2. 3), we see that (2. 12a,b) together with (2. 3c)
form a system of partial diffevential equations in u,z,z
to be solved for P,Q and m. We will refer to this set
of equations as the reduced gravitational field equations.
For convenience we rewrite them in a slightly different
form below:

P(D; +3D,Q)(m +iM) = — 289, (2.14a)

P2(Dg + 2D,Q)(P-1¥9) — P3D,[P-3(m +iM)] = 893,,

(2.14b)

M = 3iP3(Dy433V — Dg344V), (2.14c)
where the real function V is defined by36

D,V =P, (2.15)

up to a real additive function of z and z.

In the case of vacuum gravitational fields [¢9, = &9, =
$9, = 0] the canonical form (2. 2) of the line element
and the reduced field equations (2.14) were first derived
by Kerr4 using a null tetrad approach. They have been
subsequently derived in more detail by Debney, Kerr,
and Schild10 (using differential forms), by Robinson,
Robinson, and Zund8, and, using the Newman-~Penrose
formalism, by Talbot.® [Our Egs. (2.14a,b), with 9, =
©9, = 0 are identical with Talbot's equations (5.15) and
(5.17), and our Eq. (2. 14c), in the equivalent form (2. 3c)
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is identical with his equation (5. 16), on noting that our
¥9 is the negative of Talbot's.]

To conclude this section, we state the general co-
ordinate transformation which preserves the form of
the line element (2. 2):

' =h(w,2,z), r' =R, 2z =f(2) (2.16a)
with
- ok
R(u,z,z) = F (2.16b)

This is in fact the same as in the vacuum case.® In
order that the form (2. 6) of the null tetrad be preserved
under (2.16), it is necessary to perform simultaneously
with (2.16) the following tetrad transformation:

ke =Rke, #°=R1ne, me=eiSme, (2.17a)
where R is given by (2.16b) and the real function S is
related to f(z) in (2.16a) according to

e2iS — _f (_2) .
F'(2)

In order to use this freedom to simplify the solutions

of the reduced field equations, it is necessary to know

the transformation laws of various expressions under
(2.16)-(2.17). These are listed in Appendix B.

(2. 17b)

3. SPACE-TIMES SATISFYING CONDITIONS I, 11, il
AND IV AND ASSOCIATED VACUUM SOLUTIONS

In this section, we impose Conditions III and IV on
the line element of Sec.2. The reduced gravitational
field equations (2. 14) can then be solved to yield an
explicit form for the line element, containing three
(complex) analytic functions of z (and their complex
conjugates) and one real function of z and z. Condition
IV in fact makes it unnecessary to specify the exact
nature of the sources corresponding to T,, in Eq. (1.5)
(though it does of course further restrict the nature of
the sources). Thus the general line element to be devived
in this section is characterized by the purely geometric
rvestrictions contained in Conditions I-1V.

Firstly, the expansions (2.7) imply that Condition IIT
[see equations (1.11) and (A12)] is equivalent to
¥ =v9=0 ¥§=0. (3.1)
On account of Eqgs. (2. 8b, ¢) and (2. 4), this restricts the
function J, defined by (2.9a), to be of the form J = J (2).

Thus the coordinate freedom (2. 16a) [See Eq. (B8)] may
be used to set

J=D,L +L2=0. (3.2)
This condition is preserved if and only if the trans-
formation (2. 16a) is restricted by

f@&) =(Az + B)/(Cz + D), AD—BC =0, (3.3)
where A, B, C, D are complex constants.

The next step is to transform
D,P=0, (3.4)

using the freedom in the function R, z, z) in Egs. (2. 16)
[see Eq.(B1)]. This condition is preserved if and only
if R is restricted by

R =R(z,z) => hlu,2,2) = Ru + H(z,2). (3.5)
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It is now necessary to make use of Condition IV. On
account of the expansions (2.11) and Eq. (3. 4), this con-
dition is equivalent to

9, =28, =0,

89, = 894, 2).

(3.6a)
(3.6b)

Equations (3.1), (3.4), and (3. 6) simplify the reduced
gravitational field equations (2. 14a, b) to the form

(D5 +3D,Q)m + iM) =0, (3.72)

Dy(m +iM) = 0. (3.7b)
Using the commutators (2.10), we find that these equa-
tions entail

D,;1Q =0, (3.8)

since m + iM # 0, by assumption.

We are now in a position where we can follow the
vacuum integration procedure of Robinson and Robinson.12
In fact, Eq. (3. 8) implies, on account of (2.9) and (3.4),
that D,L = 0, so that Eq. (3. 2) can be integrated to give

L = 2kz[kzz +1(2)] 1, (3.9)
where [(z) is the constant of integration.37 The real con-
stant &, if nonzero, can be set equal to 1 by redefining /.
Without loss of generality we may assume / = 0. [K
I = 0,we simply perform a transformation (2. 16), with
f given by (3. 3), which reintroduces [.] Equation (2. 9b)
gives an expression for D,Q, which permits us to write
Q@ in the form

Qu,z,z) = (L ~Dzln Pu + P-1q(z,z), (3.10)
where the factor P-1 in the second term has been intro-
duced for later convenience.

Equations (3.7) can now be integrated, once D, Q is
eliminated using Eq. (3.10). By suitably choosing the
“constant” of integration n(z), one obtains

m + iM = 23/2n(z2) P313(kzz + 1)-3. 8.11)

There remains to be integrated Eq. (2.14c), which is a
partial differential equation for the function ¢(z, z) in
(3. 10), although this is not immediately obvious. On
account of (3.4), the function V, as defined by (2.15),
has the form

V = Pu +v(z, 2). (3.12)
A straightforward calculation using Eqgs. (2. 4), (2. 9b),
(2.10), (3.2) and (3.10) implies that

D4V =2L0,(qL-1) + 43,0 0.

Thus using (3.11) the reduced field equation (2. 14c)
can be written, when 2 # 0, in the form
713(kzz + -3 —nl3(kzz + )3 = 23/2{3 3, [L3, (¢T-1)]
—9;0;[Lo, (gL-1)]}. (3.13)
This is a lineay nonhomogeneous partial differential

equation for g(z, z). Its general solution is thus of the
form

q(z,2) = q¢ + 41, (3.14a)



539 D. W. Trim and J. Wainwright: Nonradiative algebraically special space-times 539

where ¢, is the general solution of the corresponding
homogeneous equation and ¢, is a particular solution of
the nonhomogeneous equation. It can be directly verified
using (3.9) that a possible choice for ¢, is

q, = 2V2L [(2kz)-3713 LL-1dz. (3. 14b)

To obtain the form of g, note that (3.13), withn =0,

implies the existence, at least locally, of a real function
K(z, z) such that

L3, (goL™Y) = 23,3, K.

The solution of this equation can be written in the form
qolz, 2) = 21/2¢(2)l(kzz + 1)1 + 20,K — KL, (3.14c)

provided that the “constant” of integration ¢(z) is
suitably chosen. Note that the second and third terms
are obtained by integration by parts using the fact that
L satisfies 20, (L-1) = 1 [see (3.2)]. The function @, in
the case £ = 0, is thus given by Eqgs. (3.10) and (3.14).
Finally, by performing a coordinate transformation of
the form (2.16a), with a(u, z,z) =u — KP1, f(z2) =z,
it follows, using the transformation laws (B1), (B2),
that we can set K = 0 in (3. 14c).

If 2 =0, so that L = 0 [see (3.9)], the only change
that is in fact necessary is in the form of the particular
solution (3.14b). A suitable choice is given in the sum-
mary below.

We have thus shown that the function Q(x, z, z) can be
written in the form

Q = (L —DzInPlu + P-1[21/24(2)l(kzz + 1)1 + ¢4(z, 2)),

where (3.15a)

2-1/2F, [ (2kz)-3713 LL-1dz,
(3.15b)
2-5/2 22 (7 4z, k=0,

and L is given by Eq. (3. 9).

This completes the integration procedure. The func-
tion P(z, z) is arbitrary, but no in an essential way, as
we could for example transform P =1 locally, using
the function R in the coordinate freedom (2.16) [see
(3.5) and (B1)]. On the other hand, the functions I(z),
n(z2), q(z) and 9 ,(z, z) are essentially arbitrary.

We summarize the results in the following:

Theorvem 3.1: A space-time satisfies Conditions
I, II, IIT, and IV of Sec.1 if and only if its line element
can be written locally in the form (2.2), (2. 3) with @,
m, M given by Egs. (3.9), (3.11), and (3.15).

Note that the nonvanishing of the Ricci tensor affects
the line element only algebraically, in the following
sense. The metric tensor g, of Theorem 3.1 can be
written in the form

g0 =8% + 289,00k k,, (3.16)

where g(:,,) is the associated vacuum metric (obtained
by setting €9, = 0), 2, is given by (2.2b) and p by (Ada).
We can thus state

Corollary 1: A wvacuum space-time satisfies Con-
ditions I and IIT of Sec.1 if and only if its line element
can be written locally in the form (2. 2), (2. 3) with
<(I>?1 =) 0, and @, m, M given by Egs. (3.9), (3.11), and

3.15).
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This class of explicit vacuum solutions is in fact
precisely the class found by Robinson and Robinson.12
To verify this we note that in vacuum our Condition III
is equivalent to the assumptions (in addition to Con-~
dition I) imposed by Robinson and Robinson, which in
our notation read

DL = D3J = 0. (3.17)
[In vacuum (3.1) => (3.8) => (3.17), using the defini-
tions (2.8b, c). The converse is obvious.]

To end this section we note that the presence of the
arbitrary functions I(z), n(z), and ¢(z) in the line element
is directly related to the presence of twist in the given
null congruence. In fact, we have

Theorem 3.2: A space-time satisfies Conditions
I, IL, III, and IV of Sec.1, and the given null congruence
has zero twist, if an only if its line element can be
written locally in the form

ds? = —72(1 — $U%22)-2dzdz + 2dudr
—2(U% + mr1 — ®9,72)du?,

where U0 assumes the values +3,0r 0,m is a constant
and 9, is an arbitrary function of z and z.

Outline of the Proof: The vanishing of the twist
[=> Z = 0,see (2.5)] implies that one is in Case 1 of the
following section, and that in addition one can trans-
form @ to be zero. The result then follows from Egs.
(2.2), (2.3), and (4.12).

The vacuum subclass consists of the DS-spaces of
Robinson and Trautman,! and includes the Schwarzschild
solution when U® = — 1. The usual angular coordinates
are defined by Eq. (4. 19a).

4. SPECIALIZATIONS

The line element of Sec.3 can be specialized, firstly
by eliminating the « dependence, and secondly by re-
quiring that some of the higher order coefficients in the
expressions (A7) and (A10) for the Ricci and Weyl ten-
sors vanish. We choose the additional assumptions in
such a way that the arbitrary functions 1(z), n(z), ®9,(z, z),
and ¢(z) are successively determined, and in this way,
we arrive at the well-known Demianski-Newman,?
Kerr,4 and NUT3 solutions.

Case 1: D;Z =0. (4.1)

This condition is invariant under the coordinate and
tetrad freedom, by virtue of (3.5) [see Eq. (B3)]. On
account of (2.3a) and the form (B10) of the transforma-
tion law for D;Q, we may set

D.Q =0. (4.2)
This condition is preserved provided that
R = const. (4.3)

The metric is now completely independent of « and thus
admits £2 = 6¢ as a Killing vector.

Additional simplifications follow from (4.2). Equa-
tions (2.9b) and (3.2) imply that 3,9, P = 0, so that P,
being real, is of the form

P=azz +bz +bz +c,
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where g, ¢ are real constants and b is a complex con-
stant. This implies via (2. 3b) that U0 = — 4(ac — bb) =
const. Using the freedom (2.16) in the choice of the

z coordinate, with f (z) given by (3. 3), we can write P
in the form

P=212(1 —3U%zz). (4.4a)
By virtue of (B4) we can choose R [now restricted to

be constant by (4.3)] so that if U? = 0, it has the value
—3 or +3:

Uo=—1, +1,0. (4. 4b)
Using Egs. (2. 9b), (4. 2), and (4. 4), one finds that
L =—2-1/2y0zp-1, 4.5)

which, on comparison with (3. 9), yields
2k + UO1(z) = 0. (4.6)

Thus if U0 = 0,1(z) is a veal constant, while U0 = 0
implies £ = 0, so that L = 0 and I(z) does not appear in
the solution [see (3.11) and (3.15)]. In both cases

(4.5) is valid. The expression (3.11) then simplifies to

m +iM =n(z). (4.7)

The expressions (3.15) for Q(z, z) likewise simplify,
and using Egs. (4.4), (4.5), and (4. 6), we obtain

Q(z,2) = P-2¢(z) + Q, (4.8a)
where

3 (UOP)-2 [ z-2udz, U° =0, |
Q1= (4.8b
122 [ndz, U =0.

The function ®9,(z, z) is unaffected by the specializa-
tion (4.1). The line element is thus determined by Egqs.
(2.2),(2.3), (4. 4), (4. 7), and 4. 8), with 89,(2,2) arbitrary.
It depends on three arbitrary functions n(z), ¢(z),®9,(z, 2),
together with the indicator U° [see Eq.(4.4)].

The associated class of vacuum solutions, (obtained
by setting 9, = 0) is in fact that obtained by Robinson,
Robinson, and Zund8 who, prior to the paper of Robinson
and Robinson,12 solved the reduced vacuum field equa-
tions subject to additional conditions, which in our nota-
tion read

D;;Q =0, D,T=0, U°=const.

(These cenditions can be shown to be equivalent in vacuo
to our conditions ¥§ = ¥§ = D;Z =0.)

Case 2: Y9 =0. (4.9)

Note that Y9, as given by (A5b), is the coefficient of
p® in the expression (A10b) for ¥4. By virtue of Eqgs.
(A10b, c) and (Alle), the assumption (4.9) implies that
¥, = O(r™4), ¥, = O(r%), while as before % = O(r-3).
Thus the asymptotic behavior (1.11) assumed in Condi-
tion III specializes to

C wpea = [22] ypea” =3 + O(r 9), (4.10)

abe

with n2 being the second repeated principal null direc-
tion of [22],,.4-

Condition (4.9) also implies (4.1) [evaluate the com-
mutator (2.10c) applied to ¥ = — (m + iM) using
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(3.7a,b), (4.9), (A5b), (Alla), and (2. 3a)]. Additional
simplifications arise since (4.9), with (4.2), (Alla), and

.A5Db) implies that the function n(z) in (4.7) must be a

constant:
m +iM =n = const, (4.11)
The function Q,, as given by (4. 8b), thus simplifies to

—3(m — iM)(UOP)-22-1, U0 =0,
Q1 = L ) _
ilm —iM)z2z, U0 =0,

In each case the part of @, containing m is of the form
0H/3z, for a real function H, and can thus be eliminated
by redefining the u-coordinate according to ' = u — $H.
[We have this freedom again since now the metric is
independent of u.] In case 2 then, the line-element is given
by (2. 2), (2. 3) with

P=2'1/2(1 —%UOZE), U0=—%:%;0’ (4.12&)
m + iM = const, (4.12b)
Q@ =q()P2 + Q, (4.12¢)

3M(UOP)-2z-1, U0 =0,
Q1 = (4.12d)
—(i/4)Mz2z, U° =0.

89, = ®9,(z,2), arbitrary. (4.12e)

If we further set M = 0, so that the leading coefficient
of ¥, is real

% = ¥, (4.13)

then the corresponding vacuum solutions comprise the
class of solutions first discovered by Kerr and Schild,5.6
characterized by having a line element of the form

Ea =M +lalb’

where 7, is the flat space metric and [, is an expanding
null vector field (necessarily geodesic and shearfree).
This class of vacuum solutions was also later derived
by Debney, Kerr, and Schild,10 by solving the reduced
field equations subject to an additional restriction,
which in our notation reads

D33V = 0.
Case 3: Y9=2z%9=B¢=0. (4.14)

Using (A10), these conditions imply that 293 — 3¥,¥, =
0, so that the Weyl tensor is of type {22} (although ne is
in general not the second repeated principal null direc-
tion).

As in Case 2, the line element can be written in the
form (2. 2),(2.3), and (4. 12). The additional restriction
B9 = 0 implies directly that

&9, = const (4.15)

[see (A8b)], while a straightforward calculation using
Egs. (A11f), (Abc, d), (4. 12D, c, d), and (2. 3a), shows that
Z9 = 0 restricts the function ¢(z) in (4.12c) according
to ¢"’’'(z) = 0, so that

g{z) =by + bz +byz2, (4.16)

where by, b, b, are complex constants.
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It can be shown that tke vacuum solutions contained in
this case [obtained by setting 9, = 0] are the only
vacuum solutions of Petrov-Penrose type {22} which
satisfy Condition III (type {22} <=> 2¥% —3¥,¥, =0 <=>
Y9 = 23 =0, in vacuo). These solutions thus comprise
classes I and II in Kinnersley's1l classification. [His
class 1II satisfies (1.8) but not (1.11), while his class IV
solutions do not satisfy (1.8) since the repeated principal
null congruences are nonexpanding.] Note that of the
six real parameters contained in by, b,, b, in (4.16) only
one is essential. It is not feasible to give complete
details here. The reader is referred to the paper of
Kinnersley,11 which contains a detailed classification
of these solutions in the vacuum case, although using a
different coordinate system.

In the remainder of this section we vestrict our atten-
tion to the class of solutions in case 3 for which UV < 0.
By suitably choosing the coordinates we are able to show
how the line element specializes to give the well-known
algebraically special vacuum solutions referred to at the
beginning of this section. Firstly, it is shown in Appendix
C that by using the remaining coordinate freedom one
can specialize ¢(z), as given by (4. 16), to the form

q(z) = 31ibz, (4.17)
where b is a real constant. In order to obtain agreement
with standard notation we write

M=l, b=a-+tl.

Then using (4.17), the functions P, @, =, W, and U which
appear in the line element (2.2) assume the form

P=21/2(1 + 122), {4.183)
Q = 3iazP-2 + 23/2§(zP)-1, (4.18b)
L=—a(l —izz)(1 + 22)-1 +, (4.18¢)
W = — }iazP-2, (4.184)

=—3 + (mr + 51 —89,)(r2 + £2)1, (4.18e)

L , @ are given by (4.12) with (4.17), noting that U0 = —
2, while £, W, U are obtained from Egs. (2.2d, e) and
(2.3a)]. We now introduce angular coordinates 6, ¢ by

z = 2¢i® tanp/2, (4.19a)
and a new u coordinate by
u=u"+2¢. (4.19b)

The line element (2.2) then assumes the form (dropping
the prime on u)

ds?2 = — (r2 + £2)dg2 — (r2 + £2)-1[(R2 sin2p
— H2A)d¢ 2 — 2(aR sin29 — H A)dud¢
— (A — a2 sin20)du?] — 2Hdrd¢p + 2drdu, (4.20a)
with
R =72 +a2 +12, (4. 20b)
H = a sin29 + 2] cos§, (4.20c)
A =72 —2mr + a2 —12 +289,, (4.204d)
Z =—acosf +1. (4. 20e)

The vacuum solution contained in this line element,
obtained by setting ©9, = 0, is in fact the Demianski-
Newman? solution, in the form given by Kinnersley.11
The constants, m, a, and [ are the mass parameter,
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the Kerr angular momentum parameter, and the NUT
parameter, respectively. The Kerr solution,4 NUT solu-
tion,3 and Schwarzschild solution (in retarded Eddington-
Finkelstein coordinates) are obtained by setting [ = 0,
a=0, and I = a = 0, respectively.

In Sec.5 we show that the line element (4. 20) is com-
patible with the combined Einstein-Maxwell field equa-
tions, and hence, by suitably specifying ¢¢, in terms of
the electromagnetic field, we arrive at the charged
Demianski-Newman solution. On the other hand, it is
shown in Sec. 6 that the above line element is not com-
patible with the combined Einstein-Weyl equations for
the case of a (nontrivial) neutrino field whose principal
null congruence is geodesic and sheavfree.

5. EINSTEIN-MAXWELL FIELDS
A. The reduced Einstein-Maxwell equations

The Einstein-Maxwell equations for a source-free
electromagnetic field read:38

R, =F,°F, — 38 4F. F°, (5.1a)

F, (5.1b)

[ab, c] = 0’

Fab'b =0.
We assume that one of the principal null divections? of
the electromagnetic field, say k4, is tangent to a geodesic,
shearfree, and expanding null congruence. This assump-
tion clearly implies that Condition I of Sec.1 holds. In
addition, on account of (5.1a), it also ensures that Con~
dition II is valid. This is most easily verified using the
Newman-Fenrose formalism. In fact, Eq. (5. 1a) assumes
the form31
$,p=%,%, AB=0,1,2, (5.2)
where the & , are the tetrad components31 of F ;. Since
we are using the principal null direction %2 as one of
the tetrad vectors, it follows that31
&, =0. (5.3)
Thus (5.2) implies that &5 = &4, = &4, = 0, which is
equivalent to (1.7a). The remainder of Condition II
(i.e.,R = 0) follows directly from (5.1a).

In order to apply the results of Sec. 2 it is necessary
to relate the functions ©9,, 9,, 9, to the tetrad com-
ponents & , of F,, using 35. 2). This requires a know-
ledge of the » dependence of the & ,, which is determined
by the first set of Maxwell's equations (5.1b). In the
Newman-~Penrose formalism these equations read31

D&, =208, (5. 4a)

Dé, — 3%, = pd,, (5. 4b)

because of (5.3) and the restrictions (Al), (A2), (A3) on
the spin coefficients. These can be integrated with re-
spect to » to yield

¢, = ‘1’(1)P2:
0
B, = p(—09 + Fo + Fgp2),

(5.5a)
(5. 5b)

where 9, &9 are the complex “constants” of integration
(functions of u, z, z) and

(5. 6a)
(5. 6b)

N = iP(D, + D;Q)=.
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For future reference we expand the expressions (5. 5) in
inverse powers of 7:

;= 972 + 0679, (5.7a)

&, =1 + 0(r2), (5.7h)
or in tensor form:

Fgp =[2]p 7" + [11],772 + 06-9). (5.8)

The coefficient tensors in (5.8) are antisymmetric,
covariantly constant along the congruence %22, and admit
k¢ as a principal null direction of multiplicity two and
one, respectively. The »-1 term is the radiation part of
the electromagnetic field.

The second set of Maxwell's equations (5. 1b) provides
a set of partial differential equations for &9 and 9. In
the Newman-Penrose formalism, they are equivalent,
by virtue of (5.3), (A1)-(A3), to31

66, =0, (5.9a)

(5. 9b)

Using Egs. (5. 5), (Adc, e), (2. 2¢, d, ), and (2. 6) these can
be simplified to

5, — AD, = 2ud; — 283,

(D3 + 2D, Q)89 = 0, (5.10a)

(D3 + D1Q)(P-129) + D,(P-249) = 0. (5.10b)
Finally, by comparing the leading terms in the expres-
sions for &,,,®,,, &,, in the form (A7) with the expres-
sions for these quantities calculated from (5.2) using
(5. 5), one obtains
89 = 3989, @9, =89%3, &9, =2323. (5.11)
Using these identifications and the reduced Maxwell
equations (5.10), one finds that the remaining terms in
the two expressions for &,,,%,,, ®,, agree identically.

We use Egs. (5.11) to eliminate &9,(=$9,) and 3,
from Egs. (2. 14a,b). Equations (2. 14), together with
(5.10) then form a system of partial differentiation
equations for the functions P, Q, m, 9, ®9. We will
refer to these equations as the veduced Einstein-
Maxwell equations. These equations and associated
canonical line element have also been obtained by
Robinson, Schild, and Strauss,3? and, using the Newman-
Penrose formalism, by Lind.32 These authors, however,
did not make use of the fact that the » dependence of the
line element is completely determined (via the Bianchi
identities) by the algebraic restrictions (i.e., Condition
II) which the presence of the electromagnetic field
imposes on the Ricci tensor.

B. Exact solutions

We now wish to apply the results of Sec.3. We thus
assume that the Weyl tensor satisfies Condition III. By
virtue of Egs.(3.4), (3.6), (5.10b), and (5.11), Condition
IV is valid if and only if the electromagnetic field
satisfies

9 =0. (5.12)
This is equivalent to the vanishing of the first term in
the tensor expansion (5.8) and means physically that
the field is nonradiative.

The reduced gravitational field equations (2.14) can
now be integrated as in Sec.3. The line element is
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then completely determined, apart from the term

le = 3989 [see (5.11)] in U [see (2.2e)]. To obtain
&7, we have to solve the reduced Maxwell equations

(5. 10), subject to (3.4) and (5.12). Using Eqgs. (2.9) and
(3.9) one readily obtains

®9(z,z) = 2f (2) P212(k2z +1)2, (5.13)

provided that the “constant” of integration f(z) is suitably
chosen. We summarize the results in the following

Theovem 5.1: A space-time satisfies the following
conditions:

(1) the Einstein-Maxwell field equations hold,

(2) one of the principal null directions of the electro-
magnetic field is tangent to a geodesic, shearfree,
and expanding null congruence,

(3) the electromagnetic field tensor and the Weyl tensor
exhibit the following asymptotic behavior along the
null geodesics:

Fab = [ll]ab r2 + 0(7-3)) (5. 143.)

Cabcd = [zll]abcdr_s + 0(7_4)’ (5. 14b)

if and only if the line element can be written locally
in'the form (2.2), (2. 3), (3.9), (3.11), (3.15), with
$9, given by (5.11) and the electromagnetic field
in the form (5. 5), (5. 6), (5.12), (5.13).

This class of exact solutions of the Einstein-Maxwell
equations, although not its characterization as contained
in Theorem 5.1, has been given by Robinson, Schild, and
Strauss.30

C. Specializations

The assumption (4.1) of Case 1 in Sec. 4 implies
(4.4) and (4. 6), and thus reduces $9 as given by (5.13),
to the form

&9 =1 (2). (5.15)
From Eq. (5.11), it follows that

89, =1 (2)f (2), (5.16)
and from Egs. (5.5) we find

o, =f(2)p2, (5.17a)

&, = 2Pp2[f'(2) + 2if(2)a,2p]. (5.17b)

The line element of this class of solutions of the
Einstein-Maxwell equations is given by Egs. (2. 2), (2. 3),
(4.4),(4.7),(4.8), (5. 16) and the electromagnetic field
tensor by (A14) and (5. 17). This class of solutions was
given by Lind,39 independently of the paper of Robinson,
Schild, and Strauss.30 The subclass of these solutions
satisfying (4.13) [so that @ can be specialized to the
form (4.12¢)] with @, = 0 was given earlier by Debney,
Kerr, and Schild.10

The assumption (4.9) of Case 2 does not affect @9,
while the assumption B9 = 0 of Case 3 [see (4.14)]
implies that

®Q = f = const, (5.18)
The charged Demianski~-Newman? solution is the unique
member of the Case 3 solutions subject to

Uo <o,

29 = 89. (5.19)
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In order to obtain agreement with the usual notation
we write
09 = 2-1/2¢, (5.20)
Since U0 < 0, and we are in Case 3 of Sec. 4, the line
element can be written in the form (4. 20), with the

arbitrary constant 9, given, on account of (5.11) and
(5. 20) by

@({1 =12, (5.21)

Using Egs. (5.15), (5.17a, b), (5. 20), and (4.18a, c), the
nonzero tetrad components of the electromagnetic field
assume the form

[N

&, =2 1/2¢p2,

_ L - (5.22)
&, =iaez(l + 2z)"1p3.
The electromagnetic field tensor F_, is expressed in
terms of &,, &, according to (A14). After performing
the coordinate transformation (4.19), one obtains

Fpdx® Adx® = 232¢(r2 + £22)-2[(#2 — 22)(du — Hd¢) A dr
+ 27% sinfad A (Rdp — adu)], (5.23)

where Z,H, and R are given by (4. 20b, c,e), and A de-
notes the operation of taking the antisymmetrized tensor
product. The charged Demianski-Newman? solution of
the Einstein-Maxwell equations is thus given by Egs.
(4. 20), (5. 21), and (5. 23). Note that if we set I = 0 and
make the changes ¢ » —a, u — —u,the above expres-
sions agree with Carter's40 form of the charged Kerr
solution (first discovered by Newman et al.28), The
Reissner-Nordstrom solution (in retarded Eddington-
Finkelstein coordinates) is obtained when we set
l=a=0.

6. EINSTEIN-WEYL FIELDS
A. The reduced Einstein-Weyl equations
The Einstein-Weyl equations governing the interaction
of a neutrino field and a gravitational field read4?
Rab == 2.[OaAX’((pA(l)X’;I) - (pA;b ¢X’)
+ 0, ax(P49X , — 04 ,0%)], (6.1a)

0eAX'¢ . =0, (6.1b)
where ¢ 4(x?) is the spinor field which describes the
neutrino field.

We assume that the principal null direction of the
neutrino field,41 defined by

ka = 0aAX,¢A¢X’ ,

is tangent to a geodesic, sheavfree, and expanding null
congruence. This assumption clearly implies that Con-
dition I of Sec.1 holds, and in fact also ensures the valid-
ity of Condition II, as was shown in a previous paper.24

With respect to a null tetrad and associated spinor
dyad (based on the principal null direction) the neutrino
spinor is described4l by a complex function ¢. The
Weyl equations (6. 1b) determine the » dependence of
this function according to

¢ =— % = $Or1 + O(r-2) (6.2)
[see (A4a)] and the “constant” of integration ¢O(x, 2 z)
is required to satisfy
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(-D3 + D]_Q)(P_]'/2¢0) =0, (6.3)
in the notation of Sec.2. In addition, the functions &9,,
39,,and &9, are expressed in terms of ¢ 0 by the equa-
tions

89, = 2¢%9°, (6. 4a)
89, = 3iP1/2¢%(D, + 2D,Q)(P1/2¢0), (6.4b)
89, = i(¢°D;¢° — $°D, ¢0). (6. 4c)

For the results contained in Egs. (6. 2)-(6.4) we refer to
Trim and Wainwright.24

As in Sec. 4 we use Egs. (6. 4) to eliminate ¢, and
9, from Egs. (2.14a,b). Equations (2.14), together with
(6. 3) then form a system of partial differential equations
to be solved for the functions P, Q,m, ¢0. We will refer
to these equations as the veduced Einstein-Weyl equa-
tions.

B. Exact solutions

We now wish to apply the results of Sec.3. We thus
assume that the Weyl tensor satisfies Condition III.
By virtue of (3.6) and (6.4) Condition IV is valid if and
only if

(D, +2D,Q)(P1/2¢0) =0, (6. 5a)
$OD % — §OD, 90 =0, (6. 5b)
D, (29240 =0. (6.5¢)

On evaluating the commutator (D3, — D43) In¢0 using
(6. 3) and (6. 5a), we obtain

2i2D,¢°% = P2(D,L — 2D3L)$0. (6.6)
In conjunction with (6. 5b) this implies

D4L + D3l =0, (6.7)
and hence, on account of (2. 3b) and (2. 9b),

U° =0. (6.8)

Using the explicit form (3.9) for L, Eq.(6.7) in fact
entails /(z) = Kz, K a constant, so that we may use (B7)
with £ (z) given by (3. 3) to set

L =0. (6.9)
Thus by (6. 6)
D,¢% =0, (6.10)

provided that Z = 0. (The case T = 0, corresponding

to zero twist of the neutrino principal null congruence,

has been treated previously.24) Equation (6. 5¢) now im-

plies, for a nonvanishing neutrino field, that
D2 =0, (6.11)

and we are in Case 1 of Sec.4. By virtue of Egs. (6.8),

(4.2), and (4. 4a), Egs. (6. 3) and (6. 5a) can be integrated
to yield

¢0 = & = const. (6.12)
From Egq. (6.4a) we obtain
39, = Tkk. (6.13)



544 D. W. Trim and J. Wainwright: Nonradiative algebraically special space-times 544

The line element is thus determined by Egs. (2. 2), (2. 3),
(4.7), (4.8), and (6.13), with P = 2-1/2_ and the neutrino
field by
¢ = k(r +iZ)-1. (6.14)

It is clear that the class of solutions of the Einstein-
Weyl equations compatible with Conditions I-IV is much
more restricted [see (6.8), (6.11), and (6.12)] than the
corresponding class of solutions of the Einstein-Maxwell
equations. In particular, on account of (6. 8), there exists
no solution of the Einstein-Weyl equations analogous to
the charged Demianski-Newman? solution of the
Einstein-Maxwell equations, for which U0 < 0.

To conclude this section, we note that the reduced
Einstein-Weyl equations (2.14), (6. 3), can be solved to
obtain a more general class of solutions if we replace
Condition IV [which entails (6.5)] by the weaker restric-
tion D;¢0 = 0 on the neutrino field. Details are given
in the thesis of Trim.32

7. CONCLUSIONS

We have given a unified approach to the derivation of
a simple form for the line element of a wide class of
algebraically special solutions of the Einstein,
Einstein-Maxwell, and Einstein-Weyl equations. In
addition, we have derived the well known twisting solu-
tions of the Einstein and Einstein-Maxwell equations
(i.e., the charged Demianski-Newman7 solution and its
specializations) by systematically restricting the
asymptotic behavior of the Weyl and Ricci tensors,
instead of specifying an arbitrary function in an ad hoc
fashion, as is usually done.8,9,10

Not all explicitly known exact solutions of the (vacuum)
Einstein equations satisfying Condition I also satisfy
Condition ITI. As mentioned earlier, the Case III solu-
tions of Kinnersleyll satisfy ¥Q = 0 in our notation, so
that Condition III does not hold. The second twisting
example known to us is a particular vacuum solution
found by Kerr and Debney!3 which in our notation satis-
fies ¥§ = 0, ¥ =0, so that again Condition III does not
hold. In addition, in the twistfree case, several classes
of vacuum solutions which satisfy Condition I but not III
are known,1,43 including the general solution for the
type {4} case. However, to the best of the writers' know-
ledge all explicitly known exact vacuum solution satisfy-
ing Condition I, with nonzero twist, and containing (essen-
tially) arbitrary functions also satisfy our Condition III.
This justifies the remarks at the end of Sec.1.
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APPENDIX A

This appendix contains the detailed expressions for
the spin coefficients and components of the Weyl and
Ricci tensors associated with the null tetrad (2. 6).

The fact that k2 is tangent to a geodesic and shearfree
null congruence (Condition I) implies that31

k=0=0, (A1)
The further simplification of the null tetrad arising in
the proof of Theorem 2.1 results in24

J. Math. Phys., Vol. 15, No. 5, May 1974

(A2)
(A3)

The remaining nonzero spin coefficients are given by42

p=—(r +iz)1, (Ada)
a = (PD;Q + $D,Pp, (Adb)
B=—3DyPp, (Adc)
y=—3D;InP~ ;99p2 + &9,p2p, (A4d)

p=(=U% +iD,T —iZD; InP)p — 3 ¥3(p2 + pp) + &9;p2p,

(Ade)
v=10 4+ 99 +3¥2 + Y Yp3
+p(—®8,p + BYp2 + BYp3), (Adf)
where
v0 = PD,(D,Q + D,y InP), (A5a)
Y9 =—P(D, +3D,Q) ¥, (A5b)
Y9 =—3N¥, (A5c)
with
N s iP(D, + D,Q)Z, (A5d)

and ¥9, #3,, B9, B are given below.

Condition II restricts the components of the Ricci
tensor with respect to the tetrad (2. 6) according to

Ggo =Pg1 =Py =A =0. (A6)
The remaining nonzero components are given by42

;= &9,0202, (ATa)

®,y, =pp2(—29, + B% + BYp2?), (A'Tb)

@22 =pp{232 + Clp + C1p — 289,Np? + CYpp
— 289, Np2 + 2B YNp2p + 2B{ Npp?

+ 4NN®9, 0252}, (ATc)
where

83, = 1 P(D, +3D,Q)¥Y =79, (A8a)

= P(D, + 4D,@)%9Y,, (A8b)

BY = 289N, (A8c)

#9, = P2(D; + 2D,Q)(P-1¥9) + P3D, (P-34Y), (A8d)

CQ = — P2(D, +3D,Q)(P-1%9,) — } PAD,(P42Y,), (ABe)

C9 = P2 Re[(D5 + 4D,Q)(P-1BY)]. (A8f)

As mentioned in the introduction, Conditions I and II
imply that the tangent field k2 is at each point a repeated
principal null direction of the Weyl tensor, so that31

Yo=¥ =0 (A9)

with respect to the null tetrad (2.6). The nonzero com-
ponents of the Weyl tensor are given below42:
Y, = — ¥9p3 +289,03p, (A10a)

¥ =p2{¥ + ¥ + ¥3p2 +p(—&3, + 2BYp + 3BY fAZI%L)
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¥, =p{—9Q + 2% + 52302 +52%0% + 1 Z9p*
+p(RSp +RYp2 +RYp3 + R4}, (Al0c)
where

V) =~ (m +iM), (Alla)

v9 = P(D, +2D,Q)(—U® +iD,T — iZDInP) + 2iZ10,

(A11b)
¥q =~ (D, +3D,Q)(P0), (Allc)
29 = (D, + 4D, Q) (P¥Y), (Al1d)
29 = (D, +5D,@)(PY9) + aN ¥, (Alle)
Z3 = (D4 + 6D,Q)(PYY) +6NYY, (A11f)
Zz9 = 8NYY, (Allg)
RY =— (D, +5D,Q)(P3Y,), (A11h)
RY = (D4 + 6D,Q)(PBY) — 2N&3,, (Al1i)
RS = (D, +7D,Q)(PBY) + 4NBS, (A11j)
RY = 6NB3. (A11K)

For convenience we list the general expansions for the
Weyl tensor, Ricci tensor, and electromagnetic field
tensor in terms of their tetrad components and the null
tetrad vectors:

%(C abed ic:bcd) = \I’OUab Ucd + 2\I’l(UabM cd + MabUcd)
— ¥, (Uabvcd + 4jwab Mcd + VabUcd)

+ 2‘1’3(Vachd + Machd) - \I/4Vachd’

where (A12)
Uab = 2m[anb]’ Vab = 2k[amb]!
My =Ry — My My,
and
C¥bea = 2 €caor Cap®s
R, =—28,4n,n, + 4<I>01n(amb) + 4<I>10n(amb)
— 28,7, 7, — 2850m,my — 48411k 7y
+m Tyt + 4815k, Ty + 48,1k, my)
—2®y5k ky + Mg 4, (A13)
3 (Fy —iF}) = &oU, — 28, M, + &,V,, (A14)

where

* _ 1 d
Fab_zfabchc .

APPENDIX B

The combined coordinate and tetrad transformation
(2.16), (2.17) preserves the form of the canonical line
element (2. 2), (2. 3), and of the associated null tetrad
(2. 6) We list below the induced transformation laws
of some of the functions of Sec. 2 and Appendix A:

P’ =R-1f'(2)| P, (B1)
Q' = (7)1[RQ + 20, 1], (B2)
' =R-13, (B3)
U9 = R-2U0, (B4)
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T’ = R-399, (B5)
89,' =R-89,, (B6)
L= (frL +f"/f'), (BT)
J' = (2T + "/ =32, (B8)
N"=R-2(F'/f)1/2N, (B9)
(D1Q@)’ = (f)-1[D,Q + D3InR]. (B10)

In addition, the transformation laws of the coefficients
in the expressions (A7) and (A10) for the Ricci and
Weyl tensors are all of the form

CO" = (f'/f)PRaCO,

for suitable values of p and q.

Finally, note that the basic differential operators D,,
D3, and D,, as defined by Eq. (2. 4), transform according
to
Ei =R-1D,, bé = (f_,)—le’ Dy = (f)'Dy, (B11)
provided we regard them as operating only on functions
of u, z, z, as is the case here.

APPENDIX C
In Case 3 of Sec. 4, with U0 < 0, the functions P, @

are given by

P =2-1/2(1 + §zz), (C1)

Q = P2[by + byz + byz? + 2iMz1), (C2)
where by, b,, b, are complex constants, and M is a real
constant [see Egs. (4.12a, ¢, d) and (4.16)]. The form of
P is preserved under the following coordinate transfor-
mation:

z' = 4(Az + B)(Bz — 44)-1, (C3a)

w' =u + hiz,z), (C3b)

where A, B are complex constants satisfying 444 + BB =
4,and % is a real function [c.f. (2.16), (3. 3), and (3.5)].

The transformation (C3) does not in general preserve
the form of @. Our aim is to show that by making a
suitable choice for A, B, and h, we can transform @ to
the following form

Q = P2[ibz + 2iMz-1], (Cc4)

where b is a real constant and M is as above, thereby
justifying Eq. (4.17).

Under the transformation (C3), it follows from (B1)
and (B2) (with R = 1) that P2Q transforms according to

(P2Q) = [%’;’—] [P2Q + 2P2%5,1).

In order to achieve our aim we require
’
bz’ + 2iM(z')1 = [‘Z—ZZ] [bo +b12 +by22 + 2iMz-1
+ (1 + 322)28, 4],

where z’ is given by (C3a). This equation will have a solu-
tion for h(z, z) provided that 3,0, = 9,9,h. A straight-
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forward calculation shows that this condition holds pro-
vided that the ratio A/B is chosen to satisfy

(A/B) — s (B/A) + (b, —by —iM)(by + 4by)-1 =0,

in terms of the given arbitrary constants appearing in
Q. (If by + 4b, = 0, choose B = 0.) This is clearly per-
missible, and the transformation to the form (C4) is
thus justified.
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We study a Lagrangian theory of superconductivity which, for slowly varying field variables, is
shown to be equivalent to the BCS theory; we obtain the conservation of pairs, clearly showing its
relation with the second kind of gauge invariance of the Euler-Lagrange equations. Finally, by
treating the gauge function as a further field variable, we generalize the Maxwell-type

Ginzburg-Landau equation and use it to discuss flux quantization.

1. INTRODUCTION

There are many physical systems whose dynamic equa-
tions can be derived from an action principle, namely a
functional of the dynamic variables takes a stationary
value with respect to the small variations of the field
variables. Such a formalism has an outstanding fea-
ture: It establishes a direct connection between sym-
metry principles and conservation laws; furthermore,
it is a very convenient and economical way of formulat-
ing dynamical laws. In the present paper, an action
principle is set up which, when the order parameter &
and the density matrix £, defined below are slowly vary-
ing in space, is shown to be equivalent to the Bardeen—
Cooper—Schrieffer (BCS) theory.! The Lagrangian
theory, however, clearly displays the connection be-
tween gauge invariance and pair conservation. Let us
first recall that in superconductivity theory an import-
ant role is played by:

(a) The first reduced density matrix

0,00, 1%) = Trp(tW T (x ¥ (x,), (1.1)
where p(f) is the statistical density matrix, ¥(x) is the
fermion field operator at the space point x; the spin
label o is also included with the convention x = (x, ).

(b) The order parameter or macroscopic wave function
defined as

B(x, |x,) = Tro(hy (x )y (x,). (1.2)
In the BCS theory a good description of the supercon-
ducting sample is obtained by letting the electrons
interact by means of a two-body potential V(x; — x,) in
such a way that the interactions are effective between
electrons of opposite spin and momentum; then, by
postulating an ansatz for the ground state, an expres-
sion for the energy is written and minimized subject
to two constraints. This procedure yields the Valatin
commutator equations,? which we have shown how to
write in configuration space as a pair of partial differen-
tial equations3:

. 1
Zat Q1 (xl 'x2} = (ax2 - ax2 )Ql(x1| xz)
2m 1 2

+ [dxrd(x, o )u*x’ |x,)

— [axpx, 1)@ 15y, (1.3)
together with
10,% (% |x,) = <$ (afl + ax22) — V(x,— x2)> ®(x [%5)

- fdx’u(xllx')ﬂl(x’lxz)

— [0, |2’ |x5), (1.4)
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where the energy scale has been defined such that the
Fermi momentum is null. Here, however, we have writ-
ten the BCS equations in a more general situation than
in Ref. 3, since we have not limited our discussion to a
delta function potential, neither have we restricted our-
selves to a time-independent theory. The definition of
the pair potential p is given in Sec. 2.

2. THE ACTION PRINCIPLE

Let us introduce a superconducting vector field 6, where

9j= (¢’¢*,le Q;)T’ (2' 1)

T denoting the transpose. The action principle requires
that if 7 is the action, then a first-order variation yields

81 =0 = & fdtdx,dx, £,

provided that the surface Z of the region of integration
is kept constant and that variations on Z are null. This
leads to
= (0’ oL’
6l =0 = 69.(—————3 ———>dtdxdx 2.2
I8, 26, " a3y6, 12 (2.2)

where 5 represents a change of form.4 Now for paired
electrons the fields ® and ®* ought to satisfy the con-
straints

(2. 3a)
(2. 3p)

®(x, lxy) = — B(xy |xy),

DX(x; %, ) = — ®*(xy |xy).

Further, from definition (1. 1) we find that the fields Q, ,
QF should satisfy

Qxy 1x,) = Q¥(xy Ixy),
Q*(x; |xy) = Qx,y1x,)

(2. 4a)
(2. 4b)

(henceforth the suffix “1” is dropped from €,). In order
to include the constraints (2. 3) and (2. 4), we shall appeal
to the method of Lagrange multipliers; therefore, con-
sider the new Lagrangian density,

L =8+ §dF + df) + §X(2,5 + By,)
T A0y — ) + ANy, — 9F,),
where we have adopted the following convention:
f ) =5, f=9,Q.

From Eq. (2. 2) we infer, with the new Lagrangian density,

(2.5)

&B___aK oL :O,
26; 20,6,

(2.6)

since in (2. 5) there are no derivatives in £ — £,
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We find it convenient to separate £,

£=£LT +°CNLT’

where £ . will lead us, through the action principle, to
linear terms in the field equations, while £y, will lead
us to nonlinear terms. We submit that

SRR PLALP
+ iﬂ Ox U+ O Shyp — Elr—n O S22 0x, Shp
MOy — Q) + MRy, — 0F4) +i9150,9),
+ zl—m O, B2 " 0x B2 + 51; O, 12 3,212
+ V(xy, — X)0f58;, + §(B), + &) + EX(@F, + 3F).
The pair potential p is defined by
iz = V(X — %)y,
We find that £y, . is of the following form;
Inur = S + Sy + Typ + Uy + cic,,

where c.c. means the complex conjugate expression; the
P and S functions are given by

P,= fdx’p(xl [x)Q*(x ! x,) + fdx'Q(x1 lxulx’ 1x,),

Sp = fdx’d)(xllx’)u*(x’lxz) — fdx’u(xl [x)®*(x]x,).
Finally, the “counter terms” T and U are given by

Typ = — 3 [ dx'Qr, |x)prx 1x)@(x" 1x,),

Ujp=— %fdx’n(x'lxz)p*(xl [x)®(x, 1x7).
Following the standard procedure, we consider £, £*,
A, and A* as additional variables. This leads us to the
appropriate field equations.

{(a) The Q equation. Making variations with res-
pect to &, 2F,, A, and A*, respectively, we find,

dLyLr

1 1
—ax+ T ox + = 520X . 920* (2.7
912 th12 om x, 12 om x, 12

°CNLT 1 2

g, 2m ™

d 1
A+ DSy, + Rp—o— 320, (2.9
2m "2

Qf = Q51 (2.9)

0%, = Qe (2.10)

Equations (2.7) and (2. 8) imply

210,20 ! 02 02 ) Q%
- 1:12=;n" x, — Ox,) 12

OLyry <a£NLT>*
’

AUP v
but the last equations can be simplified to
1 oL
—zag*:—az—a2> ¥, — ZONLT 2.11)
%112 2m <xl x, Q'12 6912 (

We further notice that the explicit form of the equation
complex conjugate to (2. 11) is identical to the BCS
Eq.(1.3).

(b) The ® equation. In a similar manner we find
that the equation of motion for the macrowave function
is given by
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. 1
0,95 = <ﬁ(3§1 +02)— Vix, — X2)> P52

— fdx’u(x1|x’)9*(x’lxz) — fdx’Q(xllx')p(x’lxz) + ay,.
(2.12)
With the given Lagrangian density we find that the Qyy
function is given by

Q5 = (5811 — Q%) VX, — X,).

We remark that in theories where «a is negligible Eq.
(2.12) coincides with the corresponding equation of the
BCS theory, i.e., with Eq. (1. 4).

We now restrict our discussion to bulk superconduc-
tors in the presence of a weak magnetic field H, such
that 0 < H < H. ,, where H., is the first critical value for
penetration of magnetic flux, Under these conditions it
is reasonable to assume that the field variables 6; vary
slowly as functions of the spatial coordinates r and R,
where

(2.13)

=3(x; +X,), X;—X,=r.
In the Appendix we have shown that a is proportional to
the small quantity 3;@(R, 0) and is therefore negligible.

3. CONSEQUENCES OF THE ACTION PRINCIPLE

In this section we proceed to discuss some simple
consequences of the theory when the magnetic field is
coupled. As discussed in Sec. 4 below, this is simply
achieved by modifying the expression for the energy of
the Bloch electrons: The velocity k/m is replaced by
[k — eA(x)/c]/m, where A is the vector potential; the
total potential in (2. 12) becomes

2
V(x, — x,) + §e¢(xi),
and in Eq. (1. 3) the term (1/2m) (a‘,gl - ax22>912 becomes

5—1’;{(8,1 - (e/c)A(x1)> 2 - (a,z — (e/c)A(x2)> 2:|

2
+ El (— 1)ied(x)),
i=
where ¢ is the scalar potential. Then, the field equa-

tions are invariant under the following infinitesimal
transformations:

d(x) = ¢(x) — (1/c) 0, A(x, t), (3.1a)
A(x) ~ A(x) + 3, A(x, 1), (3.1b)
V(x) = Y(x) exp(ie/c)A(x, 1)], (3.1c)
YT (x)— 7 (x) exp[— (ie/c)A(x, £)]. (3.1d)

For null electric field one can demonstrate the invari-
ance of the field equations under the transformation
(3.1) in the case we discuss here, namely a,, = 0 (cf.
Ref. 2, pp. 74-17). Such gauge invariance has the follow-
ing consequences.

A. Conservation of Cooper pairs
We first notice that when we make the gauge trans-
formation the field variables transform as

6, = 6/ = 6, + A(xy, HG; + Alx,, D)H,, (3.2)

where Gj = G|[{6}] and H; = H,[{6}]. For example, for j =
LGy = i®p, H, = 19y,
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Then, as shown in the Appendix (Sec. B), making first-
order variations in the gauge function A we are able to
define a bilocal current

3 L(x|x,)

a£(x1 1x)
Jax, + fdx, —_aaaA(_x,_“t)’

9, A(x, 1)
whose divergence may be found as usual (with the
Euler—Lagrange equations), we find a null divergence
and hence the theory will contain a conserved charge,
given by

jHx, t) = (3.3)

[dxjox, t) = const = — 2Q. (3.4)
Using the definition of j° in Eq. (3. 3), we find
3L(x, lxz) 2 (xl [x,)
— 2Q = |dx,dx, ———— dx,dx,
Q= Jaxdr, 20,6, +J 20,6, 7

having changed from the gauge functions A to the field
variables (using the chain rule), the appropriate relation
being given by Eq.(3.2). Finally, making the relevant
differentiations, we find

Q = [dxjdx, |9(x, |x,)]2.

In other words, we have shown that the number of pairs
is the conserved quantity which corresponds to the
gauge symmetry of the second kind of the field equa-
tions. Noether's theorem4 assured us that such a con-
served quantity exists in our formalism, once we knew
that the field equations were invariant under the trans-
formation(3. 1).

B. Generalization of a Ginzburg-Landau equation

In order to extend the theory to allow a description of
type II superconductors, we modify the Lagrangian den-
sity £ by the coupling of the electromagnetic field, as
explained at the beginning of Sec.3, We therefore add a
further piece to the density £, to wit, £, = — H2/27.
This does not alter any of the Euler-Lagrange equations
(because when we make variations with respect to the
fields 6;, £, does not contribute). In the Appendix we
have made variations with respect to the new field
variable A (cf.Sec.C of the Appendix) and find

Lo, o, A+ @fdy{mxly)a ox(xly)
o9 A

— QF(x19)0, 2 xly)}——— A fayle(x]y)|2 =o.
me (3.9
This equation is a natural generalization of the Maxwell-
type Ginzburg-Landau equation and, in particular, will
define a supercurrent (generated by the magnetic field
H) which will be typical of the Lagrangian theory.5

If in analogy with the corresponding case of the order
parameter of the Ginzburg~Landau equations, we write
the density matrix into its modulus and phase

Qlxly) = Q1) exp[— iw(x | y)], (3.6)
we find that the current defined by (3. 5) becomes
3, (%) = — 4::1 [y a3 1 y)awix|y)
+ 412 aw) fay e ly)l2. (3.7)
mc2

C. Quantization of flux in type |l superconductors

Let us consider a large sample of pure type II super-
conductor at very low temperatures (essentially at
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absolute zero, where our equations are valid). We exa-
mine the problem of magnetic flux penetration for a
field close to the first critical value H.; for this pur-
pose we need to consider the local limit of Q(x’|x"),
namely,x’ = x”, = o, the macroscopic density of the
whole system. Our first 51mp11fy1ng assumption is
spatial homogeneity, G(x) = G where 0 is a constant.
For our discussion we also need the second reduced
density matrix

Q(xy 1x7y ") = Trp(W T "W (v "W (y Wix’),

which may be shown to satisfy the following properties:

Ja ey lxmy)dy = WV — Doy (x* [x7), (3.8)
Qylxy lxmy) = — @ (x'[y)Qq(y x7)
+ () [x") + ¥ |y)e(x'ly), (3.9)

where N is the total number of particles.
We integrate both sides of Eq.(3.9) in the local case
x' = x",
Sty lxy)ay = — [l9,(x1y)12dy + 6(x) [o(y) b
+ [1exly)|2dy.
We may deduce, from Eq. (3. 10), the following relation:
[le(xly) [2dy = [10(xly)|2dy, (3.11)

since N — 1 = N, N being a very large number. Another
property which the density matrices obey, in the case of
superconductivity, is ODLRO, 6

(3.10)

I_x”l_)w

2 x'1x") -0, Ix
Q, (2] x7x]") = @ (x'x])0*(x "x{"),

for x’, x{ sufficiently far from x”,x". We only need the
first part of the above statement, which we use to make
the following approximation:

Qx19) =y, - 28y 1)6(x — y).

This expresses the strong localization of the square of
the real part of & [the notation was introduced in Eq.
(3.7)]. In writing (3. 12) we bave also included the as-
sumption of antiparallel spin pairing and, finally, the
constant factor ¢y has been inserted, whose units are
those of volume, since by definition 6(x — y) has units

of (volume)~-1. We are now in a position to take a second
look at our new current (3.7). Using our expression for
the square of the real part of the density matrix (3.12),
we find

(3.12)

3@ = _4men
me

yG2 hm 3 wixly) +4 yczA(x), (3.13)
mce
where the second term on the right-hand side of (3. 13)
follows from (3.11). Since w(x]y) is the phase of &,
we suppose it is a smooth enough function such that, after
differentiating, the limit will exist and be written as
Li_{r; w(xly) =W (x) = (W, W,).
The pair of functions is best studied in the complex
plane for the following reason: From the nature of the
problem we find that by choosing a cylindrical triad of
coordinates with z axis along the single flux line, the
problem has z symmetry. Let us take x = (x,y), where
x and y are Cartesian coordinates. We find it is useful
to introduce the new function of a single complex vari-
able{ =x + &,
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W(C) = Wg(x’y) + iW]_(x;y)-

Then, if L is some arbitrary closed contour in the ¢
plane,

Jw®ydg = [ (Wydx — Widy) + i [ (Wydx + W,dy).
Hence, we find that,
Im [W()dt = [ W(x)- dl,

Integrating Eq. (3. 13) round some contour L inside the
superconducting sample, we may neglect the line inte-
gral of J for, by appropriate choice of contour, this
quantity is negligible, since J; will be strongly damped
(in London's theory, it would decay exponentially). By
Stokes' theorem, we have

dl = (dx,dy).  (3.14)

fLA°dl= fSB°dS=F. (3.15)
Hence, from Eq. (3. 13) we infer
(e/hc)F = Im fL dew (), (3.16)

having used Egs. (3. 14) and (3. 15), together with the
strong damping of J;. For nonvanishing magnetic flux
penetration, we find from Eg. (3. 16) that there will be a
singularity in the complex { plane inside the contour L.
We shall assume the simplest type, namely a simple pole
at the origin of the { plane. Therefore, we can make the
following Laurent expansion for W,

where f is its Taylor part and b, its residue at the ori-
gin, By Cauchy's residue theorem, the integral round
the contour L does not contribute and all reduces to the
contribution of a small circle round the origin, which
we call D: {¢ = 6 exp(i0); |¢| = 6}. Hence, we have

Lwyas = [ (5,01 exp(i6)/o expi6]d6 = 2aib, .

Therefore, we find, from Eq. (3. 16) that F = 2nb,c#t/e.
Since we know independently that flux is quantized in
units of kc/e where e is twice the electronic charge, we
may determine the residue b, = 1, and hence the Laurent
expansion is also determined. Thus although the formal
expression for the superconducting current is some-
what complicated, Eq. (3. 7), in this section we have
found that by simple physical assumptions it may be
brought into a form which is equivalent to the pheno-
menological expression of Ginzburg and Landau.

4. DISCUSSION AND CONCLUSION

In studying the coupling between pairing and magnetic
field, as we did in the previous section, several reason-
able assumptions were taken for granted; we mention
the following”:

(i) The two-body pairing interaction is taken to be
independent of the magnetic field.

(ii) The effect of the field manifests itself only through
the single particle energy operator

) = 1 (- iha)? — Ey, (4.1)
2m
which is assumed to become
(), =1 (= iHd, — eA/c)? — Eg. (4.2)
2m

(iii) The effect of the magnetic field on the Fermi
energy E; is neglected.
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(iv) Small contributions from the pairing interaction,
which one would have to include in € , are neglected.

With the limits of validity discussed in this work, we
summarize by saying that the basic result of the paper
is the action principle of Sec. 2 with the corresponding
Lagrangian density given in Eq. (2. 5). The principle
gives back some of the physical consequences of the
BCS theory under appropriate slowly varying conditions.
Looking at superconductivity from the Lagrangian view-
point clarifies the connection between gauge symmetry
and conservation of pairs.
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APPENDIX
A. Proportionality between a,, and 5
For simplicity we omit the spin label 0. In the R, r
coordinates, we have
5 = AR, 1) = R, 0) + r*0R,0) + .-+,
F, = Q%R, 1) = Q*(R,0) + r - HO*(R,0) +---.
Then, retaining terms up to first derivatives, Q(R, r) =

Q*(R, r), since 2(R, 0) is real. We remark that in the
new coordinates

— +
(x,|x,) =@ (E-l—z—fg,xl — x2>

= &(x,,0) = (R + r/2,0),

X) =X

®(x,|x,) = @

X) "X,

_ /X, + X
1 2
<_“—’x1 ——x2>

= ®(x,,0) = (R —1/2,0).

Now, since the field variable varies slowly in R,
®(R + r/2,0) = &(R,0) + r/2- 3,3(R,0),
&R — r/2,0) = ®(R,0) — /2 ®(R,0).

Then, we find from Eq. (4. 8) that
0y, = [Q(R,0) + r- ROR,0)|[r - HI(R,0)]V(r),

and conclude that a,, is proportional to the small quan-

tity 3@ (R, 0).

B. The bilocal current and its divergence
Making variations up to first order in 6A, we obtain

2L
0 = [dtdx,dx 6 £ = [dtdx,dx, (—«—12— BA(X4, 1)

IA(xy, 7)
°812 ‘812
— 22 A%y, t) + ———— 53, A(Xq, ¢
IA(Xy, 1) (%2, 1) 30, A(xy, ) ¢ (%1, )
oL

AL
12 50, A(xy, t) + —22—

12 63, A(xy,?)
39, A(x,, £) 20, Alxy, ) 1 ¥

£
— 22 53, A(xz,t)>.
Basz(xz,t) 2
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Equivalently, since x; and x, are dummy variables,

0= [at fax |:6A(x, t)<fw ax, + [P 1E) dx1>

dA(x, £) dA(x, 1)
aL(x|xy) 3L (x, Ix)
* 0% A, t)<f o, A(x, ) 2 / 99, A(x, t)‘dxlﬂ (AD

Then we define the current (3. 3) and evaluate its diver-
gence applying the chain rule,

AL(x |x aL(x, |x
3,7 %x, t) = fdxzaa_gjgj + fdxlaagcj
b 09,9; (A2)
If we now invoke the Euler-Lagrange equations, we
obtain
) aL(x|x,) 3L (x, |x)
3 j%x,t) = fdxyg———2 4 [dx,—2 " (A3)
FA(x, £) dA(x, 1)
Then, if the condition
aL(x |x al(x, |x
fax, ——(M+fdx1——(1—)=0
dA(x, ?) dA(x, 1)
is fulfilled or, equivalently, if
2 (A9)

is fulfilled, then the theory will contain a zero diver-
gence current and, hence, a charge. It is not difficult to
verify that our Lagrangian density does satisfy condi-
tion (A4).

C. The superconducting current

The third Euler-Lagrange equation is obtained making
variations with respect to the gauge field A:
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AL(xy, %, 1) AL(xy, %, 1)
dtdxdx, {—2 "2~ . Mabar Lt LAY Y
[ dtdx,ax, A bA(x,) + Y 5A(x,)
3 Lgy (%)

We remark that under the integral sign, x; and x, may
be treated as dummy variables; hence

aL(x,x, [t) AL (x, x12)
Jat [axsA®) -] [dx, A + [ax, A
+ 9 Lgyy (%) _
A(x)

For arbitrary variations of 5 A(x) we have

fdx1 + fdx2

After some manipulation, we find that the above equa-
tion becomes Eq. (3. 5).

dLey

B L (xy, x |1)
T A®

dA(x)

L%, x,]2)
0A(x)
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Some consequences of the strengthened interpretative
rules of quantum mechanics*
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In this paper some consequences of the strengthened interpretative rules of quantum mechanics,
which were proposed in an earlier paper, are obtained. It is also seen that, in general, the usual
interpretative rules are too weak to obtain these results. For example, it is proved from the
strengthened rules that if /:R > R is a Borel function which is also 7-definable, then for each
observable 4 the procedure “measure 4 and compute f(4 outcome)” is an f(4) measurement
procedure. It is also shown that there exist Borel / and observables 4 such that the above
procedure is not an f(A4 ) measurement procedure. Two methods of measuring the sum 4 + B of
two observables are then considered: The measurement of 4 and B on different systems followed by
addition of the results and (if 4 and B commute) the simultaneous measurement of 4 and B on
the same system followed by addition. It is proved from the strengthened rules that the first method
is not a valid measurement procedure and the second is valid. Besides these, other processes such as

procedures for preparing mixtures of different states, and the empirical generation of probability

measures from outcome sequences are considered.

. INTRODUCTION

In a previous paperl denoted here by I, a strengthening
of the usual interpretative rules of quantum mechanics
was proposed and discussed. In this paper some further
consequences of the strengthened rules will be investi-
gated. In Sec.II some definitions are given along with a
review of the material given in I. In Sec.III Borel func-
tions of observables are considered. It is first shown
constructively that for any observable A with a nonempty
continuous spectra, there exist Borel functions f such
that the procedure “measure A and compute f on the
outcome” is not an f (A) measuring procedure.

It is then proved that the strengthened rule 3)T implies
that for each r-definable Borel function the above pro-
cedure is an f (A) measuring procedure for qll obser-
vables. This includes the 7-definable polynomials.
However, for those polynomial f which are not 7-defin-
able it is open whether or not the above procedure
measures f (4) for all observables. By “open” is meant
that we are not able to prove for these f whether or not
the above procedure measures f (A). This use of “open”
in different contexts will appear several times later on.
On the other hand, the usual interpretative rules are
seen to be too weak in that one can not prove useful
results from them even for polynomial f.

In the next section the linear operations are con-
sidered. After a brief discussion about multiplication
by real numbers as a special case of polynomial f,
two addition operations are considered.

It is first proved from a slight extension of rule 3) T
that the procedure “measure A on a system prepared
in some state, measure B on a different system pre-
pared in the same state and add the results” is not an
A + B measuring procedure. This result does not
follow from the usual interpretative rules.

Then it is proved from another extension of rule 3) .
that if A and B commute, the simultaneous measure-
ment (if such a procedure exists) of A and B on one
system followed by addition of the results isan A + B
measuring procedure. It is satisfying that both these
results are in accord with one's intuition.

In the previous sections much of the full power of the
strengthened rules was not used. In Sec.IV this is
remedied by considering the generation of empirical
probability measures on the Borel subsets of Rv (the
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set of all infinite sequences of real numbers) from out-
come sequences. It is shown that rule 3) implies that
for each preparation procedure s and each observation
procedure a, the empirical probability measure U, (Y, ),
generated in a standard way from the outcome sequence
¥ . o> Obtained from an infinite repetition of doing a and
s, equals the theoretical measure generated from the
state and spectral measure assigned to s and «. It is
noted that one has here an even stronger incompleteness
result than for the Borel functions in that for no out-
come sequence Y ., 18 the limit relative frequency func-
tion I7 (¥ ) a probab111ty measure on BGRv).

In Sec.V state preparation procedures are considered
with particular attention paid to the mixing of different
procedures. Let s, and s 5,8 be two different procedures
each of which mixes the inequivalent preparation pro-
cedures s and s, in the ratio Ay/A; with Ay +2A; =1.

is the procedure “for the jth preparation compute
@, if @(j) = 0(1) carry out sy(s;)” (¢ is a 0-1 sequence).
S g 1s the procedure “carry out s, and g8 where 3 is a
pr6]ect1on operator measuring procedure, if outcome is
0(1) carry out sy(s;).” Both ¢ and the outcome sequence
Vs O of an infinite repetition of doing s, and $8 are such

that Mo =M, = ;.

It is proved from rule 3) _ that if ¢ is T-definable then
S, is not a state preparation procedure. If ¢ is T-random
then the above proof fails and it is an open question
whether or not s, is a state preparation procedure. Sim-
ilarly, it is open whether or not s 5,8 is a state prepara-
tion procedure.

In conclusion it is noted that these problematic
aspects disappear for those s which do not include mixing
processes, such as preparation procedures for the pure
states.

Il. DEFINITIONS AND REVIEW

Let $§ and O denote the respective collections of non-
mathematical? state preparation procedures and obser-
vation procedures. Let B(X) be the set of all bounded
linear operators over some Hilbert space 3 and let @
be a von Neumann subalgebra of B(3) and let S(@) be
the set of states on @. Let & and ¥ be maps from © info
@ and from § into S(@), respectively, where for each a
in 0, ®(a) is self adjoint.

Since the maps ¢ and ¥ are in general many-one, they
decompose O and § into equivalence classes of pro-
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cedures in an obvious fashion. Thus for each operator
A in the range of &, let &-1(A) be the set of all & such
that ¢(a) = A and let [a], be the set of all observation
procedures which are equivalent under ® to . For
states p and preparation procedures s, one defines
¥-1(p) and [s]y analogously.

It should be noted that, unlike other work? we do not
assume that (the set of equivalence classes of) © and 8

are necessarily an algebra and a convex set, respectively.

This is taken care of by allowing the maps ¥ and ¢ to be
into and not necessarily onto. In this way allowance is
made for such problems as the possible nonexistence

of a measurement procedure for the sum of any pair

of noncommuting observables, the possibility that © and
S may contain at most-a denumerable infinity of proce-
dures, etc.

One reason that this work is presented in terms of a
von Neumann algebra and set of positive linear func-
tionals over the algebra is that the existence of super-
selection rules is thereby allowed for. Of course at the
cost of excluding superselection, everthing said in this
paper can also be given in the usual formalism by con-
sidering ® as a map into B{3¢) (which it is anyway) and
¥ as a map into the set of density operators in B(3). In
this approach every occurrence of ¥(s)(-) in this paper
is replaced by Tr(¥(s) —).

In I it was proposed to replace the expectation rule
and the spectrum rule of the usual interpretative rules
by the following stronger rule:

3),: For each s in 8§ and & in O, the outcome sequence
Vou obtamed from an infinite repetition of carrying
out s and @ must satisfy: each property of elements of
Rw which is

(a) 7-definable from P_,

(b) true P_, almost everywhere
must be true for ¥,

P, is the product probability measure on G(R¥), the
set of all Borel subsets of R« (the set of all infinite
sequences of real numbers) which is generated from
¥(s) and ¢(a) according to

5 = Ws)(§9O(F) = P, F )

PsotEF
for each j = 0,1+ and each F in B(R). Ep;= [V|¥(j)eF]
and §%@ is the spectral measure for ¢(a).” The right-
hand part of Eq. (1) just defines the probability measure
P, on ®(R) from s and @ and will be used later on,

The various concepts appearing above have been
discussed in I and thus will be given briefly here. A
property p of elements of Rv is 7-definable from P_,
with 7 a mathematical theory if there is some formula
@y, P, ) in the language of 7 to which a name, P, of
P, has been added such that for all sequences ¥ in Rv,
Y has p if and only if Q(y, P, )is true. A property is
true P, almost everywhere if the set of all elements
of R¥ which have the property is a set of P,, measure 1.

The strength of 7 was discussed in I. There it was
seen that 7 must be sufficiently strong to include prob-
ability theory over B(R«) and possibly should be as
strong as set theory. Here 7 will not be specified
although it will always be assumed to be sufficiently
strong for the various proofs and discussions. If neces-
sary, one can always choose 7 to be Zermelo-Frankel
set theory which is certainly strong enough for our
purposes here.

It was also seen that rule 3)
pectation value rule and that 3)

implies the usual ex-
implies the spectrum
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rule to the extent that one can prove from 3) that
0,(®(a)) S S and that S* is dense in o (<I>(a)) Se is
the outcome set of & and ¢,(A) and o, (A) are the respec-
tive continuous and dlscrete spectra of A.

The definition of randomness on which rule 3) .
based is the following: A sequence { in R is_ 'r-random
if there exists a nontrivial product measure P on B(R)
[which is a product of the same measure P on B(R)]
such that every property of elements of R“ which is
T definable from P and true P almost everywhere must
hold for y. A product measure P is nontrivial if the
measure P on B(R), which generates P, is not concen-
trated on a single point of R.

The adequacy of this definition as a proper defini-
tion of randomness was briefly discussed in I in light
of the fact that it can be proved3 that if y is 7-random,
then y is not 7-definable from any product measure.
Also it is clear that rule 3) ; implies that if s and «
are such that 0 < ¥(s)(§¢@ ({r})) < 1 for each real
number 7, then y ., is r-random. I ¥(s)(§2@({r}) =1,
then rule 3) implies that ¢, is a constant r sequence.

It should be noted that the essential concept of rule
3) , and of the definition of randomness is that of 7-
correctness of a probability measure for an outcome.
This concept, which is easily extended to general prob-
ability measures and not just product measures is
given as follows: 3,4 Let  be a set, ®(2) a ¢ field of
subsets of Q, P a probability measure on ®(2), and w
an element of Q. P is t-correct for w if all properties
of elements of  which define sets in ®(f2) and are 7-
definable from P and are true P almost everywhere
are true for w. Thus rule 3) says for all s and o, P
defined by Eq. (1) is 7- -correct for Yoo Also a sequence
Y in Rv is t-random if there exists a “nontrivial pro-
duct measure on B(R«) which is 7-correct for .

Finally, much of the following discussion will use the
following precise statement of the meaning of s and «
being respective state preparation and observation pro-
cedures. s is a state preparation procedure for ¥(s) if
and only if s is in the domain of ¥ and for every obser-
vation procedure a, Psa, defined by Eq. (1), is 7-correct
for .. @ isan observatmn procedure for ¢(a) if and
only if @ is in the domain of ¢ and for every state

preparation procedures s, P is T-correct for y

The reasonableness of these conditions can be seen
as follows: If the strengthened interpretative rules are
valid, then these conditions are clearly necessary. The
sufficiency of these conditions stems from the following
intuitive requirement: If s (or «) lie in the domain of
¥ (or @) and if for every a (or s) the infinite repeti-
tion of s and a gives an outcome sequence ¥ ., which
is random |[or is a constant » sequence in case
s E2@ ({[ 1)) = 1 for some #] and is such that My _,
¥(s)(®(a)),then s (or a) is a state preparation (or
observation) procedure for ¥(s) [or ®( (@)]. 1t is also
assumed that r-randomness is a valid precise definition
for the intuitive concept of randomness.1

1. BOREL FUNCTIONS ON R

As is well known in quantum mechanics each bounded
Borel function f : R — R induces a map A — f (A) on the
set of all self-adjoint operators in B(J) where f(A) is
defined for each A by

F@) = [ f0)a8K(~,7]) 2)

and &4is the spectral measure on A. Since no confusion
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will result the same symbol is used for the function f
and the operator map induced by it.

It is usually assumed in quantum mechanics that if
A can be measured then for any bounded Borel f, f(4)
can be measured by first measuring A and then computing
f (outcome). For example, if f (4) = A2, then one can al-
ways measure A2 by measuring A and squaring the out-
come. This assumption can be expressed more precisely
as follows: For each se 8 and a€0 and bounded Borel f,

MF 4, = ¥s)(f (@ (a)) 3)

is assumed to hold. M denotes the limit mean operation
and F, ¢, is the outcome sequence of an infinite re-
petition of s and a followed by an f computation on each
outcome. [F;:R¥ - RV is defmed by (F; W) =
f@(5) for eachj =0,1--- and each y 1n Rw.]

Equation (3) relates a measurement of &(a) and sub-
sequent computations to an expectation value computed
from f(®(a)). Equivalently, one can relate the measure-
ment of &(a) and subsequent f computation directly
to a measurement of f(¢(a)) as follows: For each a and
for each f such that &-1(f(®(a))) is not empty,

MF;y 4)

SOLf
must hold for each s and each ay

in ¢-1(f(2(a))).

Equation (4) is the statement that if a carrying out of
a followed by an f computation on the outcome is an
f(®(a)) measuring procedure, then it is empirically
equivalent to any other f(¢(a)) measuring procedure.
Of course, if ¢-1(f(¢(a))) includes only the f computation
on the result of doing o then Eq. (4) becomes an identity.

The first point to be made is that there exist oper-
ators A and Borel f such that measuring f and com-
puting f on the outcome is not an f(A) measuring pro-
cedure. More precisely, the validity of Eq. (3) for all s
is clearly a necessary conditionfor the procedure “do
a and compute f(outcome)” to be a f(®(a)) measuring
procedure. We show that if the range of ¢ includes
operators with nonempty continuous spectra (this con-
dition is not exactly the correct one® but is good enough
for our purposes) then there exist o and Borel f for
which Eq. (3) fails for some s.

To see this let @ be such that &{(a) has a nonempty
continuous spectrum o (®(a)). Let s be such that

(s )(8‘1’("‘)[ Ae(@))) = 1,i.e ., the probability that
carrying ouf o and s gives an outcome in o (®(a)) is
equal to 1. It follows from this and rule 3) that
Rngy .o Rngy ., =[rY (i) =7 for some]]} lies
entirely in o (@(& )). Define f to be the characteristic
function for Rugy , [f(r) = 1(0) if » € (¢)Rngv, ] f
is Borel as Rngy,, is a Borel subset of R.

Now MFsz =1las F
1's. However, f(d) a)) =

Jrmagee((—wo,7)= 5

YeRngvy
s

¥, is a constant sequence of
6 as by Eq.(1)

g¢(¢¥)({y}) =0

as Rngy , is a countable set and by the definition® of
continuous spectrum. §¢@{y} = 0 for each » in Rngy, .
Thus ¥(s)(f (®#(a))) = 0 and Eq. (3) is false. Also by rule
3),.Mll/wf = ¥(s)(f (®(a))) for any o, in &- 1(f(®(a)))

and thus Eq. (4) is false. Note that in this case
®-1(f (®(a))) is the equivalence class of procedures for
measuring the zero operator.

The following example will help to understand this
result better. Let o be such that ¢(«) is the truncated
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position operator which gives the position in the interval
[2, 3] and 0 elsewhere. Let s be such that ¥(s) cor-
responds to a wave packet concentrated within [2, 3].
Suppose too that the experimenter has available a col-~
lection of black boxes such that for each bounded Borel
function f there is a black box B ! for computing f(r)
given » for each v in R.

After each measurement of ¢(a) on ¥(s) the experi-
menter feeds the result of the measurement into each
of the black boxes and records the output of B, for each
f. Now the usual assumption is that for each f this out-
put of B, is a measurement of f(®(x)) on ¥(s). In par-
ticular, if this assumption is true, then an infinite repeti-
tion of the above will yield for each f a sequence
F;y, of B, outputs which must satisfy Eqgs. (3) and (4).

The point of the above proof is that there are f such
that for the ¢(a) and ¥(s) in the example, applying B,
to the outcome of a measurement of (&) on ¥(s) is not
a measurement of f(&(a)) on ¥s). In particular,if B
is the box for f = characteristic function for Rugy
[Rngy,, is the set of all outcomes of an infinite repeti-
tion of measurmg & (o) on Y (s) and for each real number
outputs 1 or 0 if » is or is not in Rngy , respec-
t1ve{y] then B, outputs 1 for every measurement of &(a)
on ¥(s) in the infinite repetition and thus Fy o isa
constant sequence of 1's. The failure of Eq. (3) results
then from the fact that (¢ (o)) is the zero operator.

Besides the particular f given above, there are many
other Borel f for which Egs. (3) and (4) fail. For ex-
ample, for any real | nurnber between 0 and 1 there are
Borel f for which MF = 7. One can also find a
Borel f for which MFf does not exist. All these
Borel f have in common the fact that they are not T-
definable although they are r-definable from
call that from rule 3) , v, is not T-definable.

It should be noted that the condition on s used in the
above proof can be weakened to ¥(s)(§¢@[qg,(3(a))]) > 0.
Thus for each o with ¢,(®(a)) nonempty there are Borel
f for which Egs. (3) and (4) fail for any s which satisfies
this weaker condition.

On the other hand, if ®(«) is pure discrete then the
above proof fails as by rule 3) , for no s does one have
§¢@{r} = 0 for any » in Rngy,, . In fact, for this case
it is an open question whether or not Eqs (3) and (4)
are valid for all Borel f. Also it is open whether or not
for such &(a) computing f on an outcome of doing f is
an f(®(a)) measuring procedure for all Borel f.

It will now be seen that there are some Borel f for
which one can prove that for each a f(outcome @) is an
f(®(a)) measuring procedure. More precisely, it will
be shown that rule 3) implies that for each r-definable
Borel f, the probablllty measure P s F@) defined by Eq.
(1) with f(®(a)) replacing &(a) is T-correct for F
for each s and o. Clearly this is a sufficient con 1t10n
for f (a outcome) to be a f(®(a)) measuring procedure.

To prove this first define the measure Psa according
to
P{,E=P_, (F/1E) (5)
for each E in ®(Rv) where
F1E = [Y|F yeE], (6)

F; is defined as before and P__ is given by Eq. (1).

so
Suppose it has been shown that for each s and «,

Pf = P, ;- Then it is sufficient to show that the

T= correctness of P o for Yoo implies the T-correctness
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as in this case rule 3) gives the
desired result 1mmed1ate1y First assume P is 7-
correct for ¥, and let E be any Borel subset of R*
which is 7-definable from Pf and is such that Pf E =1.
We must show that Ffw is’ 1n E.

Since f is r-definable, any set E which is T-definable
from Pfa is, by Eq. (5) 7-definable from P and thus
F-1E is T-defmable from P I Pf (E) = 1 one has
by Eq.(5) P, (F,1E) = 1. Thus from the T-correctness

of P, for ¢, and Eq. (6), ¥ sa €FfF 1E or Fiy  €E.

To show that Pf, = P, 1t is sufficient to show that
Pf isa product measure and that it is generated from
\It(s) and f(®(a)) according to Eq. (1). The first follows
from Eq. (5) and the facts that Ps @ 18 a product
measure and that for any cyhnder set E=E; %X -+ X
EXRXRX"',FlE flE X-'Xf‘lE”XRX
R- The second follows from P F 1E;; =
\If(s)(é'q’(“)(f 1G)) = ¥(s)(§/(2@)(G)) independent of j .
Here E ¢l@(j)eG] and the last equality follows from
the fact {hat7 8§1@(G) = 8A(f-1G) where f-1G =
[71f(r)eG] for each Ge®B(R) and 84 is the spectral
measure of A. This completes the proof.

of Pf for F.¢
i

This theorem has several consequences. First one
sees immediately that Eqgs. (3) and (4) hold for all s
and ¢ for each r-definable Borel f. Equation (4) follows
from Eq. (3) as rule 3) . implies that®

M‘me: W(s)(f(@(af))) (7)
holds for each a in O-1(f(®(a))).

The class of Borel f for which Eqs. (3) and (4) can be
proved to hold is larger than the class of T-definable f.
To see this one notes that any polynomial f with rational
coefficients is 7-definable. Since both M (over its
domain of definition) and ¥(s) are linear it follows that
Egs. (3) and (4) hold for all polynomial f, T-definable
or not.

At present it is an open question® whether or not for
each a, Egs. (3) and (4) hold for each s for all functions
.continuous on the spectrum of ®(a). However, it is
suspected that such an extension does hold.

As a further consequence of the above theorem, one
has the result that if f is a T-definable polynomial then
f (o outcome) is a f(®(a)) measuring procedure. Since
for each « the polynomials with rational coefficients
arel0 uniformly dense in the set of continuous functions
on o(®(a)), one has the result that the set of f for which
fla outcome) is an f(&(a)) measuring procedure is
uniformly dense in the set of continuous functions on
o(®(a)). It is also an open question whether this result
extends to all continuous functions on o{(®(a)).

Finally, for any reasonable 7 the set of 7-definable
Borel functions includes a countable generating set
for the Borel functions. Thus one has the result that
for each q, f (o outcome) is a f(®(a)) measuring
procedure for every f in a generating set!! for the
Borel functions. However, as was seen earlier, this
result cannot be extended to all Borel functions no
matter how strong 7 is.

In contrast to these results the usual interpretative
rules (i.e., the spectrum rule and the expectation value
rule) are too weak to give useful results. In particular,
the usual rules are not sufficient to prove even the
validity of Egs.(3) and (4) for all s and « for all f in a
countable generating set.11

One can prove this by constructing a sequencel2
such that Rngy is a finite set of rationals and such that
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]\_/11// exists but for no » in Rugy does the limit relative
frequency of finding » in  exist. Thus it is possible that
for some s, @, ¥, =¥ as the usual interpretative rules
require only that sy, = ¥(s)(2(a)) hold. They say
nothing about the limit relative frequencies of finding
rinyg, .,

One can also show that the expectation value condition
of the usual rule implies that Egs. (3) and (4) are valid
for all s, ¢ and all f in a set which is closed under the
linear operations and which contains the identity
function f(r) = 7 and the unit function f{») = 1. This set
is clearly not a generating set for the Borel functions.

However, if one adds to the usual interpretative rules
the requirement that Eq. (3) or Eq. (4) holds for the func-
tions f(¥) = v»for eachn = 0,1,2 - - -, then it follows
that Egs. (3) and (4) hold for all polynomial f. Note that
it is not sufficient for this result to add to the usual
rules that Eq. (3) or (4) holds for f(¥) = 72 only. In this
case closure under composition is also needed.

In conclusion it must be stressed that in this and the
following sections, in those arguments which use inter-
pretative rules (and their extensions) we do not make
the added assumption that an outcome sequence is
random. That is, we assume that an outcome sequence
satisfies only those conditions given in the interpretative
rule and nothing more. Of course, it is a consequence
of satisfying rule 3) , that an outcome sequence is 7-
random. Whether or not such a sequence is, in fact, ran-
dom is a deeper problem which was discussed in I.

IV. LINEAR OPERATIONS

Since multiplication by a real number is an especially
simple Borel function one can give the results for this
operation directly from those obtained in the last sec-
tion. Thus the usual interpretative (and, of course, rule
3) T] rules are sufficient to prove the validity of

Mcv,q = ¥(s)(cd(a)) 8)
and

MCWSOL = A_/[wSCOL (9)
for each s, o, and real number ¢. Here ¢y denotes the
sequence obtained by multiplying each element of Y by

¢ and ca is any observation procedure in ®-1(c®(a)).

Also by the results of the last section, one proves
from rule 3) _ that the procedure c-(« outcome) is a
cd(a) measurmg procedure for the 7-definable real
numbers. For the real numbers, ¢, which are not 7-
definable it is again open Whether or not the above is a
¢® () measuring procedure as for such ¢ the proof given
in the last section fails. However, since the rational
numbers are all T-definable one has the result that the
class of numbers ¢ for which ¢- (e outcome) is a ¢®(a)
measuring procedure is dense in R.

The situation for the + operation is more interesting.
Corresponding to Egs. (3) and (4), one has
(s)(@(a) + d(ah)

J_V_[(wsoc + ¢sa') = (10)

and

M(wsa +wsot’) 11)

soato’*
These equations are usually assumed to hold for all s, «,
and o' with @ + o' any procedure in & 1(®(a) + ®(a '))
Of course, Eq. (11) makes sense for only those @ and o'
for which & 1(®(a) + &(a") is not empty. ¥ , + V¥
denotes the termwise addition of ¥, + ¢ .. % As with
Eqgs. (8) and (9) the usual 1nterpretat1ve rules [and of
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course rule 3)_ ] are sufficient to prove the vaidity of
Egs. (10) and (11).

A difficult problem in quantum mechanics is the
question of whether or not for each ¢ and @’ in 0, there
exist procedures for measuring &(a) + &(a’). Two types
of procedures will next be examined for their suitability
for measuring &(a) + ®(a’) for all @, @’ in ©. Both
procedures involve measuring ®(a) and &(a’) and adding
the results.

First consider the observation procedure [ + @'];
defined as “carry out a on a system prepared in some
state, then ¢ time units later carry out a’ on a different
system prepared in the same state and add the « and o’
outcomes.” Now intuitively one feels that [a + a’], is
not a valid ®(a) + ®(a’) measurement procedure. We
shall prove from a slight extension of rule 3) ; that for
almost all « and ¢’ [a + '], is not a valid &(a) + &(a’)
measurement procedure.

Consider an infinite sequence of measurements in
which the even (odd) number measurements consist
in carrying out s and & (s and «') and such that for each
j =0,1,--- the jth @’ measurement occurs ¢ time units
after the jth @ measurement. Let ¢ and ¥, be the
respective outcome sequences of the even and odd num-
bered measurements and let ¢ *wm , be the interleaving
of ¥, and ¥, such that (Y, ¥, ) (2]) =y, () and
(W xWso) (27 +1) Y, (j) for each j. Thus ¢ ¥,
is an outcome sequence for the infinite sequence of
measurements. Also, by construction, ¢, + ¢, is an
outcome sequence ws[am]t for an infinite repetition of
doing [@ + a'], and s.

Let Pma, be the product measure on B(R«) generated
from ¥(s), ®(a), and ®(a’) according to

if j even

ot

W(s)(§2@(F))
saa j z{ 12)

W(s)(§2@I(F))  if j odd
for each j and F in B(R). Thus P__,. is a product

measure but it is not the product of the same measure
on B(R).

One next assumes that rule 3)_ extends to the above
sequence of measurements also. That is one assumes
that for each s, a,and a’ P ,. is T-correct for
VsV - Now if [a + a'],is a valid &(a) + &(a”)
measurement procedure then rule 3) . applies and for
alls P .. ,defined by Eq. (1) with (o) + &(a’) re-

placing ¢(a), must be T-correct for Vstarary,

However, it is easy to see that if o and a’ are such
that neither ®(a) nor ®(a’) is a multiple of the identity,
then P__ ... cannot be 7-correct for ‘Vs[aw']t for all s.
Proof: Assume P, ., is 7-correct for ¥, .y, for all
s. Then since f(vg =72 ig t-definable, ¢

MW, + V" )2] = Hs)[(@(a) + 8(a"))?] (13)

must hold for all s. By the 7-correctness of Psa for

Yoo x ¥, - this is equivalent to requiring that
[Us)(@(a)]+[ Us)(@(a")]
= Ws)([@(x)®(a’) + &(a)®(@)]/2) (14)

o

hold for all s.

But this is impossible. To see this let s be such that
¥(s) = rgPo + Aqp, With py and p, states over G such
that p,(®(a)) and p,(®(a’)) = 0 for ¢ = 0,1. Then Eq. (14)
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gives a condition A, and A, must satisfy besides a, +
A; = 1. But clearly this condition is not satisifed in
general for s for which ¥s) has the above form. Thus a
contradiction is reached and P . cannot be 7-

s,ata
correct for Y, ..y for all s and thus [@ + a'], is not

a valid (o) + ®(a’) measurement procedure,13

For the case in which either &(«) or &(a’) is a2 multi-
ple of the identity one can show that [ + a'], is a
&(a) + ®(a’) measurement procedure. In this case
Eqgs. (13) and (14) clearly are valid for all s.

Some points about this result are worth noting. Even
though [a + a’], is not in general a valid &{a) + &(a’)
measuring procedure, one can prove from the r-cor-
rectness of P_,.. for Y 4V, that Vlarary, 18 7-

random. Second, the usual interpretative rules of
quantum mechanics, extended to cover the alternating
measurement sequence are clearly too weak to prove
the above. This holds even if one adds to them the re-
quirement that Eq. (13) hold for all s, @, and a’. The
reason is that there does not seem to be a way to prove
from them that M@, "¥,, ') = My, )My, ') which is
necessary to obtain Eq. (14). Finally, one notes that,
although the assumption that P__ . is 7-correct for
Y, +¥ 18 an extension of rule 3) - to nonrepetitive
measurement sequences, it is clearly a reasonable
assumption. In fact it is just as reasonable as is the
use of rule 3)_for all sin § and « in 0.

It has been seen that, in general, carrying out @ and o’
on different systems prepared in the same state and
adding the results is not a valid #(¢) + ®(a’) measure-
ment procedure. On the other hand, one can prove from
another extension of rule 3), that if (a) and ®(a’)
commute, then a simultaneous measurement of ®(a) and
&(a’) (provided such a procedure exists) on one system
followed by addition of the results is a valid ®(a) + &(a’)
measurement procedure.

Here we shall only outline how one proves this. First
let {&, a’} denote a procedure (provided one exists) for a
simultaneous measurement of &(«) and &(a’) on one
system. The outcomes of {&, @’} are pairs of real num-
bers. Let {a + o’} denote the procedure {&, @’} followed
by addition of the pair of {o, @'} outcomes. Let
Vo ia.ary and ¥ .oy denote respective outcome sequen-
ces ol doing an infinite repetition of {&, @’} and s or
{o + @'} and s. Note that ¥ . is an infinite sequence

s{o, a
of pairs of real numbers.

Let §2@,2@’) denote the unique spectral measure
on B(R X R), the set of Borel subsets of R X R, which
satisfies

82@), 2@ (F X G) = §2@(F) + §2@)(G) (15)
for each F, G in B(R). For each s,let P, ..y be the
product probability measure on G((R X ngﬁt which
satisfies

Ps(a,a’)EFxG,J' = \I;(s)(gé(a),@(a')(p X G)) (16)

for each j and F,G in (R). Ep, ; = [ole(j)eF X G].

One now extends rule 3) ; to cover this case by assuming
that for all o and o’ for which a simultaneous measure-
ment procedure for &(a) and &(a’) exists, P, (, .} i8
T-correct for ¥, ., for all s. From this one can
provel? that the measure P, ..}, defined by Eq. (1)
with &(a) + #(a’) replacing ®(a), is 7-correct for
Votarar} + Vsiurory 1 defined by ¥ (. (j) = sum of
pair of numbers in Y, 1 (). From this it follows
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that {o + o'} is a valid ®(a) + ¢(a') measurement
procedure. As was the case for the [¢ + a'],, this
result is also in accord with intuition.

Finally, one notes that if &{o) and ®{a’) do not com-
mute then any procedure for measuring &(a) + ®(a”)
is essentially different from o and «’. In particular,
it does not involve a simultaneous measurement of
&{a) and ®(a’) followed by addition of the results.
Examples of procedures a + o’ for which &(¢) and
&(a’) do not commute which are usually assumed to
existl5 are J,_ cosé +dy sing and q + pi/2m. J, cosé +
J, sing corresponds tG a measurement of the angular
momentum projection along a line at angle ¢ from the x
axis and J, cos@ corresponds to measuring the angular
momentum projection along the x axis and multiplying
the result by cosé. J, siné is measured similarly.
q + pi/m is the Heisénberg operator corresponding to
a position measurement of a free nonrelativistic particle
of mass m, { time units after state preparation.

One can generalize the angular momentum example
as follows: Let ¢ and b be any pair of real numbers.
Then

af, +bJ, = (a2 + p2)172

) (an

a b
x (J" (a2 + p2)1/2 +dy (a2 + p2)1/2

corresponds to multiplying by (a2 + 52)1/2 an angular
momentum projection measurement along a line at angle
cos-1 (a/{a® + 2)1/2), sin-! (5/(a? + 52)1/2) to the x
axis.

V. GENERATION OF PROBABILITY MEASURES

In the previous sections only a small part of the prop-
erties included in rule 3) were actually used to carry
out the proofs. Almost none of the properties on R¥ were
used which express the requirement that the various
single measurement outcomes be statistically indepen-~
dent of one another. In this section this will be partially
remedied by consideration of the empirical generation
of probability measures from outcome sequences.

It will be seen here that for each s and a, rule 3)_is
sufficient to prove that the empirical measure, generat-
ed from the outcome sequence in a standard way, is
equal to P, (Eq.(1)).

Let T:Rv¥ — R« be the one-sided shift operator [i.e.,
(TY}(j) =¥ (j + 1) each j and ¢]. For each Borel sub-
set E of Rv let I, be the characteristic function for

E[ 1) =1(0) 1f YeE(W ¢ E)]. Define IL(y) by

= o1 e
Ty} — s
IE(‘P) = r}l—»moo P j§) IT']EW')
if the limit exists where T'E = [y |TyeE]. Clearly,
Ig W) is the limit relative frequency that YeE, TWeE,

T2y€E, *--. Inparticular,if E=E, , = [y y(0) = er
then I% 0(\(/) is the limit relative frequency that /(0
7, ‘P(l) =7,

Now consider Ig (W) as a function on G{R«) by fixing
¥ and letting E range over the elements of G(Rv).
Since T (Y)is a limit relative frequency in E one might
consider I ,T ({) to be a probability measure on G{R ).
In particular, one might consider that for each s and «

LW, ) = P, (E)
holds for each E in ®(Rv) with P, given by Eq.(1).

(18)
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We first show that Eq. (18) cannot holdfor all E [ex-
cept for the trivial case where ¥(s) lies entirely in an
eigenspace of &(a)]. Let orT(y, ) =¥ = TH,, for
some j | denote the orbit of ¥ __ and define E by

E=Rv —OrT(Y,,) =y W = Tiy, forallj].
Since OrT(y,, ) is countable, E is a Borel set with P, E =
1. Hewever, 1L, ) = 0 and thus Eq.(18) does not hold
for this E. [One can, of course, find many other Borel E
for which Eq. (18) fails.] Also unlike the case of Eq.(3),
the failure of Eq. (18) holds for all « and is not restrict-
ed to just those a with ®{@) having a continuous spectrum.
Furthermore, this failure is quite general and shows
that for no ¢ is I, T (W) a probability measure on B(R«).

On the other hand let E be any 7-definable Borel sub-
set of Rw. Then IF(y) = P, (E) is clearly T-definable
from B, . and by the ergodic and indecomposability
theorems8 this expression is true P, almost every-
where. Thus rule 3)_gives the result that Eq.(18) holds
for each s and o for all r-definable Borel E.

Now the class ¥ 7 of all r-definable Borel subsets
of R« is a field and thus by Rule 3) , IT(, ) is a prob-
ability measure on §7. For sufficiently strong 7, 7 in~
cludes the field $« which is a countable!! generating set
for B(Rw). That is, B(k ) is the smallest o field con-
taining Jw,

Define U, (¥, ,) to be the Hahn extension of I(
from F¢ to (B(Rw Since by rule 3)
tension theorem,15 U

T, ,)
and the Hahn ex-

<o) exists and is unique with

U, =1, ) =P,

on Fw, one has the result that UT(W ) = P on BRw)
Thus one sees that by rule 3)7 for each s and a, the
empirical measure UT(\l/ ) generated from the out-
come sequence Y, as the Hahn extension of 1 T(z[/ Yon
Fw equals the measure P <o generated from s and o and
¥ and &, Clearly since P « 18 a product measure, so

is UT(wsot

There are several points to be made about the above
construction. First the method of generating U (y) from
an outcome sequence Y was applied above to product
measures, However, it is considerably more general than
that. It can be shown!7 that the class of all probability
measures generated as the Hahn extension of I T(u/) for
all ¥ for which I7(y) is a probability measure on Fuw, is
exactly equal to the class of all T-ergodic T—mvarxant
probability measures on ®(Rw). Furthermore, this
result extends to sets other than R¥ and to 7 other than
the one-sided shift.

Another point is that the measures P_, and U,(y,,)
differ in the following way. P, is a theoretical measure
in that it depends on the maps ¥ and &, and s and ¢, but
is independent of y_,. On the other hand, U,(y,,) de-
pends on the outcome sequence y,  but is independent of
¥ and ¢.

Now by means of U.{y, ) one can express rule 3)_in
a different but equivalent way as follows:

Foreachsin 8 and @ in ©

(a) the outcome sequence ¥, of an infinite repetition

of doing s and & must be 7- random and

() \Il and ¢ must be such that Uy ) = P
+ Siven by Eq. (1).

s With

In thls form rule 3)T becomes a condition on the maps
¥and ¢ and is in many ways more satisfactory.3:;4 It
also suggests a more constructive approach in that one
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can prove without using rule 3)T that if ¥ _, is 7-random,
then (1) U (y,,) exists, and (@) Up(y,,)is T-correct
for ¥, . This whole approach in which one generates an
outcome sequence ¥, (which may or may not be random)
and then uses the sequence so generated to construct a
measure with respect to which the sequence is required
to be 7-correct and which does not use ¥ and & will be
investigated more in future work. Note in this connec-
tion that one can redefine Egs. (4), (9), and (11) in terms
of maps from 0 and ® X 0 to the set of subsets of ©
which also do not use ¥ and &.

Vi. STATE PREPARATIONS

If s, and s, are state preparation procedures, it is
often assumed?,18,19 that a mixture xo¥(s,) + A, ¥(s,)
with 2o, A, nonnegative real numbers and x, +2; =1
can be prepared by carrying out s, and s, in the ratio
)\O/Al In such preparation procedures, the description
usually ignores the process by which s, and s; are chos-
en.

Here we wish to show that the strengthened interpreta-
tive rules of quantum mechanics do say quite a bit about
such procedures and the choice process involved.

To discuss this in a fairly general setting, let ¢ be a
function from N, the natural numbers into {0, 1} such
that Mo = )‘1 where M is the limit relative frequency
of finding 1 in ¢. Let s, and s; be such that ¥(s,) =
¥s,) and let s, be the procedure “for the jth prepara-
tion compute ¢{j), if ¢(j) = 1(0) do s,(s,).” Let
v, be an outcome sequence obtained from an infinite
se&’uenee of measurements in which the jth measure-
ment consists in computing ¢(j), carrying out s, or Sy
depending on whether ¢(j) is 0 or 1 and then carrying
out on the state so prepared.

The first point to note is that the probability measure

Ps on ®(Rv) generated by the above infinite measure-

me! t sequence is a product measure, that is

P ® p
Se% T il Sen®’
where
Py o E gy = U 4)(E4@(F)) (19)

for each j and F in G(R). However, P_ . differs from

« defined by Eq.(1) in that P___ is "hot, in general,
the product of the same measurew This is evident from
the righthand side of Eq. (19) which defines a probability
measure on ®(R) and which is, in general,j dependent.

On the other hand the product measure QS s defined
by )
Qs Ery = (o Msg) + Ay ¥(s1))(E2@ (F)) (20)
with A, = My and which corresponds to Eq. (1) is a
product measure which is the product of the same
measure on ®(R). However, it is not the measure one

would assign to the process. This can be seen, for ex~
ample, by letting @ and s, be such that

Us ) (E*@{r]) =1

for some . Then intuitively, one requires that for each
4 for which ¢ (j) =1,y n[(j}i = . This result follows

from the assignment of P o to the process. It does not
follow from the asmgnmen of QS o to the process.

Note that this requirement is the $ame as the require-
ment that if ¥(s)(§2@ ({r})) = 1 for some 7, then each
carrying out of s and a gives the outcome 7.
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More precisely, this intuitive result can be derived

from the assumption that Ps o is 7-correct for Y o

[As in earlier sections this assumption requires the
extension of rule 3) ; to cover measurement sequences
of the above type.] It cannot be derived from the as-
sumption that @ o is 7-correct for ‘Vs,,,a

Now suppose s, and s, are state preparation proced-
ures. The question then arises, given that s, and s,
are proper preparation procedures under what conditions
is s, a proper preparation procedure for some state ?
Fu‘st one notes that it can be proved that if ¢ is such
that My exists and if for each a, P, , defined by Eq. (19),
is 7-correct for ¥ _,, then20 see
My, , =[Me¥(s,) + (1 —Mp)¥(sy)])[®(a)] (21)

S‘pd.
hold for each «.

Now it may be argued that the existence of Mg and the
T-correctness of P for each ¢, with the resultant
validity of Eq.(21) a‘rpe sufficient condltions for s, to be
a proper preparation procedure for the state Mcp \I!(sl) +
{1 — M¢)¥(s,). However, one should also note the follow-
ing further consequence of these conditions.

If ¢ is T-definable, then for each o for which P
« [Eq. (1) right- hand equality], 1[/ « 18 not 7= random.

Proof Let F,:Rv — Rv be the subsequence selection
procedure whlch picks out of ¢ _,in the natural order,
the results corresponding to all and only those measure~
ments, in an infinite sequence of carrying out s, and «
which correspond to doing s; and «. Now since ¢ is
7~definable so is F,. Thus, by the r-correctness of
P,  fory,  ,MFW, oo = \Il(sl)(d)(a)) which when
combined with Eq. (21) gives MF 2, , = Mz,bswa Since
T-random sequences have the property that their limit
mean is invariant under all r-definable subsequence

selection procedures3,27 ‘;’ssga is clearly not 7-random.

A simple example of the above is @(j) = 1{0) if j even
(odd). Then an infinite sequence of doing s, and a pre-
pares s, at the even numbered trials and prepares s,
at the odd numbered trials. Clearly i/, . is not 7-
random as the limit mean of the odd numbered elements
of Y sg = My

Furthermore, if the strengthened interpretative rules
are to be taken seriously, the validity of Eq. (21) for
all o is not sufficient for s, to be a proper state prep-
aration procedure. For it follows from rule 3) _that a
necessary condition for s, to be a proper state prepar-
ation procedure is that for each a, Qs defined by
Eq. (20) with Mg = A; must be 7- ~correct for v
rule 3)  gives the result that for no 7-definable (p is
S, a proper state preparation procedure.

sq,oc'

Thus

At present it remains an open question whether or not
there exist ¢ for which s, is a proper preparation pro-
cedure, The difficulty lies in proving that there exist
@ with M@ = A, and such that for «ll o if P, ot is 7-cor-
rect for y _  then QS « 18 also r-correctfor ¢, . We

have been able to proveZ22 that if ¢ is r-random with
Mg = x, then this holds for some o, namely those for
which the measures P, , and PS o {Eq (1) right-hand
side] are 7-definable. fot

These results extend to the more intuitive procedures
which include physical methods for generating ¢. Such
procedures are particularly useful for ¢'s which are not
T-definable as it is not clear how such ¢'s are to be
computed. Let 2 be a measurement procedure such that
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&(p) is a projection operator and let s, be a state prep-
aration procedure. Define s, as follows: “Carry out
B and s,; if Outcome is 1(0) cﬁrry out preparation pro-
cedure s,(sg).”

Again the question arises whether or not s s8. can be
regarded as a preparation procedure for the state

¥ (sg) + A %(s
Let ¢ denote the outcome sequence obtained from an
1nf1n1te repetltlon of doing g and s, and let ¢ Bl
denote the outcome sequence obtained from an infinite
repetition of doing s ; and a. Let PS(s Bl be the pro-

duct measure on 03(R ) defined by Eq. (19) with Y 5

replacing ¢. As for s, PS(S g)a 18 noOt the product of
the same measure. 2

Using the above results from s, one has by rule 3)
that My B ¥(s5)(®(8)). The extension of rule 3),
an infinité repetition of s B and a,1i.e., the assumptlon

that PS(S g)a 18 T-correct for ¥, (s,8)a” gives the equiva-
lent of Eq (21) or
A_/M/s(szB)a

= [ M,z ¥(sy) + (1 — M, 5)¥(so)[#(a)]

hold for each «.

However, as in the case for s, it is an open question
whether or not s B is a proper state preparation pro-
cedure. Again the’ reason lies in the difficulty of prov-
ing that if P B is t-correct for ‘»”s(s ) SO is

é s(szﬂ)a [glven by Eq (20) with 7\1 = M

_ The above results depend on the assumption that

Ps‘,,a and P(s,p)a aT€ T-correct for ¢, and V(s p8)ar

respectively. If one replaces this assumption by the
assumption that for all o, rule 3) holds directly for
s, and o (with 7- random) and for S8 and « (that is,

that QS oo and Qs(szﬁ)a are 7- correct for "’sq, and
11/5(526)“) then it follows that s, and s ; are proper
state preparation procedures and that for all o,y

and \l/s(s g)a are T-random. However, this replacement
seems countermtultlve for the reasons mentioned before.

Finally, it should be noted that the above problematic
aspects disappear for those procedures s which do not in-
clude a decision procedure for choosing among more than
one inequivalent preparation procedures. In particular,
this applies to those s which prepare pure states. For
these s, the measure one would assign intuitively to an
infinite repetition of s on any « is just that given by
Eq. (1). Then rule 3) applies directly and it follows that
¥, 18 7-random for all a.
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We discuss the decomposition SO, ;25 0,,® SO ,_, by constructing multiplier representations
over the group manifold of S O ,. Explicit orthogonal and complete bases in terms of functions
diagonal with respect to the canonical (SO, , 2.50,) and noncanonical (§0,,2>50,,®50,_))
chains are provided which give a complete solution to the “missing label” and multiplicity problems
occuring in the latter decomposition. Moreover, an integral representation for the overlap functions
between the two chains is given, for which the singularity structure can be immediately ascertained.

Expressions for the cases # = 3 and 4 are given.

1. INTRODUCTION

The orthogonal and unitary groups SO, and U, exhibit
canonical chains, i.e., chains of subgroups whose unitary
irreducible representation (UIR) labels can be used to
characterize uniquely their basis vectors. These are
well known to be SO, S0, ;=2 ++-28S0,and U, >
U,,> +++> U,. Many physical systems, however, re-
quire different chains. The foremost example of the
latter is the Elliott chain U; 2 SO4 in nuclear shell
theory as studied by Beldenharn and Moshinsky! which
has been the subject of extensive research. More in
line with the problem we shall treat here are the reduc-
tions of the type SO, > S0, ®80 andU, > U, ®
U,. The latter ones are of relevance in some elemen-
tary particle classification schemes? while the former,
in its noncompact version SO; ; 2 S0, . ® S0, has been
used to work with helicity bases for the Lorentz group3
and applied to the construction of solutions to the Dirac
and Proca free field equations.4

The Elliott chain as well as the other examples men-
tioned (except the last one) exhibit the multiplicity and
what is called the “missing label” problems,2.5.6 that
is, the UIR labels obtained from the subgroup do not
specify completely the UIR bases of the group. The
problem has been solved by constructive methods?
whereby one starts with the highest or lowest weight
state of a multiplet and, applying convenient lowering
or raising operators, generates all the states of that
multiplet labelling thus the states in the process. This
is a valid procedure for finite multiplets or for “half-
infinite” multiplets belonging to scme discrete series
of UIRs which have an extremum state.

Most of these procedures, however, are algebraic in
the sense of making use of the enveloping algebra of the
group. It is our contention that the labelling problem
can be solved through the methods of harmonic analysis
on the group manifold.” The procedure is essentially
that of building complete and orthogonal sets of functions
on a subgroup manifold and defining a multiplier repre-
sentation of the group in both canonical and noncanonical
chains. In the process of constructing such a set of
functions we provide an explicit basis classified by
labels, some of which are eigenvalues of operators
which are not elements of the enveloping algebra.

In Sec. 2 we review the mathematical framework
needed: Gel'fand states, Euler angles and their labels,
the Wigner D-functions and generalizations of the spheri-
cal harmonics which we call £ functions, and the rele-
vant orthogonality and completeness relations. The
multiplier representation of SO, , in the canonical and
noncanonical chains are set up in'Secs. 3 and 4 and the
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overlap functions are found in Sec. 5 together with its
pole structure and asymptotic behavior. In two appen-
dixes we treat the cases S03 1,known from the work
of Kuznetzov et al.? and Kalnins, and SO, .

2. THE BASIS FUNCTIONS

The Gel'fand kets and Euler angles for SO, are very
well known (see, e.g., Ref. 8). Only some points on nota-
tion will therefore be repeated. The SO, single-valued
UIRs are labeled by a set of [z"] integer numbers ([3n]
stands for the largest integer < }n),{J T PR
J, a2 =J, and its bases for UIRS aré comipletely
classified by the canonical chain SO, 2> SO, {2 ---

2 S50,, whereby the basis vect__o_rs have their rows label-
edby {J,_.1,J,_9,***,J5} =J,_ 1. The Gel'fand ket

J"> @.1)
Jn—l

containing 3[372] labels thus transforms as the J, UIR
of SO, (p =n,n—1,...,2) and the SO, content of SO,
is found through the orthogonal group branching rela-
tions.8 In order to reduce the indexing to a bare mini-
mum, we shall always denote the UIR labels of SO,
(resp.SO,_; and SO, _,) by the letters J (resp. L and M)
and their row labels by L = L, M (resp.M = M, N and
N) and write the ket (2.1) horlzontally as | JL).

The elements » of SO, can be parametrized by the
set of in(r — 1) Euler angles 90,;) lsj<ks<spsn)
which represent rotations in the j-k plane, written as

Jn,lJn 2" .Jn. [n/21
Ip1,190-1.2" a1, 11/2(-1

J41J42
31
J21

R,(o}®) =R, {o}r-1)s, (o1}, (2. 2)
S, o) =705 ,)S, (0N, n =p > 2, (2.2b)
R,({o}@) =5, {6 @}) =63, @.2¢)

where R, is thus an element of SO, and S,_; a repre-
sentative of the coset space SO, / SOp isomorphic to

the (p — 1)-dimensional sphere S . The Haar measure
can be similarly split as

dR, = w(Rn)d{o}») = dR,_,dS,_,, (2.3a)
s, ; = Sinn_29n—1,nden-l,ndsn—2’ (2.3b)
dR, =dS, =db,, (2.3¢c)
Copyright © 1974 by the American Institute of Physics 560
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where w(R,) is the Haar weight of SO,. The ranges of
68> are [0, 7] for j, # > 1, while 6{4) runs over [0, 27).
The volume of the group is thus volSO, = volSO, IS, _,|,
where'| S,_ | = 271/2/ T'(n/2) is the surface of the
(n — 1)-sphere, and volSO, = S, | = 27.

The Wigner D-functions (UIR matrix elements) for
SO, are then constructed and decomposed as

DprR,) =WL R, |JD)

4 J
= Z) D%’W(Rn-l) EL’.IT[”, [(Sn—l)’ 2.4
M7
where we have defined the E functions
EL(S,.4) = WL'|S,.1|JD)
= di’M'L(Gn—l,n)EiTM(Sn—ZL (2' 5)
using the Wigner d-functions
d7n1®,-1.,) = JL'MN| 7@, ,)| JLMN), (2.6)

which are diagonal in M (UIR label of SO,_,) and inde-
pendent of N (row label of SO,,_,). The E functions are
generalizations of the spherical harmon}gfs: for SO,,
E, (0, 9) =dl, (0)eim? and for SO, E 17, (C6¢) =
d‘{,l;?,(l;’)Eﬁn.m((), @), ete. Orthogonality and completeness
relations for these functions will be analyzed below.

Consider the 7ight action from the group on functions
on the coset manifold S, _, as

TR IAS, 1) = fS,_1R});

the E%, - (S,-;) functions then transform as the ket

|JLY. The indices L’ do not enter into the transforma-
tion properties of the ket, and will be called redundant
labels. They are only asked to respect the branching
relations. They do distinguish, however, between differ-
ent E functions transforming in the same way but are
not eigenlabels of any operator in the enveloping algebra
of SO, from the right. (They are the eigenvalues, how-
ever, of operators acting on the group from the left.)

We know from the Peter- Weyl theorem? that the D
functions are orthogonal and complete over the space
£2(50,) of square integrable functions over the SO,
group manifold. The orthogonality relation is

(2.7)

9 J
f anDIT{L_l(Rn)*DfE 17; (Rn)
volSO,,
dimJ

64,,0,927. 2,027,030 (2.8)

where dimJ is the dimension of the UIR labelled by J,
and where the 0's in the collective indices J, L, etc. are
products of §'s in the individual indices. From (2.4)
and (2.8) we can write the generalized orthogonality
relations for the E functions as

Iy * g2
fdsn-l %ELM—, E(Sn-l) ELAT.L_Z Sn—l)

—|s | dim/ZL 5
n-1 disz Jydy LIy

(2.9)
where f dS,_, stands for the integration, with the cor-
rect measure, over the coset space S,_;. The complete-
ness relation of the D's is given by

1
w(R,)

n

3 _dimd
7 volSO,

Tr[DI (R,)TDI(R,)] =

R, ,R.) (2.10)
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where the trace sums over all row and column indices
and the & in R, and R, is the product of 8's in the indi-
vidual angles. The right-hand side of (2.10) is the
reproducing kernel under the Haar integral in (2.8) and
conversely, the right-hand side of (2. 8) is the reproduc-
ing kernel in the Plancherel sum in (2.10). We can find
a generalized completeness relation for the E's if we
write the right-hand side of (2.10) as

! sw,,R!)

w(R,)

=1 55,8 —r— s®._,R.), (2.11)
w(sn-l) n-1""n-1 W(Rn_]_) n=-1>""n-1/2 .

with the weight on S,_, given by w(S,_,) = w(R,)/w(R, ;).
Writing the last two factors of (2.11) as (2.10) with

n — n — 1 multiplying by D ;% —(R;_)* and integrating
over R, _, € SO,_; with the appropriate Haar measure,
we obtain

1 ding
2

J _ *EJ _(Qr
dimLO %)ELOM;'L(Sn-l) LOM';L(Sn—l)

J | Sn—l |
_ 1
w(S,_1)

5(5,,-1,5;-1)51\4—6';{‘;. (2.12)

3. MULTIPLIER REPRESENTATIONS AND THE
CANONICAL CHAIN

It has been shown in Refs. 9-12 that one can deform
the SO, algebra of elements M, (,7 =1,...,n) into the
SO, , algebra through the addition of the “noncompact”
generators

M) | =1x, @] + ox

f,n+l =

3.1)

where & is the second-order SO, Casimir operator and
%; is a point on §,_,. Since one can decompose an arbi-
trary element g of SO, ; into double cosets as g = hbh'
where k, h’ € SO, and b € SO,\ SO, ,/SO,, it suffices
to consider1l the “last boost” generated by

ML) | =sing 2 facosh = 2+ tanhw,
' 00 dw
3.2)
A= %(" - 1) -0,

where 6 = 6(),  and w = In tanzd. The range [0, 7] for
8 implies — o < w < w. We construct a multiplier re-
presentation of SO, ; onR, = (R _,,6,S _,) such that,
for the “last boost’” generated by (3. 2), we have

. X
T(exp[EM () . D R,1,0,5,.5) = (—““1) fR,y_1,6",5, 5),
sind’
(3.3a)
where

tanif’ = et tanio, (3.3b)

and the action (2.7) holds for the elements in SO, C
SO, ;. When A =— 3(n— 1) —i7 (7 real), the multiplier
just offsets the change in SO, measure and provides the
principal series of unitary representations of SO, ;, on
the space £2(S0,). This is, essentially, Mackey's )

method of induced representations.

Now, we do have a complete and orthogonal set of
functions over SO, , namely, the D‘I{—, z(R,). These were
shown!! to transform under SO, ; in this realization
as the (A, L’) bases for UIRs with vow J =J,L,M, i.e.,
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. 1/2
AL’ _ | dimdJ J
<R” J >(AT') h [VOISOn] Do z®,)

where the factor has been added to make the kets ortho-
normal over SO,. The important points to notice are

(i) the column labels L’ enter as UIR labels for S0, 4
satisfying the correct branching relations with respect
to J, (ii) the principal series of UIRs is obtained for

A =— 3 — 1) —¢7 (7 real), and (iii) the column labels
M’ do not affect the transformation properties of (3.4)
and are thus vedundant labels in the same sense as
these seen in the former section. There are 3[3(r — 2)2]
of these labels.8 For fixed SO, ; and redundant labels,
the functions (3. 4) form an 1rreducib1e basis. The
functions (3.4) were used in Ref. 11 in order to find the
Bargmann d-functions for SO, ; in a recursive fashion.
Here, we only wish to stress that the orthogonality re-
lation (2.8) is written for the kets (3.4) as

(3.4)

ALY ALy e
(m)<J Ty >(MD = 07701100 Ay (3.5)
and completeness (2.10) becomes
AL’ AL’
7 7 |= (3.6)
FLT G (T

i.e., the redundant labels M’ do enter into the ortho-
gonality and completeness relations, only X is never
invoked and stems from the realization of the SO,
algebra we are working with. Notice that the total num-
ber of labels in the ket (3.4), excepting A which is fixed,
is in(n — 1), equal to the number of parameters of SO,.
It should be emphasized that although the representation
(3. 3) is reducible over £2(SO,), the irreducible com-
ponents are given explicitly by the redundant labels.
These appear in block-diagonal form in Eq. (3. 5).

4. THE NONCANONICAL CHAIN

We will now construct orthogonal and complete sets of
basis functions with definite transformation properties
under the subgroup SO, | ® SO, _, of SO, ;. The number
of ket labels specﬁymg the SO, ; rows prov1ded by the
canonical chain is 3[3#2] (see Ret. 8), while that prov1ded
by the noncanomcal chain SO, ; ® SO, _, 2 SO, ..

D 80, is 1+ 3[3(n — 1)2]. The number of mzssmg labels
in the noncanomcal chain is thus [$7] — 1. The functions
we wish to construct must first contain an £ function on
S,.o in order to have the necessary SO, _; labels. Se-
condly, they must be eigenfunctions of the generator of
S04, so that they are classified by its label. This gene-
rator can be taken to be (3.2) in the variable w = In tan}g
so that the eigenfunctions are obtained from the dlfferen-
tial equation

M) FMw) = v )W) (4. 1a)
which are

FMw) = (2n)" V2 cosh-rweive, (4.1D)
complete and orthogonal over the v and w real lines as

f: Av Mw)* FMw') = cosh?~1wd(w — w’), (4.2a)

S/ °; coshn~LwdwfMw)*FMw) = 8(v — v'), (4.2b)

when we recall that A = — }(n — 1) — 27 (7 real) for the
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principal series. Furthermore, the redefinition of the
argument brings in the functions

£3(0) = F)(In tanig) = (27)-1/22* sin*+ivip cos* 10,

(4.3)
which are complete as in (4. 2a) and orthogonal in § under
the measure sin”-26d6.

Lastly, our noncanonical basis functions should be
functions of the whole of the SO, manifold, so that the
whole of SO, ; can be applied to it as a multiplier re-
presentation, This can be achieved multiplying the func-
tions by a D function on the remaining SO,_; manifold as

AL volSO,,_,
R, | v017) ~ \vo12so
L (W) n-1

4 A
X 20 Dir (R e 1y O)E g wiem 57(S-2)s
T
where M " are the “missing” labels found by our scheme
and M’ the “redundant” ones. In all there are again
in(n — 1) labels (excluding A).
Using (2. 8), (2.9), and (4. 2b) we can verify that these
functiong are indeed orthogonal over SO, i.e.,

dimZ dimZL’\ 1/2
dimM "

(4.4)

ALq AL,
__]_(M]_) VZ(M”)
@& L1 Ly ary)

= 0(v; — (4.5)

)GL’ L’OM"M"G L—6 11‘7;’

and using (2.10), (2. 12), and (4. 2a), completeness over
£2(S0,) holds:

w AL’ AL’
foav T (wm) v(M")
L'M "ZII_J_' L (W)(m L

=1. (4.6)

This formula allows us to decompose any function in
£2(S0,) in terms of the noncanonical basis functions
(4.4) as a sum over discrete labels and an integral over
the continuous label v. We stress the fact that the “re-
dundant ” labels enter in the noncanonical chain, that is,
relations (4. 5) and (4. 6) in the same way as they do for
the canonical chain. This means that the SO, ; labels L’
and the redundant labels M’ not only appear in block
diagonal form with the corresponding subgroup chain,
but also appear in block diagonal form in the overlap
functions computed explicitly in the next section. For
fixed SO, ; and “redundant” labels, we obtain an ir-
reduc1ble subspace and a basis in this subspace is given
by the remaining labels, including the “missing” labels,
which are essential. All of the discrete labels, of
course, are constrained by the branching rules. In par-
ticular, for the “missing” labels M " = J_, we have

min(, 1 pdy 1.8 = Jon ., > MAXT, 1 41,901 k1)
. (4. 7a)
for k =1,...,[n/2]— 2, while
Jy 3 [wy21-1 = 0 for n odd (4. 7b)
and _
min(J,_; (w/21-1,9 01, r21-1) = |02, tny2r1
for n even. (4.7c)

The number of possible “missing” labels J,_, for a
fixed SO, ; UIR and for a fixed SO, ; ® 50, _; UIR gives
the multzplzczty of the decomposition.
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5. THE OVERLAP FUNCTIONS

As both the canonical and noncanonical bases functions
are orthogonal and complete, one can easily obtain an
integral representation for the overlap function

Ly | ALy
Ll S = Suq2y S tirpng 2
apy v Lz [ @

Tiin)  dimJ dimm”\Y2
X 1,“'3/{2
T'(4[n— 1}) dimL, dimL}

X [ d8 sin-2-1-ivdp cos A1+ dfy 4y (6),  (5.1)
where we have used the orthogonality relations for
S0,_4,(2.8) and (2.9). Equation (5.1) contains much
information. The appearance of the “missing” labels

M " is explicitly in the d function inside the integral
while the result does not depend on the “redundant™
labels M’ (which appear only in the 5's) nor on the UIR
labels of SO, p < n— 2. The singularity structurel3
and asymptotic behavior in v can be examined noting
that the d functions can be written as polynomials in
sint' 8 cos*"i8 where k', 2" > 0, and run over a finite
range. A typical term occurring in the integral (5.1)
yields an integral representation for the Beta functionl4

@ i ;
f() de Sin')‘-l“’”k'%e cos—k—lﬂwk"%g

=Bg[—x—iv+ R r+iv+k"]), (5.2)
from which we can see that the overlap functions exhibit
simple poles at the points v = +i{(a — 2k), where k =
0,1,2,.--, In particular cases there may be zeroes
cancelling some poles due to the influence of the d func-
tion. There are no other singularities, however. More-~
over, from (5. 2) the asymptotic behavior of (5.1) can be
obtained from Stirling's formulal4 to be ~| |7

exp(— 2n| v]), for some fixed y, which is typical of many
such overlap functions and assures the convergence of
the decomposition.

When changing bases, the integration contour over v
runs along the real axis and we see that none of the
poles of either (5.1) nor its complex conjugate inter-
fere with the integration. If we analytically continue
the SO, , UIRs to the supplementary series!> by allow-
ing A to take values 0 > A > — (n — 1) [or equivalently
T to lie on the imaginary axis between — i{(z — 1) and
i3(n — 1), not including the endpoints], we see that still
none of the above poles interfere with the integration
contour. Thus our decomposition remains valid for the
supplementary series of SO, ; as well.

6. OUTLOOK

We have discussed the example SO, , 2 SO, ; ® SO, _;
for its relative simplicity. The corresponding unitary
groups can be worked out using the results of Ref, 16
and for the linear groups we can point to Ref, 17, Future
work18 should provide the framework for the reduction
$0, ;> S0, ,® SO, ; and SO, , > SO, ® SO, and their
unitary and symplectic counterparts. This is due to the
relative ease in constructing multiplier representations
of noncompact groups. The compact groups should be
treatable through analytic continuation and, indeed, the
solution of the multiplicity problem does not seem to
depend on the noncompact nature of the example pre-
sented,
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APPENDIX A: S0;,; D80,, ® SO,

In order to find the overlap coefficients, we apply the
formula (5.1) keeping in mind that, as » = 3, all SO, _,
labels disappear and there are no missing nor redundant
labels. A straightforward calculation yields, for
A=—1—14T7,

AM | M
v il >= 2-1+img-1/2(27 + 1)1/2
mom xf; df sini(r-1lg cosi(r+nlgdl (9)
=27 ey 2T (a4 )Y?
/ .
. <<z )i ugz)l * TGy + =2+ i)
(= pH + p)! (pg — p!

PGlpg— #i = A=)
X

Tp, —2)
X JF, po—lp+l+1 %(us—-ui*)\—iv); ]
p‘swp'i p’s— R

(A1)
where u = max(m,M) and p,; = min(m, M), and which can
be compared with Kuznetzov et al.3 We see that the
poles occur at v =+ A — (p, F u;)— 2k}, £ =0,1,2,+-+,

APPENDIX B: S04, D50, @ SO,

Using the SO, d-functions as given, e.g., in Ref.11,
one finds for SO, , that

AL’ AL’
v(M")|J1d,
L L
)M M [n ,

_ 4/ dim(J,J,) \*"?

= e — 22 ) M ag sin™ 1™
dimZ dimL’ ‘o
cos 1t di}:;% n(6)
1/2

-x -1 (J1+1)2"‘J%

=27 M2 CHJ, +J
(2m) ((21, + D@L+ 1) ,Zm) (EJ1 + Il

sy — oL, LY $[M7 + m), 3[M" — m],M")
X Clgldy + 5], 5[0 — J5), L;

B[M7+m, 5 [M7 = m},M") 250 (20)

n

X B(3[n—x —iv],3[2m — n— X +iv]), (B1)
which can be seen to be independent of the SO, and
redundant labels M and M’. There are poles due to
the B functionat v =+ i(A — 2k) (¢ = 0,1, 2, ---)., Notice
that the “missing” label M ” appears in a rather “geo-
metric” fashion through the entries of the Clebsch-
Gordan coefficient C. If a given UIR of SO, , ® SO,
(in the noncanonical chain) given by (v, L) appears in
the decomposition of a (AL’) UIR of S0, ,, the multi-
plicity is given by the possible values of M”. This is
constrained by the minimum of 2L + 1 and 2L + 1,
hence the multiplicity is 2 min(L, L") + 1.
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The overlap coefficients for SO ; can be obtained
in a similar fashion from the SO; d's as given by
Holman.,19

M. Moshinsky, Group Theory and the Many Body Problem (Gordon
and Breach., New York, 1967).

?C. R. Hagen and A. J. Macfarlane, J. Math. Phys. 6, 1366 (1965); V.
Syamala Devi and T. Venkatarayudu, J. Math. Phys. 9, 1057 (1968);
V. Syamala Devi and T. Venkatarayudu, J. Math. Phys. 11, 169 (1970);
R. T. Sharp and C. S. Lam, J. Math. Phys. 10, 2033 (1969); R. T.
Sharp and D. Lee, Rev. Mex. Fisica 20, 203 (1970); R. T. Sharp,
Proc. Camb. Phil. Soc. 68, 571 (1970); K. Ahmed and R. T. Sharp,
Ann. Phys. 71, 421 (1971); R. T. Sharp, J. Math. Phys. 13, 183
(1971); J. Mickelsson, J. Math. Phys. 11, 2803 (1970); J. Mickelsson,
J. Math. Phys. 12, 2378 (1971).
3G. I. Kuznetsov, M. A. Liberman, A. A. Makarov, and Ya. A. Smoro-
dinskii, Sov. J. Nucl. Phys. 10, 370 (1970).

“E. G. Kalnins, J. Math. Phys. 13, 1304 (1972); 14, 654 (1973).

M. K. F. Wong, J. Math. Phys. 11, 1489 (1970).

SW. H. Klink, J. Math. Phys. 9, 1669 (1968).

L. S. Pontryagin, Topological Groups (Gordon and Breach, New
York, 1966).

3R. L. Anderson and K. B. Wolf, J. Math. Phys. 11, 3176 (1970).

J. Math. Phys., Vol. 15, No. 5, May 1974

°M. A. Melvin, Bull. Am. Phys. Soc. 7, 493 (1962); 8, 356 (1963);
A. Sankaranarayanan, Nuovo Cimento 38, 1441 (1965); Y. Dothan,
M. Gell-Mann, and Y. Ne’eman, Phys. Lett. 17, 148 (1965); J. Rosen
and P. Roman, J. Math. Phys. 7, 2072 (1966); R. Gilmore, J. Math.
Phys. 13, 883 (1972).

®These deformations are intimately related to multiplier represen-

tations as constructed by V. Bargmann, Ann. Math. 48, 568 (1947)
and I. M. Gel’fand and M. A. Naimark, Unitare Darstellungen der
Klassischen Gruppen (Akademie Verlag, Berlin, 1957); for a recent
review where the connection between the two approaches is estab-
lished, see C. P. Boyer, Symposium on Symmetry in Nature, México
D. F., June 1973 (to appear in Rev. Mex. Fisica).

YK. B. Wolf, J. Math. Phys. 12, 197 (1971).
12C, P. Boyer, J. Math. Phys. 12, 1599 (1971); C. P. Boyer and F.
Ardalan, J. Math. Phys. 12, 2070 (1971).

131, M. Gel’fand and G. E. Shilov, Generalized Functions (Academic,

New York, 1964), Vol. 1.
14A. Erdélyi et al., Higher Transcendental Functions (McGraw-Hill,
New York 1953), Vol. 1.

15C. P. Boyer, J. Math. Phys. 14, 609 (1973).
16K. B. Wolf, J. Math. Phys. 13, 1634 (1972).
17C, P. Boyer and K. B. Wolf, J. Math. Phys. (to appear).
13C. P. Boyer and K. B. Wolf, work in progress.

'*W. J. Holman III, J. Math. Phys. 10, 1710 (1969).



Expansions in Breit-Wigner amplitudes and biorthogonal

functions
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The problem of finding the expansion coefficients for a finite superposition of Breit-Wigner
amplitudes is discussed. Since such amplitudes are not mutually orthogonal, another set of functions
orthogonal to the Breit—-Wigner functions are computed. Advantages and disadvantages of this
biorthogonal set of functions are compared with conventional orthogonal functions and, in particular,
the problem of reading off expansion coefficients when the modulus squared of the amplitude is

known-—rather than the amplitude itself—is discussed.

I. INTRODUCTION

If a complete set of orthonormal functions is given in
a Hilbert space X, it is of basic importance in quantum
mechanics that any square integrable function in ¥ can
be expanded in this complete set, and the expansion co-
efficients are then given by the inner product of the
function with the relevant orthonormal function.

Now generally complete sets of orthonormal functions
arise as eigenfunctions of Hermitian operators; some-
times, however, it is desirable to be able to expand
functions in a complete set of functions that are not
orthogonal. Such is the case with Breit—Wigner ampli-
tudes; I one would like to be able to fit at least the
resonant parts of cross section data as an appropriate
superposition of Breit—Wigner amplitudes, calculating
both the expansion coefficients and masses and widths
of the resonances from the given data. To be able to
carry out such an expansion of scattering amplitudes
as an appropriate superposition of Breit-Wigner ampli-
tudes requires, since the Breit—-Wigner functions are
not orthogonal, that certain criteria to be discussed in
Sec. II be met.

Once these criteria are satisfied it can be shown that
there exists another set of functions, generating a so-
called biorthogonal set of functions, with the property
that they are orthogonal to the Breit-Wigner ampli-
tudes. Once the biorthogonal set is known it is possible
to compute the expansion coefficients as a suitable
inner product, in much the way as is done for an ortho-
normal set. Section III will be devoted to the problem of
finding the functions orthogonal to the Breit~Wigner
amplitudes, using some properties of Blaschke products
and Stieltjes transforms. Finally, Sec.IV will discuss
an example, to show why the problem of computing the
complex expansion coefficients of an amplitude from the
real coefficients obtained from experimental data in-
volves simpler algebraic equations than is the case with
expansions arising from group symmetries, such as
partial-wave expansions and phase shift analysis.

Il. BIORTHOGONAL FUNCTIONS

We wish to investigate the possibility of expanding a
function f(x) as a superposition of Breit-Wigner
functions,

1
x + A,

B,(x) = s (II. 1)
where x is a (dimensionless) energy and A; has as its
real and imaginary parts, a (dimensionless) mass and
width, respectively; that is, we wish to ask under what
conditions it is possible to write

f(x) = E C;‘Bi(x)y

1

0=x =< oo

(IL. 2)
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where f is assumed, for the moment, to be square in-
tegrable on a Hilbert space X with norm
0
2 = [ axlf@2 <w, fex (1. 3)
In the analysis that follows it would be possible to in-
clude a weight function in (II. 3), but by a suitable re-
definition of the functions orthogonal to the Breit—Wigner

functions, it is possible to absorb the weight function and
so it will not be discussed further.

Now with the norm given by (II. 3) it is immediately
clear that the Breit—Wigner functions, Eq. (II. 1), do not
form an orthonormal set; that is,

* dx
B,B)= [ — &
(B B;) f‘) (x+}\;')(x+)\].)
:Mij
=05 (IL. 4)

The question then arises under what circumstances the
set of Breit—Wigner functions for a given {\ l} does form
a complete set and when there exists a set orthogonal to
the Breit—Wigner functions.

The answer to this latter question depends on the
matrix M;;, for a necessary and sufficient condition that
the expansion (II. 2) define a biorthogonal set is that M
be positive definite.2 For if M is positive definite, there
then exists a set of functions {(pi} with the property that

(@, B].) =0, (11. 5)
The goal of this section will be to discuss the meaning of
M being positive definite for Breit—Wigner functions
while the next section will show how to obtain the func-
tions ¢,. And once the functions ¢, are known, it is pos-
sible to compute the coefficients c; of Eq. (II. 2) as

C; = (‘pi;f)- (H- 6)

The meaning of the positive definiteness of M can be
seen by noting that for any set of functions M is Hermi-
tian. Hence there exists a suitable unitary transforma-
tion U that diagonalizes M:

M= UTAU, (IL.7)
where A is a diagonal real matrix giving the eigenvalues

of M. If all the eigenvalues are nonnegative, then A =
AI/ZA 1/2 and

M= UTAY/2p1/2)
(Al/ZU)T(Al/ZU)
Ptp,

(IL. 8)
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which is the definition of a nonnegative definite matrix.
If the eigenvalues are in fact positive, then P is non-
singular.

Now if the functions ¢; satisfying (¢, B ) = 0;; exist,
they too can be expanded as

E N]’f 7’

(@p @) = Z) N, (¢4 B))
= Iéki’ (IL.9)
Also,
(Bp ¢;) = ? N;{Bp B;)
= JE N, M,
= by (1L 10)

so that N = M-1, Thus, if a set {¢;} of functions exist, it
follows that M has an inverse, which then naturally has
the same eigenvectors and inverse eigenvalues as M.
Hence a biorthogonal set has common eigenvectors and
inverse eigenvalues. For such a biorthogonal set to
exist then there can be no zero eigenvalues, so that M
must be positive definite.

The usual probabilistic interpretation of quantum
mechanics is gotten by writing

”fHZ = %; (di(Pi, C]-B]-)

=2 dic, (IL 11)

where ¢; = (¢,,f) and d; = (B,, f). But
d;=(B,f)
:Z}Mi].c]. (II. 12)
7
and

“f”z :E dlcr

= Z} Ml]c]cl

c*Mc

— cTUTAY/2A1/20¢
= (AY2yc)Y(A1/2Uc)
= &'é

=2 l¢,12, (L. 13)
(3
where ¢ = A1/2Uc, Since A and U are fixed for a given
set of functions such as the Breit—Wigner functions, it is
clear that while the expansion coefficients ¢; cannot be
used in the computation of probabilities, the coefficients
¢; can. Also, it is to be noted that if M were not positive
definite || 1|2 would not necessarily be positive.

As an example, let X consist of a two-dimensional
real space V,, with nonorthogonal unit vectors v, and
v, chosen so that

(1)1, 1)1) = (1)2, ’Uz) =1,
(11. 14)
(v4, vy) = co8b 45 ;

then
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1 cosb ; )

(II. 15)
cosfy, 1

which has positive eigenvalues unless 6,, = 0, 7.
Clearly, in this case the vectors ¢, correspond to vec-
tors satisfying.

((p]_y ’Uz) = (‘pzy ’1)1) =0, (I1. 16)

which has a simple geometrical interpretation. Note that
@; is not of unit length, for (¢, v,) = 1,
(<P,-, Ui) 1

cosf,; = = .
! (‘Pp ¢i)1/2(vi, vi)l/z ((Pi, Qﬁi)l/z

Returning now to the Breit—Wigner functions, we have

0

dx

M=) — %

U000 (x4 A (x + 1)
A*

-5l mt, (II. 17)
VY
My =0,/Imx; >0, x| <o, 6§, =arg,.

w

If M is a finite-dimensional matrix, corresponding
to a choice {1 }, Y,, then, as can be seen from Eq.IL 13,
M is positive definite. But if M is infinite dimensional,
then the possibility arises that the eigenvalues of M may
cluster to zero. It can be shown that the possibility of
interpolating with Breit— W1gner amplitudes is tied to
those choices of {};}32, for which the eigenvalues of M
do not have zero as an accumulation point. In the follow-
ing sections we will always assume that the expansions
are finite expansions.

11l. BIORTHOGONAL FUNCTIONS FOR THE
BREIT-WIGNER AMPLITUDES
We wish to show that if a function f/ is expanded as
c

=Z)CiBi:Z> ,i ’

i ix+)ti

fx) (II. 1)

then there are functions ¢; satisfying (¢;, B;) = §,;, that is

*
o @ dx
J =5, (IIL. 2)
0 x4+

Such a set of functions can be found by making use
of the Stieltjes transform,3 written as

= F())

© dx
fo o) (I11. 3)

X + A

which has the property that if the integral exists, the
function F()) is analytic in the cut complex A plane, the
cut going from zero to minus infinity. To use the
Stieltjes transform we notice that it can be rewritten as

) (p’!‘dx
Jo —

(I11. 4)
X+ A

= Fl(A)'

If a set of functions F () can be found with appropriately
located zeroes, i.e., so that
F.(,)=0,  # ]
{27) LI (I11. 5)
Fi()\i) = 0;
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then our problem is solved.4 For, as shown in Ref. 3, if

a function F()) satisfying Eq. (III. 3) is given, it is merely
necessary to evaluate the discontinuity across the cut

to evaluate the function ¢(x). This can be seen by noting
that

2mip(x) = lim [F(— |x|— i€) — F(— |x| + i€)]
€0

w olx’ o(x')
=lim [ dx< il — ¢ )
¢ O 2 — x| —ie  x'— |x| + ie
I foo N 2i€
= (1_’12 o @(x’) —"_—‘(x, a2 + €2

0
= fo o(x")dx'2mid(x" — |x ). (I11. 6)
To find functions F,(}) having zeroes at x = 1, j # 1,
we make use of the fact that in the Hardy space H2 of
functions analytic in the open unit disk, there are func-
tions called Blaschke products that are determined
solely by the location of their zeroes5:

i I S —lal)<w- (LT

B =
) I’—‘[ . 1—az

By defining a new product B,(z), in which the ith zero

is left out of the product, we get a function analytic on

the open unit disk which has the property that it is zerc

forz=a,,n# i

la,| a, —z
By(z) =1 T
nti G 14,2
la,| a, —z
=I'—~ —2——, Byk)=0, z=a, n*i
*a l—a, (I11. 8)

Now since B,(z) is analytic on the open unit disk, the
conformal map that carries the open unit disk to the cut
plane,

z = (1 —a1/2)/(1 + A1/2), (1. 9)

will generate a set of functions F (\) with correctly
located zeroes. B,(z) is thus transformed into

)\%/2 —1/2

F) =8 y! (I11. 10)

AL/2* +a1/2 ’
where B; is a normalization constant to be determined.
It is clear that by construction F; has the correct ana-

lytic behaviour and further has zeroes satisfying
Eq. (IIL. 5).

However, before evaluating the discontinuity across
the cut of F,(1), it is necessary to check that F,(\) has
the correct asyomptotic properties, so that the biotho-
|

)\%/z — Jxe-im

27mip;(x) = Fxe i) — Fy(xei") = B,/vxe i I1’

Ir Ir

®AY/2* 4 Jxetin
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gonal set indeed have the property expressed by Eq.
(IIL. 2). The asymptotic properties given in Ref. 3 are

lim F{m(x)x™ =0,

x>0

Lim F(m(x)xm1 = 0,
x>0

(I11. 11)
m=0,1,2,--°,

where F(7)(x) means the mth derivative.

Now it is immediately clear that the functions given
by Eq. (I11. 10) do not have the proper behavior at in-
finity, for they go to a constant, not zero. But if the
factor A~ 1/2 also having the correct cut structure, is
joined to the F,(A) of Eq. (III. 10), there results a set
of functions

A1/2 — z\1/2

F\) =8\ Va2 2

ST (IIL. 12)

that do have the correct asymptotic behavior. This can
be seen by writing

1 (g = V) — Vx)- - -
iﬁ(ﬁ—f_'_‘/;)(‘/xg_’_m..-’ (IH.IS)
F@NIT + V3)O0G + Ry~ (g — Vg = Vo)

Fix)=8

and differentiating both sides with respect to x m times.
What results is a sum of terms expressing F{™)(x) as

a function of all the lower derivatives. By taking the
appropriate limits x - « or x - 0+, it can be seen
(although it is rather tedious) that indeed Eq. (IIL. 11) is
satisfied. For example,

Fx) - 1/Vx, x->», x-0+, (1. 14)
Then
Fg(x)\/x—(m-‘*\/;)'“ +Fi(x)L (m""/;)"' 4 e
Vx
m—é:wg—v}‘)--- + e+, (IIL 15)
For x — 0+, the various terms go like
Fi(x)Vx + F (x)(1/¥x) + F{x) ~ (1/¥)
(I1I. 16)
Filx) = (1/x) + (1/x3/2),
so that
iir&sz;(x) =0,
iiﬁong(x) =0. (111 17)

Since the functions Fy(1) defined in Eq. (III. 12) now have
the correct asymptotic properties, it is possible to evalu-
ate their discontinuities, in order to get the functions ¢} (x):

X;}/Z — yxetin
— Bi/ﬂxe*‘iﬂ I ————— e
"OAL2* 4 Jxetin

iB; A2+ iy
i

+
oAl e "ol 4 iy

A2 i&) ((1/&) M, (I,] — x + 20V&% Real/2) + (1/Vx) [/ (1A, | —x— 2iJa?Rex}2>
= ip] .

G4 00) (IIL. 18)

The computation of the biorthogonal functions is the I
main result of this paper, for it gives the explicit form of
@;(x), so constructed to be orthogonal to the Breit—
Wigner functions. It is to be noted that the denominator

of ¢,(x) contains a product of Breit—Wigner functions,
with the 7th term in the product missing. Only when
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F(1;) is evaluated at the zero A; = 1, is it nonzero;
what its value is depends on the normalization factor
B;. From considerations to be discussed in the next
section it is best to leave the normalization coefficient
unspecified.
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IV. A SIMPLE EXAMPLE—COMPARISON WITH
ORTHOGONAL EXPANSIONS OVER GROUPS

As a simple example of the general results obtained
in Sec.IIl, consider a function f(x) that can be written
as a superposition of two Breit-Wigner amplitudes,

2 2! a2

)=z b X+ x Ay

(Iv. 1)

where c; and ¢, are to be determined. For such a
function the relevant biorthogonal functions are

By Myl —x
Vx ¥t A, .
(IvV. 2)
Bz |A1‘ — X
g ) =2 2
NI o O
To fix the normalization constants 8;, we demand that
((p],,B]_) =1
s f°° dx(1/Vx)(Ixgl — %)
T o (x +ad(x + )
By AY2 -2y
= ;%.E )\;/2* + ”%/2
so that

o o "%/z A1/2* 4 21/2
17 o a2 _a\1/2
2 1
with a similar result for B,. The coefficients ¢, of Eq.
(IV. 1) are then
ci = ((pi,}f)’ l = 19 2' (IV' 3)
Of more interest in quantum mechanics is the com-
putation of ¢; when |f(x)|2 rather than f(x) is given.
We wish to show that Breit—Wigner expansions may have
some advantages over expansions in orthonormal sets,
especially those generated by function over groups, such
as partial-wave expansions.

For the above example we have

1z le 12 €,¢5
@+ A+ (x+ A +A3)
c,Ch leyl2
(x + 2)(x + A% (0 + A +A3)
_ Ay + Ay
@A ADE FA]) (A +AY)
Agy Az

(IV.4)

(x + 200 + A% (xr + ) + %)

To find the coefficients A,;, define the symbol
(X35 A5. .., 2,) as the numerator of the functions ¢7(x)
(up to normalization), noting that it is symmetric in all
the »;. For example,
1
() =—=(Ir,1 — x),

Vot (IV. 5)

(O, ) = (I/VE)[(1x;] — x)(Ia,] — x) — 4x Rer}’2 Rex}/2].

Then the following equations in 4;; can be obtained
using the biorthogonality properties of the ¢}:

(1) Multiply by [(x{, 2,)/(x + A3)] and integrate
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f dx(Xl, )\2) |f!2 - A f dX(Xl, Kz)
x + A3 T2 (x4 2 + %2
2
dx(Ay, Ay)
+ 45, J

(x + ) (x +23)2°
(2) Multiply by [(xq, x,)/(x + A])] and integrate

dx(hy, 2,5) 112
f 172

(x + 1Y)

dx(Xq, A3p)
x + A )x +A7)2

= A11 f (
dx(X g, Ny)
+ap ] (x + 2,)(x +A%)2’

(3) Multiply by (1,) and integrate

(Ay)dx
(x + 2)x +23)

(Ay)dx (Ay)dx
———— e e + —_—
(x + A)(x + 1% 22 5 (x4 ay)(x +AY)

fdx(hl)vlz = A12 f

+Ay; J

(4) Multiply by (2,) and integrate

{(Ag)dx
- 2 - PNy
f dx(hz)|f| =Ap [ (x + xy)x + )\?_) (Iv.6)
(Ap)dx (g)dx
Hae L e e e o

There are four complex equations in four unknowns 4,
in Eq.(IV. 6). The integrals are all readily evaluated i
|12 is known so that it should be possible to solve for
the A, subject to the constraints that |4,,! = [4,,] =

VA, I1A,,| and A;, = Aj,, since the overall phase
cannot be computed.

This procedure obviously generalizes to superposi-
tions of N Breit—Wigner resonance amplitudes, so that,
if

N .
1
fix) = 2. PRV

i=1

(IV.17)

where the ¢, are unknown and to be determined from
knowledge of |f]2, there results a set of N2 equations in
N2 unknowns A, where A;; = |c,12and A;; = A}, = ¢},
i # j. The A,; are thus obtained from |f]2,but then
directly yield’ the magnitudes of ¢; from the diagonal 4,
and the phases of c¢; from the off diagonal A;,. If |f]2 is
given from experimental data, then the fact tflat A;; must
be a rank one Hermitian matrix puts constraints on the
allowed fits. Presumably it should be possible to vary
the values of X, about some “eyeballed” values and see
when, for different values of ;, the constraints on A ;
are satisfied; the numerical analysis required for such

a program will be discussed in a future publication.

This entire procedure is to be compared with data
fitting that is done in terms of expansions generated by
group matrix elements. If F(g) is a function over a
(compact) group G and D}, (g) an irreducible matrix
element, then

F(g) = Z/ cxMM‘:D;(VIM' (g),
XMM*

*
2 = * X X2 0
[F(g)l2 = X11§1M1' Co om0 C x o dy 1z D'at 0 (8) Dy 011(2)
Xo My My
— X3 .8
B xs%;sllé CxaMsMsmMsMé(g)’ (Iv.8)
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where the coefficients C, .y, are related to C, u y;

and szuzma' by appropriate Clebsch—Gordan coefficients.

For example, if G is the rotation group O(3) and F is a
function over the sphere, then F(7) = Y5,,,C, Y1, @).
Though it is in general straightforward to obtain the co-
efficients C, y_;; from |F!2 by making use of the
orthogonality relations of the ® functions, it is in gener-
al quite difficult to get back to the coefficients C, y .
because these coefficients are nonlinearly related to the
coefficients Cy MMy This difficulty is well known in
phase shift anafysis’ where one imposes many other
constraints in order to get a unique Cx1 My from the

Cx MaM3.
CONCLUSION

It has been shown that for any finite superposition of
Breit-Wigner amplitudes a biorthogonal set of functions
including the ¢,(x) exist which allow one to compute
the expansion coefficients in the superposition. Several
problems remain, however, of both a mathematical and
physical character.

Although it has been shown (Eq. (II. 11){f.) that the
matrix M is positive definite in the finite-dimensional
case, it remains to be shown that in the limit as M be-
comes infinite dimensional, the eigenvalues do not clus-
ter to zero; that is, it remains to be shown that when M
is infinite dimensional, it remains positive definite. The
proof of M being positive definite even in the infinite-
dimensional case would presumably involve some con-
ditions on the A;, how they are separated* and how they
go to infinity. There is already a condition on the { },
given with respect to the zeroes {a;} of Eq. (IIL. 7), but
presumably other conditions would also be needed for
the positive definiteness of M

From a physical point of view there is no reason to
demand that scattering amplitudes are square integrable
in the energy. In fact, it is well known that amplitudes
may grow at infinity roughly like E2; & this indicates
that a Hilbert space does not provide the correct setting
for the expansion of general scattering amplitudes;?
further, since the Breit—Wigner amplitudes all go to
zero like E72 at infinity, some sort of clustering of the
{x;} at infinity would be needed to reproduce the E2
dependence. But such a clustering would violate the
Hilbert space constraint and undoubtedly also violate
the positive definiteness of M. For this reason the
positive definiteness of M in the infinite-dimensional
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case was not investigated. For finite energies, with
finite superposition of Breit—Wigner amplitudes, no
such problem arises and one can compute the expansion
coefficients with aid of the ¢, functions. In this light
one can regard the Hilbert space as providing a con-
venient means for reading off the expansion coefficients.
The real problem arises when one wants to reproduce
the “background” by a superposition of Breit—-Wigner
amplitudes; then it might be necessary to use an in-
finite number of Breit—Wigner amplitudes, depending
on how “flat” the background is. It is to be noted that
the functions {p,} are not square integrable on (0, ©) ¢
both limits going like Inx. But when integrated against
the Breit—Wigner functions the results are all well
defined.

Although there are problems arising when the energy
becomes infinite, it is to be hoped that the analysis pre-
sented in Sec. IV will be useful in a practical sense. By
viewing experimental data and seeing how many resonan-
ces there are that need to be fitted, it should be possible
to use the appropriate ¢; functions and develop a com-
puter program that takes advantage of the manner in
which it is possible to read off the expansion coeffic-
ients from the data. Since the position and widths of
resonances get shifted when several resonances overlap
significantly, it will be necessary to develop a routine
that allows for variations in 2; about some “eyeballed”
mean values, consistent with the constraints that must
hold for the magnitudes and phases of the expansion
coefficients.

The author wishes to thank Dr. Paul Muhly for many
helpful mathematical discussions.
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In studying the spheroidal problem of a charged particle scattered by two charged centers, we have

had to deal with a differential equation. Its solution was complicated. In this paper, we study a very
similar differential equation, which appears in the Coulomb problem. The solution for this equation,
however, can be put in a simple form. For completeness the spheroidal analysis of the Coulomb

scattering amplitude is also discussed.

1. INTRODUCTION

In a series of papers! we have studied spheroidal
potential scattering. The importance of such a study
is two fold. First, it denotes a class of real physical
problems, such as the scattering of electrons by diato-
mic molecules,? and of deformed nuclei.3 Second, it
describes the scattering between a particle and the
simplest composite system which can be formed by two
particles separated at a fixed distance.

The spheroidal scattering is less understood than the
spherical scattering because of its complexity. In
spherical scattering, after the separation of variables,
only the radial equation depends on the potential. For
normal cases, the equation contains two singularities,
one at » = 0 and the other at » = ., But in spheroidal
scattering, both the radial and angle equations can
depend on the potential. For example, the Coulomb
potential of a pair of fixed unequal charges appears in
both the radial and angle equations. Thus, we have to
solve two ordinary differential equations instead of
just one as in the case of spherical scattering. These
equations, even without the potential term, have two
regular and one irregular singularities, and are in the
class of Lamé differential equations.4 In general,
they are more difficult to solve.

In spheroidal scattering, the scattering amplitude
is expressed in terms of spheroidal angle functions.
This decomposition may be referred to as spheroidal
analysis,® as compared with the partial wave analysis
in spherical scattering. These angle functions do not
obey conventional recurrence relations.® The so-called
“recurrence relations” for these functions are actually
the integral relations among them. These functions can-
not be simply expressed, and their numerical construc-
tion is also troublesome. The trouble leads to a dilemma
on the numerical treatment of spheroidal problems. The
dilemma is on making a choice between the one-center
or two-center approaches. This is a choice between
spherical and spheroidal expansions of the scattering
amplitude. The former expansion is an unnatural one
and leads to a very slow convergent series;but each
term in the series is easy to calculate. The later ex-
pansion is a natural one and leads to a very fast con-
vergent series, but each term in the series is difficult
to calculate. The difficulty is mainly due to the trouble-
some numerical construction of spheroidal angle func-
tions, which makes the spheroidal analysis in the numeri-
cal approach unattractive.

The complexity of the spheroidal problem has led to a
theoretical effort in a different direction.? Before
treating the spheroidal scattering problem, one often
uses some kind of approximations and tries to make
problems simple and manageable. A good example is the
scattering theory of electrons by polar molecules, in
which the dipole is replaced by a point dipole.? Accord-
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ing to its definition, a point dipole is a dipole without a
spatial extent. The main idea behind the effort is to
reduce the spheroidal problem into a spherical problem.

Despite its complexity, the spheroidal problem is
exactly solvable.8 It is a problem describing scattering
by a composite system. Most problems in this category
are not solvable without some kind of approximations.
The well-founded scattering theories, whether they are
potential or quantum field types, are basically theories
for pointlike particles. Therefore, a fully understood
scattering theory for any composite system, such as a
spheroidal one, is of great value.

Our interest here is in the spheroidal aspect of the
Coulomb problem. The importance of spheroidal scat-
tering and its encountered difficulties suggest that we
first deal with similar problems with fewer complica-
tions. The Coulomb problem is just one of them. Our
interest in the Coulomb problem has a stronger basis.
In studying the spheroidal scattering,! we have had to
deal with a differential equation describing a charged
particle scattered by two-charged centers. It was
treated by constructing an integro-differential equation
which, in turn, was solved by means of a substracted
iteration method.! The final expression was messy. It
was observed later that a very similar differential
equation also appeared in the Coulomb problem. It is
obtained through a spheroidal separation of the wave
equation. This has led us to the interesting question,
as to whether this equation can be solved differently
and simply.

In this paper, along with the problem of main interest
to us, we present a detailed spheroidal analysis of the
Coulomb problem. In Sec. 2, the spheroidal symmetry
of the Coulomb problem is discussed and the resulting
angle function is considered. In Sec. 3, we treat the
solution of the radial equation. This equation is very
similar to that obtained from a charged particle scatter-
ed by two charged centers. In Sec. 4, the spheroidal
analysis of the Coulomb scattering amplitude is given.

2. COULOMB EQUATION AND ANGLE FUNCTIONS

A fixed charge @ is located on the z axis with co-
ordinates r, = (0, 0,d/2), where d is the interfocal
distance of the prolate spheroidal coordinates4:

x = ($d[Q —n2)(£2 — 1)]1/2 cos¢,

y = (3d) [A —n2)(§2 — 1)]1/2 sing, (2.1

g = (%d)ﬂi,
withl = <o, —1=n::21, 0=<¢ < 27.
The Coulomb potential V at distance r has the form

2 +
v 9 20 &+m 2.2)
lr—r,| d £ —n?
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This is a potential with prolate spheroidal symmetry.
The Schridinger equation for describing a charged par-
ticle scattered by the potential in Eq. (2.2) has the form

—@2/2u) V2 + VY = (H2k2/2u)Y, (2.3)
where p is the mass, g the charge, and 2 the momentum
of the incident particle. The above equation may be
expressed simply in the prolate spheroidal coordinates
as

d 0 0
[ﬁ(l~n)—+——(£2—l 3

+( 1,1 >a2
1—n2 £2-1/3¢2

+ (3 kd)2(£2 — 12)

uqu
(8 + n)} (2.4)
The equation is separable and its solution can be ob-
tained in the form of the Lamé products:
cosm¢
Y omn =Rmn(A,C;£)S,,l,,(A,C;n){ (2.5)
sinm¢.

Functions R, (4,C; ¢) and S, ,
differential equations

d d
d—g((gz-l)ﬂ

—<Amn(A,C)—02€2+AC€+ e >Rm,,<A,c,e)=0,
£ —1 (2.6)

(A, C; m) satisfy ordinary

R ,.(AC; %))

%((1 —n?) dn S,..A,C; n))

2
+ <Am(A, C) — C2p? — m 2)s,,m(A, Cin) =0,
1= 2.7)
where
C=3kd, A= (2uQq)/kh?2 (2.8)

and constant s is an integer, which comes from the
single-value requirement of the wavefunction in Eq.
(2.1). The separation constant A (A, C) is chosen so as
to ensure that the solution S, (4, C; ) of Eq.(2.7)

which is free of logarithmic terms is regular in the
entire range — 1= 7 = 1. The functions S, (4, C; ) also
appear in scattering of a charged particle by a dipole.
For convenience we will refer to Smn(A, C;n) as the
Coulomb spheroidal angle function and R ,,, (4, C; 1)

as the Coulomb spheroidal radial function.

When C vanishes, the differential Eq. (2.7) becomes
the one which is satisfied by the associated Legendre
functions. It follows that the angle functions must
reduce to the associated Legendre functions of the in-
tegral order and degree, as C goes to zero. Therefore,

A, 0,0 =n( +1). (2.9)
When C is not zero, Eq. (2.7) differs from the associated
Legendre equation by having an irregular singularity
at infinity. This suggests for the angle functions, an
infinite sum of the form

a4, C;m) Z)Dm"(A ory,, (m). (2.10)

Substitution of Eq. (2. 10) in Eq. (2. 7), with the subsequent
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use of the associated Legendre differential equation and
of the recursion formulas for the associated Legendre
functions, yields the following recursion formulas for
the coefficients Dm»(A, C):
@2m +v +2)2m +r +1)C2
2m + 2r +3)2m + 2 + 5)
4 (2m +7v +1)AC
(2m + 2r +3)
+H{m +7r)Ym +7r +1)—A, (A, C)
2m +7)m +rv +1) —2m2 —1
@m +2r —1)2m + 2r +3)
rAC

Dy (A, C)

Drx (4,0)

c2>pr¢n (4, C)

* T ar =107 0
—1 cz
rtr =1 1 (4,C) =0,
2m +2r —3)2m + 2r — 1)
(2.11)

The recursion formula for the expansion coefficients
constitutes a linear homogeneous difference equation
of the fourth order. When A vanishes, the recursion
formula reduces to one which is satisfied by the expan-
sion coefficients d#(C) of the spheroidal angle func-
tions in terms of the associated Legendre functions.
We now substitute in Eq. (2.11) the expansions

Dmn(A,C) Z) Z 7 C2I(AC)E, (2.12)
i=
0 0 N

A,L4,0) = j@o kg)o Ut ey €23 (AC)* (2.13)

and use the perturbation method to calculate expansion
coefficients B ,, and /(;",y. The lower-order coef-
ficients are found to be

l(no’fo) = n(n + 1),

@m —1)@m + 1))
2n —1)(2n + 3)

. <(n—m—1)(n~m)(n +m—1)n +3)

¥
&0 (@2n —3)(2n —1)3(2n + 1)

_ m—m+1)n—m+2)n+m +1)n +m +2)>

2n +1)(2n + 3)3(2n + 5)

Lo,y =0 (2.14)
ymn (n — m)n +m) _ n+m+1)n—m +1)
©.27 9 m—1)@n +1) (22 +3)2(2n + 1) ’
i1y =0

B:n(S,O) = 6n~m,y’
@2m +7v +2)2m +7 +1)

Bmn =1 5

7(1,0) = 2 Op-m, v+2 2m + 27 +3)2(2m + 2r +5)

e rir —1)
2 Onomr 2 (o ¥ 27 — 3)(2m + 27 — 1)
(2m + 27 + 1)

Bl§1y=120 1

v(0,1) L Qm + 2 +3)m +r + 1)

4
- % Gn—m,‘r—l

@2m +2r —1)m +7)
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We have normalized the coefficients so that each
Coulomb spheroidal angle function reduces exactly to
the corresponding associated Legendre function when
C becomes zero. From the general theory of Sturm-
Liouville differential equations it follows that the func-
tions Smn(A, C;n) form a complete orthogonal set on
the interval (—1,1). Thus

1
f_l S,.4,C;mS,, . (A,C;ndn =6,,,N, (4,C), (2.15)

where N, (4, C) is easily found with the use of the nor-
malization factor of the associated Legendre functions
to be

® (r + 2m)!

N, (4,0 =27

—_— mn 2
720 (2 + 2m + 1)r! [D7m(@, C)J>.

(2.16)

Near the end points n = + 1, the associated Legendre
functions P;"(n) have the following behavior:

Pr(n) = O[(1 — n2)m/2]

n

Pr(n) = 0[n(1 — n2)m/2]

for (n —m) even,
(2.17)
for (n — m) odd.

From these relations, one obtains the following behavior
of the Coulomb spheroidal wavefunction near n =11
with the aid of Eq. (2.10):

S a4, C;m) = O[(1 — n2)m/2], (2.18)

3. RADIAL FUNCTION

The differential equation (2. 6) satisfied by the Coulomb
spheroidal radial function is very similar to one en-
countered in the scattering of two charged centers.l The
difference between these two is in the parameter de-
pendence. The differential equation (2. 6) depends on
the Coulomb spheroidal eigenvalue Amn(A, C). The other
one depends on the spheroidal eigenvalue Am(C) =
A,.,{0,C). We have developed a method for solving the
latter equation. In the method, an integro-differential
equation is used to express the solution of the differential
equation. After removal of the second-order derivative,
the integro-differential equation is solved through an
iteration procedure. The series is convergent under a
proper substraction. The same method can also be
directly applied to the present equation (2.6). Due to
the complexity of the method and the messiness of the
expression, we shall approach the present problem
through a different path.

From the general theory of integral representations
of solutions of differential equations, it follows that the
function defined by the integral

fab K, (&S, A, Cndn

is a solution of the Coulomb radial differential equation
(2. 6), provided that the limits « and b are so chosen
that the bilinear concomitant,

0 - (Hlen)

(3.1)

9
Spun(A; C5 1) — Ky (&, 1) 52 8, (4, C; n>> .

(3.2)
vanishes at both limits, and that the kernel K (£, 1)
satisfies the differential equation

0 9 0 0

<ﬁ(1-n2)ﬁ+é€(£2—l)ﬁ>
21 1 >+C2 2 _ p2)
m(l—n2+£2—1 (82 =7

—AC(t +9)]K (¢, 1) =0. (3.3)
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By comparing Eq. (3. 3) with Eq. (2. 4) we observe that
the kernel K, (£,7) is actually a solution of the Coulomb
scattering equation® with the azimuthal angle ¢ depend-
ence factored out. If a fixed charge @ is at the origin

of a coordinate system, one of the solutions for the
Coulomb scattering equation has the form

ik/2 - / / . .
e(l )(Eo no)gom znom 2 1F1(_ %A'I;m + 1; lk'r]o),

(3.4)
where the function ;F,(x;y; z) is a confluent hyper-
geometric function,10 ¢¢ and 7, are the parabolic co-
ordinates of the above coordinate system. In the present
investigation we used a different coordinate system and
placed the fixed charge @ on the z axis with coordinates
v, = (0,0, 3d). The relations of these two coordinate
systems are as follows:
mo=z2dlt + DA —m), fo=z2dE—DA+n). (3.5
By using the above relations the solution in Eq. (3. 4)
may be expressed as

(%d)meiC(éﬂ-l)QZ _ 1)m/2(1 — nZ)m/21F1(_ %Az,m

+1;ic( +1)A —mn). (3.6)
It may be verified directly that the function in Eq. (3. 6)
satisfies the differential equation in Eq. (3.3). We de-
note this function as kernel K (1) (¢, ). The two obvious
limits a and b, at which the bifinear concomitant in Eq.
(3. 2) vanishes, are

a=-—1, b=1. 3.7
The Coulomb spheroidal radial function based on the
kernel K (D (g, n) will be called Rﬁnlz(A, C; ¢):

1

RD@A,C;8) = [ KDE, S, @A, Cndn. (3.8)
The function Rgnlz (A, C; &) is regular at ¢ = 1, at which
the differential equation (2. 6) has a regular singularity.
In the following we will discuss its asymptotic forms,
which has a special interest in the scattering theory.
After the substitution of the expansion of Coulomb
spheroidal angle function S, (4, C;n) in Eq. (2.10) to
Eq.(3.8), we have

o0
1
ED@4,CH) = T D(4,0) S, EQO& P, (m)dn

Il

el m 1
T o4, o) = vm [} an g, o

X eic(én-l)(] _nz)m/Z
X F(—3Ai;m + 1iclE+ 1)1 — ).
(3.9
The confluent hypergeometric function F(x;y; z) has
the integral representation
1 'l —a)T(y)

e T R

x § etz(—fHe-1(1 —fro-lgt, (3.10)
c
If y is a positive integer and Re(y — a) > 0, contour ¢

can be any contour which passes around both the points
t =0 and = 1. We recall the integration

1 2in(2m + 7)1 G, (2)
[ etnz(1 —n2)ym/z pm_(man = = Cm +7)j,,, ,
-1 r! zm
(3.11)

where j . (2) is a spherical Bessel function. After
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using Egs. (3.10) and (3. 11) the function R{L)(4, C; £)
in Eq. (3.9) becomes

(1 +3A)T0m +1)
T'(m +1 + A7)

R((4,C;8) = z(;i)'"(gz —1)m/2

x5 Dgn(A,c)Lz’:‘,““—”!—K;n(A,c; £), (3.12)
r=0 :
where
Kp(A,Ci8)= — 3 § at{cls — ) — )

Xy de[E(1—t)— ]} H1A/DL(L — pymeai/2

X giclt(+1)-1] (3.13)

The spherical Bessel function is related to the con-
fluent hypergeometric function

el

2" (2) = ————— ez [Fln +1;2n + 2; 2iz).

]n( 9n1T(n +%) 11 s 3 (3.14)
The confluent hypergeometric function satisfies the
Kummer transformation

1Filosy;2) = e (Fily —a;y; —2). (3.15)

With the help of Egs. (3.14) and (3. 15), we rewrite Eq.
(3.13) as

-Gmrr+l)
Kn(A,C; &) = — 1 M eic(e-1)

218 Tlm +7 +3)
% 3{01 dt[C{ﬁ(l —f) - t}]r(_t)—(Ai/Z)—l(l — f)mHAai/2)

X Film +7 +1;2m + 2r + 2;— 2ic[((1 — £) — ¢£]).
(3.16)
The confluent hypergeometric function has a series ex-
pansion
() Cla + k)
z
T(a) k=0 Ty +R)T{k +1)

1Filasy;2) = k, (3.17)

The hypergeometric function has a contour integral
representation

. . 1 T —a)lk)
zFl(a,B,‘y;Z)=*‘2‘ﬁ—r‘m)—

X 5{0, df(—1)e-1(1 —f)y-a-1(1 —¢2)-8. (3.18)
From Egs. (3.17) and (3.18) we may express Eq. (3. 16)
as
2merTm + 1 + Ai/2)
(1 + Ai/2)T(m +1)
I'lm +r +1 + k)
X r+k(—27) %
Zk> I'2m +2r +2 + k) (k +1)(c£) (=23
X oF1(—Ai/2,—v —Rkym + 1; (¢ + 1)/8).

Km(A,C ) = gict-1)

(3.19)
In reaching Eq. (3. 19) these identities are also used:
r(z) =m,
1.3.5...(2n — 1)
2n

Equation (3. 12) together with Eq. (3.19) yields a com~
plete series solution of the Coulomb spheroidal radial
function R{1)(A4, C; £). If we used the general method,?

Tz + 3) = (). (3.20)
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which was previously suggested to solve the integro-
differential equation arising from the spheroidal scatter-
ing problem we would obtain another series expansion
for the function R (D (q, C, ¢). However the latter expan-
sion has more complicated form. The asymptotic form
of the function R{1)(4, C; £) has considerable interests

in the scattering theory. This form follows directly
from the series expansion presented here.

The hypergeometric function satisfies a relation
TGIT —a —8)
F.(a,B;y;2) = ———
2 Y T Py — o) Tty — p)
') Tla +8—y)
I'(a)T(B)
X2F1('}’—ay7'—ﬁ;7 +1—a——B;1~—z).

ZFl(a: B’ a+ B+1_'7;

1—2)+ (1 —z)y-a-8

(3.21)

Equation (3.21) leads us to the following asymptotic
form function K(4, C; ¢) in Eq. (3.19):

2m+r" +7r +1+A4i/2
Km(A,C;8) — tm +7 i12) (g)reica-
tvo T(1 + Ai/2)T(2m + 27 + 2)

X Film +7 + 1+ Ai/2;2m +2r + 2;— 2ict). (3.22)

In arriving at Eq. (3. 22), we also used Eq. (3.17) and
the equation

1/T(—n) =0, =»=0,1,2---. (3.23)

The spherical regular Coulomb wave function F, 3A4,p
has the form
F (A/2,p) = C (A/2)pL+leir [ F (L +1 + Ai/2,
2L + 2;— 2ip), (3.24)
where
c <A>_ 2Le-mA/4|D(L +1 +4A/2)]
N2/ (2L + 2)

(3.25)

From Eqgs. (3.12), (3. 22),and (3. 24) we obtain the asymp-
totic form of the Coulomb spheroidal radial function

2(m + 1) 1A
RAA, Ci £) — ex <—-ic +—>
mrER T o CERmI(m + 1 + Ai/2) P 4

7 (2m + 7)1
X D”’?"(A,C)M—ie
r=0 7!

wmmew@-‘, cg>, (3.26)

where

Oy =argllm +v +1 + Ai/2) (3.27)

is the spherical Coulomb phase shift. The spherical

regular Coulomb wave function F,(4/2, p) has the
asymptotic form
F,(3A,p) p—_—:o sinfp —3A1In2p — 3 L7 +o0,). (3.28)

The final asymptotic form of the Coulomb spheroidal
radial function follows directly from Eqs. (3. 26) and

(3. 28);
exp <——ic + %>

+12)% sin[ci — $A In(2c8) — Lnn + 0, + =7,
(3.29)

2(m + 1)
et>o cthmDim + 1 + § Ad)

R(A,C; 8)
x (2,

where
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H,, =2 D4, 0) L@ A o,
r=0 r!

X cos[(n —m —7)1/2 +0,,, —0,],

Imn — E D;nn(A, C) fiz_"i_il’_)_! eiomi-r (3.30)
r=0 r!

x sin[(n —m —r)n/2 + O ey — 0, ),

m=tan-1(l, /H,.]

4. SCATTERING AMPLITUDE

In this section the spheroidal expression of the
Coulomb scattering amplitude is discussed. The com-
plete Coulomb wavefunction (incident plus scattered
wave) is known. This wavefunction is the starting point
of the present discussion. If the fixed charge @ is at the
origin of the spherical coordinate system, the complete
Coulomb wavefunction has the form

U,=v120(1 + JAi)eAv/4

x ¢#70c0sC | p (_14A;1; 2ikr, sin25@), (4.1)
where v is the velocity of the incident particle, © is the
angle between the position vector rj and the incident
momentum vector k. In Eq. (4. 1) the incident beam is
normalized to unit flux. In the present prolate spheroidal
coordinate system, the fixed charge is placed on the z
axis with coordinates r , = (0,0, 3d). The relations

between these two coordinate systems are as follows:

(4.2)
(4.3)

Yo = %d(g - TI),
zo = zd(fn —1).
The Coulomb wavefunction in Eq. (4.1) is regular at £ =1,

and satisfies Eq. (2.4). This function has the following
asymptotic forms:

U, — p-1/2 [expi{c& cos® + 3 A In[c(1 — cos@)]}

[

A
X (l * 4ict(1 ——cos@))U(e)

+ 5 7,0) expi<0§ -4 1n(20£)>:| (4.4)
or
U, . ”-I/ZZz‘ng .Z::o {expi(ct — 3 Aln(2c€) + 20,)
— exp(—i)[ct —nm — 3AIn(2cE)]} (2n + 1)P,(cosO),
(4.5)
where U(€) is a step function
v(e) {1, for © > 0,
“lo, fore=o, (4.6)

and f_(©) is the Coulomb scattering amplitude

A

A eap(—it A In(ein?30) — 1 — 25]
sin“y

(€)=

(4.7)

I

1 2 2i
375 ngo 2n + 1)e wnPn(cosG)).

The angle © can be expressed as
cos© = cosf,, cosf’ + sing, sing’ cos(p — ¢'), (4.8)

where the incident momentum k and the position vector
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r, have the spherical coordinates 6, ¢’ and 6os $o = ¢,
respectively. In the asymptotic region there is no dif-
ference between the spheroidal coordinate 1 and cosf,:
cos@ el cosg’ + (1 —n2)1/2 ging’ cos(¢p — ¢'). (4.9)
Now we wish to express the Coulomb scattering ampli-
tude f,(®) in terms of the spheroidal analysis. To start

with the complete Coulomb wavefunction U, in Eq. (4. 1)
is expanded as

o0 °0
U=2 2 B,(c,)RV(A,C;8)S, (A, C, n)cos[mlp— ¢')].
m=0 n=m

(4.10)
In writing down Eq. (4. 10), we use the fact that the
Coulomb wavefunction can be expressed in terms of the
Lamé products in Eq. (2. 5) and is rotational invariant
along the z axis. The expansion coefficients have the
form

B, (c,0"RINA, C, §) = [21N,,, (A, C] (2 — 6,,,)

1 2r
X f_ldnfo d¢U,S,, (A, C,n) cos[m(d —¢')].  (4.11)
To find function B, (c, 6'), we would like to discuss the
asymptotic behavior of the above equation on both sides.
The asymptotic form on the left-hand side of Eq. (4.11)
is easy to find and follows directly from Egs. (3. 26)
and (3.28):

2I'(m +1) A
B_ {c,8') exp <——ic + —)
ctkmT(m +1 + 340 ™" 4
0 ' 2 + !
X Z‘ Drr;n(A, C)_1___(_m__.1)_ eCmrr
r=0

7!

X sin[ct —3AIn(2ct) — 3(m +r)n + 0o (4.12)

m+r]'
The asymptotic form on the right-hand side of Eq. (4.11)
deserves some careful consideration. The complete
Coulomb wavefunction in Eq. (4. 1) can be expanded as

®,. 2 Lk +1+3iA)
U = v—l/Ze—An/4 —_
¢ z Lz (2n)!

(27/?7’0)”
m=0 n>m
X eik7o \F (n +1 + 3iA;2n + 2; —2ikr,)

X (2 —8g,,) ((—:—;———%;—: Pm(cosfy)Pr(coss’)
cos[m(¢’ — ¢o)]. (4.13)
In the asymptotic region £ — «, we have
ro — zdé,  cosfg = 1. (4.14)

By using Eqgs. (4.13) and (4. 14), the asymptotic form on
the right-hand side of Eq. (4.11) can be written as

(27N, (A, C)}1(2 — &) vl/2 e a/4

© o T’ +1+ 1i4)
x 2 2n')!

m-n' n'=0

(2icE)¥eict(2 — bg )
<nl _ m,)' ’ ’ ’ 1 ' .
————— P77 (cosf),Fy(n' + 1 + 3iA; 20’ +2; — 2ici)
(' +m)!

x f_idn f:"d¢ S,,,(A, C;mPBn () cosm'(¢’ — ¢)

X cosm(¢’ — ¢). (4.15)

The associated Legendre functions are orthogonal:
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2(n + m)!

1
dnpPm m, = e avns . o
f_l T)Pn (n)Pn (71) énn (2n + 1)(" — m)'

(4.16)

We carry out the integrations in Eq. (4.15) through the
help of Eqgs.(2.10) and (4.16) and obtain

'’ +1 +iA4/2)
(2n')!

2(2 —5,,,)
N, 4,0

e
p-1/2 - An/4 E
n'=m

1 me (A, C)P™ (cosp’)

X (2ict)n’eict 2—72—'-‘1'_11)"

X (Filn' +1 + 3iA;2n" + 2;—2ict). (4.17)

From Egs. (3.24) and (3. 28) we obtain the final asympto-
tic form on the right-hand side of Eq. (4.11):

2 — .
_Z_S_M_U—l/z D 7"r+mew'r+mD;nn(A’ C)
CéNmn(A, C) r=0

x pr. (cos’) sin[ct — 3 Aln(2cE)

— Lt +m)n +o (4.18)

m+'r] *
The function B

; mf(c, 8') is then found by matching Eqgs.
(4.12) and (4.18):

. (RTem + 1+ 3i4) _@) (2 — Son)
ey ) = T ey (1 — A7) e
X v_1/2<§: (_1)7 ‘(MD;""(A, c)>-1
r=0 (&

xS, (A, C;—cosb’). (4.19)
The spherical expression of the Coulomb scattering
amplitude in Eq. (4.7) is obtained through the comparison
of the exponential dependence on the factor expi[ct —

34 In(2c¢)] between the asymptotic form in Eq. (4. 4)

and the spherical asymptotic expansion in Eq. (4. 5) of the
complete Coulomb wavefunction. By the same token, we
obtain the spheroidal expression of the Coulomb scatter-
ing amplitude through the comparison between the
asymptotic form in Eq, (4. 4) and the spheroidal asymp-
totic expansion, which follows from Eqs. (4. 10) and
(4.12):

= pl/2(_; = = r(m + 1)
fc(e) v ( 1) m:EO nZ:Dm km+1r‘(m +1 + %Al)
X exp <_1'C + HT> <§ D7n(4,C) (_-_1)3‘_(_2_:_n+_7)_'
=5 r!

1 2 & 2 6Om 2i5mn ’
== S (A, C;—cos8’)
ik ,,.Eo En N, (4,C) (.
XS, ,(4,C;n) cosm(p — ¢, (4.20)
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where
eZiam'l — ;\ (2m T'V)! D?"(A, C)eZiom+1/
r=0 i
ket 2m +7)!
>, (=) (—T—,-———D':;”(A, C). (4.21)
r=0 .

The quantity 6, may be called the spheroidal Coulomb
phase shift and is not real. For a real spheroidal poten-
tial we always have a real spheroidal phase shift.l The
complexedness of the spheroidal Coulomb phase shift
G,,, may be the cause of the dual sphericalll and
spheroidal nature for the Coulomb potential
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Spectral properties of phase operators

J. Dombrowski
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This paper studies the spectral properties of phase operators associated with the phase of the
harmonic oscillator. It is shown that all such phase operators have an absolutely continuous part and

that those of a certain subclass are absolutely continuous.

INTRODUCTION

Let Xbe a separable Hilbert space with orthonormal
basis { ¢ ,}n-1. For any bounded linear operator A on
X let Sp(A) denote the spectrum of A, If A is self-
adjoint with spectral resolution A = JAdE,, denote by
3 ,(A) the set of elements x in 3¢ for which || E x 2 is
an absolutely continuous function of A, It can be shown
that ¥¢,(A) is a subspace of I which reduces A.1 The
restriction of A to ¥, (A) is called the absolutely con-
tinuous part of A, and, if ¥, (4) = 3, the operator A4 is
said to be absolutely continuous. In particular,an
absolutely continuous operator has no point spectrum.

Consider now the following operators on (:

[0 a;, O 0 . . _}
a; 0 a, 0 <.
0 a3 0

a; . . .
C=%[{0 0 a3 0 . . .

0 a, 0 O 7
-a; 0 a; 0 .
-a, 0 az .
S=%J0 0 -ag0 .

where {a,},°., is a sequence of positive real numbers
converging monotomcally to 1, so chosen that Sp(C) =
Sp(S) = [— 1, 1]. Such operators, referred to as phase

operators, have been studied in conjunction with the
phase of the harmonic oscillator.2—4

Ifantis4 conjectured that the spectrum of every phase
operator is purely continuous or, equivalently, that the
point spectrum is empty. The eigenvalue problem was
studied directly by Eswaran. 5 It will be shown below
that a somewhat stronger result holds for those phase
operators for which the corresponding sequence
{a , increases monotonically to 1. Such operators
are, m fact absolutely continuous. Also, it will be shown
that every phase operator for which the corresponding
sequence {s,} ., decreases monotonically to 1 has an
absolutely continuous part whose spectrum is the inter-
val [—1,1].

THE DEFINITION OF A PHASE OPERATOR

If V denotes the unilateral shift operator on 3¢, so that
Vo, = ¢,.1,and if A is defined by A¢, = a,_; ¢, with
ag = 0, then

=3 (VA +AV),
S=(1/2i)(v*A —AV).

Thus C and S are the real and imaginary parts, respec-
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tively, of the operator T = V*A. Since C and S are uni-
tarily equivalent,? it suffices to consider the spectral
properties of C.

Infantis? has observed that

T W+ VN +i[A—-DV+ V@

- I)];

where the operator $[(A — )V + V*(A — D] is compact,
self-adjoint and the operator 3 (V + V*) has a purely
continuous spectrum which contains the interval [— 1,1].
Hence it follows from Weyl's theorem that Sp(C) >

[-1,1].

The final restriction on the sequence {a,} ., needed
to guarantee that Sp(C) C[— 1, 1],and hence that Sp(C) =
[— 1,1],is given by the followmg proposition due to
Lerner, Huang and Walters3.6:

Proposition: Sp(C) C[— 1,1] if and only if

{4a2} ., is a “chain sequence. ” That is
ja2= (1—g,.,)g,, Wwhere0=g,<1, )
0<g, <1 (n>0).

Hence a phase operator C can be precisely defined as
an operator of the form

0 a; 0 0 . . .
a, 0 a, 0 . . .
' 0 a; 0 a5 .
[C = 1/2 0 0

where {a,}7., is a sequence of positive real numbers
monotonically converging to 1 and satisfying the chain
sequence condition (1).

THE SPECTRUM OF A PHASE OPERATOR

It can be shown that any sequence of positive numbers
dominated term by term by a chain sequence is itself a
chain sequence. 3 Since the sequence {a, = 1} 1
satisfies the cham sequence condition for g, =3
n=0,1,2,---),it follows that every sequence of posi-
tive real numbers increasing monotonically to 1 gives
rise to a phase operator.

The following proposition follows from the results of
Putnam. 7

Proposition: For any sequence {a ., of positive
real numbers increasing monotonically to 1, the corre-
sponding phase operator C is absolutely continuous.

Proof: Consider the operator T'=C + iS. It is

easily verified that 7*T — TT* =K is a diagonal
matrix with diagonal elements
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Then CS — SC = — (¥,K), where K = 0. It follows that
&, (C) contains the smallest subspace of 3 reducing C
and S and containing the range of K. Since K¢, =
—a% ¢;, ¢, €¥,(C). Also,C¢, = } a, ¢, implies that
¢, € X,(C). Now suppose it has been shown that

1y G2,y ¢, €X,(C) for n =2, Since

C¢n = %(an—l(bn—l + a, ¢n+ 1)’

it follows that ¢,.; € 3,(C). Therefore, 3,(C) = ¥, as
was to be shown.

Consider now a phase operator C corresponding to a
sequence {a,} ., of positive real numbers decreasing
monotonically to 1. The operator K, defined by CS — SC
= — (i,)K,no longer satisfies K =0 or K < 0 and the
previous proof fails. A different approach, however,
yields a somewhat weaker result. The following lemma
is needed.

Lemma: Let {aﬂ},‘;"=1 be a sequence of positive real
numbers decreasing monotonically to 1 and satisfying the
chain sequence condition. That is,

92 =(1—g,)g, where0=g;<1,0<g <1 (n>0).

Then 2; (e, — 1) <
n=1

Proof: 1t is convenient to make the following
observations.

(1) g,<limpliesg,,, < (m+2)/(2m+2)forn =1,
O=m=n—1,
Pyoof: [By induction on m]. Let m = 1. Since
g, = 1a2/(1 —g,.1)<1,
it follows that 1 = a2 < 4(1 — g,_) and hence that
&,-1 < 1. Now suppose g,_,. < (m + 2)/@2m + 2)
(1 = m = n—1). Since

Epem = ia,zl-m/(l_gn-"rl) < (m+2)/(2m+2)9

it follows that 1 =a2_ < 4[(m + 2)/@2m + 2)|1 — g,_ 1)
and hence that g, _ ., < (m + 3)/@2m + 4),

(2) The sequence {(m + 2)/(2m + 2)} monotonically
decreases to 3.

(3) gnS%’ n:(),l,z;“"

Proof: Suppose gy > 3. Then there exists an m*
such that

gy > m* +2)/@m* +2)> 3,
But this contradicts (1) since g, .« < 1.

“4) g,=1/41 —g,.1), n=1,2,8,---,

Proof: g, =a2/4(l —g,.1) =1/41 —g,_ ).

(5) {g"};f’:O is a monotonically increasing sequence.
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Proof: Forn=1,g8, —g,.1 =21/4(01 —&,.1) — &,-1-
Therefore g, — g,-1 =2(1 — 2g,.,)2/41 —g,-,) =0.

(6) lim g, = 3.

n=>o0
Proof: (3) and (5) imply that g = lim g, exists.
It then follows from the fact that e
1a2=(1—-g,_1)8,, n=1,2,3,+--
that g = 3.
These facts can now be used to show that

o0
2 @2—1)<w.
n=1

In particular,

o]

% (taz—3= 2 [0~ g, 1)g, — ]
= 2 [Gg, — D + G —£,-)8,]
= Z:.jl[é ‘gn —3z)+3z(z —'gn-l)]

IA
08
(ML
&
|
3
=

=

Finally, since a, =1,

> @, —1)= 2 @-1<w,
n=1 n=1

e . iy
Proposition: For any sequence {an n=1 Of positive

real numbers decreasing monotonically to 1 and satis-
fying the chain sequence condition (1), the corresponding
phase operator C has an absolutely continuous part
whose spectrum is the interval [— 1, 1].

Proof: As noted above C = 3 (V + V*) + 3[@ — 1)
V + V*(A — I)], where V is the unilateral shift operator
on 3¢ and A is defined by A¢, =a,_, ¢, with a; = 0. By
the previous lemma, A, and hence also [(A —I) V + V*
(A — I)],is of trace class. It then follows by a theorem
of Kato8 that C has an absolutely continuous part uni-
tarily equivalent to 3 (V + V*).

GENERAL REMARKS

The previous proposition suggests the possibility that
all phase operators are absolutely continuous. No proof,
however, has yet been achieved.

'P. R. Halmos, Introduction to Hilbert Space and the Theory of
Spectral Multiplicity (Chelsea, New York, 1957), p. 104.

2E. C. Lerner, Nuovo Cimento B 56, 183 (1968).

3E. C. Lerner, H. W. Huang, and G. E. Walters, J. Math. Phys. 11,
1679 (1970).

°E. K. Ifantis, J. Math. Phys. 12, 1021 (1971).

°K. Eswaran, Nuovo Ciment+ B 70, 1 (1970).

*See also H. Wall, Analytic Theory of Continued Fractions (Van
Nostrand, New York, 1948), p. 79.

’C. R. Putnam, Commutation Properties of Hilbert Space Operators
and Related Topics (Springer, New York 1967), p. 146.

8T. Kato, Perturbation Theory for Linear Operators (Springer, New
York. 1957), p. 540.



Brownian motion in assemblies of coupled harmonic

oscillators*

Sungwoon Kimt

Theoretical Physics Institute, Faculty of Mathematics and Sciences, The University of Nijmegen, Nijmegen, The

Netherlands
(Received 24 October 1973)

The generalized Langevin equation is derived for a particle of arbitrary mass in an assembly of
harmonic oscillators with general interaction matrix and with an external force acting on the
particle. The reduction of the equation to the ordinary Langevin equation is studied in various limits.
The reduction to the Langevin equation is achieved apart from the distribution of the bath particles,
and the results thus obtained are valid whether the bath is in equilibrium or not. It is found that if
the Ford-Kac-Mazur interaction is assumed, the particle achieves Brownian motion regardless of its
mass ratio to the bath particle. The weak coupling limit is effected by scaling the equation with the
mass ratio. In the weak coupling limit, the explicit formula for the friction coefficient is obtained
assuming a general interaction matrix. It is demonstrated that the generalized Langevin equation is a

very convenient starting point for the study of Brownian motion.

1. INTRODUCTION

For the study of time dependent phenomena, the as-
sembly of coupled harmonic oscillators is one of the
very few models which are mathematically tractable and
yet exhibit salient features. The model has been studied
extensively in connection with Brownian motions.

Rubin,! Hemmer,2 Turner,3 and Ullersma? have
studied the motion of a heavy particle with nearest
neighbor interactions and found that a sufficiently heavy
particle achieves a free Brownian motion. On the other
hand, Toda% and Takeno and Hori,6 pointing out that the
nature of the approximation procedure in the calcula-
tions is not clear, have concluded that a heavy particle
behaves as a Brownian particle if the force constant
becomes large as well as the mass of the particle.

Ford,Kac, and Mazur? have studied the motion of a
particle of mass equal to the bath particle and found
that the particle attains Brownian motion when the inter-
action is a very special long range type with a limiting
cutoff frequency. Mazur and Braun8 have studied the
motion of a heavy particle with arbitrary interactions.
They have found that a heavy particle performs Brown-
ian motion with arbitrary interactions provided that the
spectral density of eigenvalues, w2, of the interaction
matrix is proportional to w1 for w — 0.

Most of these works did not study the equation of
motion itself. However, we find that the direct appeal
to the exact equation of motion—the generalized Langevin
equation—is very profitable. By studying the equation in
various limits we not only rediscover the results ob-
tained previously in a unified manner, but also genera-
lize them further. This is all possible only because, as
first shown by Deutch and Silbey, 9 the generalized
Langevin equation is exact for an assembly of coupled
harmonic oscillators. This approach is very similar
to the procedure adopted in the general microscopic
theory of Brownian motions10 and thus sheds more
light on it.

In Sec. 2, we define the model and explain some of its
properties. In Sec. 3, we derive the exact generalized
Langevin equation for a particle of arbitrary mass sub-
ject to an external force with arbitrary interaction
matrix. We obtain the explicit expressions for the
Laplace transform of the random force and the kernel
in the generalized Langevin equation.

We then study the reduction of the generalized Lange-
vin equation to the ordinary Langevin equation in vari-
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ous limits, When the Langevin equation is reduced
directly from the generalized Langevin equation, the
special interaction form of Ford-Kac-Mazur is re-
covered. It is found that if their special interaction
form is assumed, the particle achieves Brownian mo-
tion regardless of its mass. This surprising result is
due to the very special nature of the interaction. This
is presented in Sec. 4.

In Sec. 5, we scale the generalized Langevin equation
with the mass ratio A2 and study the equation in the
weak coupling limit. The connection between the weak
coupling limit and others is pointed out. We also derive,
in the weak coupling limit, the explicit expression for
the friction coefficient for general interactions.

In Sec. 6, we find that the random force has proper
stochastic properties for a bath in equilibrium. The
direct calculation of the force autocorrelation function
is sketched. In the last section, 7, we briefly discuss the
Toda- Takeno-Hori limit. The advantage of the genera-
lized Langevin equation for the study of Brownian mo-
tion problems is emphasized.

2. THE MODEL

We consider a system which consists of a particle of
mass M and 2N bath particles of mass m interacting
with each other with harmonic forces. The Hamiltonian
of the system is given by

H=p%2M + H, @2.1)
and
Hy =4 3 0¥/m) + 3 % 0A 2.2
i= is

Here, po(p ) is the momentum of the zeroth (jth) particle
of mass M{m), 4,(q;) is the displacement of the zeroth
(jth) particle from its equilibrium position,and A , is
the jk-element of the interaction matrix A characteriz-
ing the interactions of the particles.

The interaction matrix A is assumed to be completely
general except that it has no negative eigenvalues. We
assume that all particles are subject to the same inter-
action, and also impose periodic boundary conditions.
This implies that A is a cyclic and symmetric matrix.
The matrix element A, depends only on |i— k|,

A=A =A (2.3)

Py
Under these conditions, the matrix element, A, can be
expressed as12
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2mi
A — 1l (2.4)
TN+ 1 Zn> <2N +1 >
and
w2 =3 A, exp <- 2me nl> 2.5)
1 2N + 1

The quantity w2 is the eigenvalue of the interaction
matrix A correspondmg to the eigenvector & @),

AL = w2 (@), (2.6)
The kth element of £ ® is given by
1 2mi
=" ex (——-—- nk) . 2.7)
¥ (2N + 1)1/2 Plav 71

The conservation of the total momentum of the system
further requires that
Z}A].k=0 for all & (2.8)
3 '
which is a very important identity for our discussion.
From Eqgs. (2.4) and (2. 8) one notices that

wd =0. (2.9)

Eventually, we have to deal with infinite systems. In
the limit N— «, the summation in Eq. (2.4) is approxi-
mated by an integral

A, == (" w2(e)eieas (2.10)
27w
where
02(6) = w2, éz - ﬂ-‘;*—l e) . 2. 11)
T

We assume that w2 changes slowly enough to warrant
the approximation. In passing we note that symmetry
of A yields symmetry of w2;

w2 = w2 and w2(9) = w2(-6). (2.12)

3. THE GENERALIZED LANGEVIN EQUATION
To be general, we assume that an external force,
aV(Qo(t))

%, (3.1)

Fext(q()(t)) =
acts on the zeroth particle in addition to the harmonic
interactions of the particles. The equation of motion of
the jth particle is given by
[m + (M— m)éj'o]éj(t) = E A]qu t)+ Fext(‘Io t)) 5] 0

(3.2)
The equation may be solved by introducing a generating
function G, (1)

I T N\
R T TER s rroietl O
and
_ 1 [ 2m
9(1) = (2N + 1)V/2 Z,; exP( 2N + 1 ]n) a0 G.4)

Differentiating G, (t) twice and using Eqgs. (3. 2) and

(2. 5), we obtain
s il PP
(2N + 1)1/2 m 0( )

1 1
v 1 .
* (2N + 1)V2 Fexddo(1)

w2

G, (t) = — ;" G, (t) +

(3.5)
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We take the Laplace transform of the equation to obtain

1
€2 + w2/m

G (e) =

n

<[€Gn () + €, (0)]

B %/%17)‘11/_)2 [€24(€) — €q4(0) — 4o(0)]

1 1
+ - Fext)'
m

(2N + 1)V/2 -9

Summing over z and using Eq. (3. 4), we have
q;(€) + (M/m — 1)e3f (€)qo(€) = Z) [€24(0) + 44(0)] 7% (€)
+ {1/ m — 1)[eq 4(0) + q0 0)] + l/m)Fext}f (€), (3.7)

where

7o) = 5 —1

2N+1 n €2+ w2/m

27
exp nj} . 3.8
(2N +1 ]> 3.8)

In particular, setting j = 0, we obtain

1
1+ M/m — 1)e2f(€)

<lz==0 [qu(o) + qk(O ]fk(e) +— [qu(O) + qO(O)]f;)(E)

Jo(e) =

Fextf0(€)>' (3.9)
Equations (3.7) and (3.9) are the solutions for q; ).
The p,(t) may be obtained from
.Bj(E) =m[€;1j(€)— qj(O)]. (3.10)

We write Eq. (3.9) in the form of the generalized Lange-
vin equation,

. ¢

Dolt) = F oy i(t) + F(t) — 22 fo dr K(T)p ot — 1) 3.11)

by identifying the terms in Eq. (3.9) with the Laplace
transform of Eq. (3.11) which is

- 1 1 . 1 1
== _ 0)+=—~F = F).
79 =L 000 + iz (004 5 Pt 3 F)
(3.12)
Here,
22 = m/M. (3.13)
The results are
R(e) = [1/ efy(e) — €] (3.14)
and
F(e) = —mqy(0)K(e) + Z) [€g;(0) + ¢;(0)17;(e).
f ol€) J (3.15)
Using Eq. (2.9) and the fact that
E fj(e) =1/€2, (3.16)
Jj
we can rewrite Eq. (3.15) in more convenient form,
F(e) (0) —
() = ],0 = ]2) fmelq;(0) — qo(0)] + 1,0} F;(e).  (3.17)
For later convenience, we also define &; by
&;(e) = ef ;(€). (3.18)
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Later on we will also need the expression for fj(e) in
the limit N co;

1 Lt ey
(€)= — —_— df. 3.19
fj 2n f“" €2 + w2(0)/m ( )
In the following sections the presence of F ext 18 irrele-
vant to our discussion and we will neglect the term.

A few remarks are due on the generalized Langevin
equation, Eq. (3.11). First of all, we stress the fact that
the equation is exact and valid for all mass ratio A2 and
for all time. This was first pointed out by Deutch and
Silbey.10 Its dependence on the mass of the zeroth
particle, M is very simple; M enters the equation only
through A2, This remarkably simple dependence on M
may not be expected for other systems in general.
These simple properties and the close resemblance of
the equation to the ordinary Langevin equation greatly
facilitate the study of the equation for Brownian motion.
Furthermore, we note that all initial conditions appear
only in F(t).

The K(f) depends only on the mass of the bath particle
and the properties of the interaction matrix. Therefore
the reduction of the equation to the Langevin equation
can be discussed separately from the distribution of the
bath particles. The results thus obtained may be valid
whether or not the bath particles are in equilibrium.
However, one must realize that, because the equation is
exact for all time, it reduces to the Langevin equation
only in appropriate limits, despite its close resemblance
to the Langevin equation.

4. FORD, KAC,AND MAZUR LIMIT

Let us now try to reduce the Langevin equation directly
from the generalized Langevin equation, Eg. (3.11),
by requiring that

K(t) = v6(t) (4.1)
or, equivalently,

R(e) = 9. (4.2)
Using Eqgs. (3. 8), (3. 14), and (3. 18), we obtain

8ol€) =1/(y + €). (4.3)

In view of Egs. (3.8) and (3.18), it is obvious that the
requirement in Eq. (4. 3) cannot be met with a finite
number of particles. Therefore, we consider the limit
of infinitely many particles.

In the limit N— o, the requirement Eq. (4. 3) takes the
following form:

1 € a9 = —1 4.4)
21 7 €2 + w2(0)/m v+ €
or, expressed in terms of £,
tw2(0
S fﬁ cos ( w*( )>d9 =e 1, (4.5)
27 " m

This is the integral equation for w2(#) which was first
found by Ford,Kac, and Mazur? in the study of Brownian
motion of a particle of mass M = m. They found the
solution of the equation to be

w2(8) = 2 tan26/2. (4.6)
As they pointed out, when this expression is inserted
into Eq.(2.10), the matrix element A, diverges. To
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avoid this difficulty, a cutoff value 8 ; is introduced,
such that
2 tan29/2 for|O|< @
wze) = 17 / ol<e, (4.7)
0 for, <|6|<m.

By taking the limit 6, — 7, it has been argued that a
particle (of mass M =m) can achieve Brownian motion
with the interaction given by Eq. (4. 7).

For more detailed discussions, we refer to the origi-
nal article of Ford,Kac, and Mazur.? However, one must
note here that if the special interaction form, Eq. (4.7),
with the limiting cutoff frequency is realized, the particle
achieves Brownian motion regardless of the mass
ratio A2 (including M < m). This somewhat surprising
result is due to the special nature of the interaction. It
does not contradict the finding of Cukier and Mazur,13
which states that the kinetic energy of a particle of
mass M < m is a nonergodic function. Their study is
limited to nearest-neighbor interaction and does not
apply to the special interaction, Eq. (4. 7).

5. SCALING AND THE WEAK-COUPLING LIMIT

Instead of the straight reduction of the Langevin equa-
tion discussed in the previous section, we first scale
the generalized Langevin equation and then reduce it to
the Langevin equation in appropriate limits. Although
other choices are possible, we choose A2 to be the scal-
ing parameter and set

s =22t and ¢ =227 (5.1)
in Eq. (3.11). The generalized Langevin equation now
takes the following form:

1) _ gs)— [° Clo)als — o)do, (5.2)
ds 0
where
7(s) =po(s/22), (5.3)
E(s) = F(s/22)/x2, (5.4)
C(s) = K(s/22)/22. (5.5)

We now reduce Eq. (5. 2) to the Langevin equation by
requiring

C(s) = yd(s) (5.6)
or, equivalently,
R(\%¢) =y (5.7)

in the limit A2— 0. When the condition of Eq. (5.6) is
met, the solution of Eq. (5. 2) is given by

m(s) = n(0)e-rs
or
b o(t) =p 0(0)6-)\27t-

(5.8)
(5.9)

Therefore, to have a meaningful solution, we must re-
quire that

A2yt = finite (5.10)

in any limiting process. Thus, we are led to the weak
coupling limit:
A2y >0
t—->x
and A2yt = finite.

(5.11)
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In this limit, Eq. (5. 7) reduces to
LmK(E) = 5.

£~0
It is clearly seen here that the limiting process taken
by many workersl-4 exactly corresponds to the weak
coupling limit. The weak coupling limit plays an impor-
tant role in the general microscopic theory of Brownian
motions.1© Mazur and Braun® have pointed out the con-
nection between their limiting process and the weak
coupling limit.

(5.12)

Thanks to the simplicity of Eq. (5.12), one can obtain
an explicit expression for the friction coefficient, y in
the weak coupling limit. With Egs. (3. 8), (3. 14), and
(3.18), the requirement, Eq. (5.12), may be written as

IT I (N SR (5.13)

>0 7 70 £2 4+ w2(0)/m v
Here we have used the symmetry property of w2(9).
It is important to remember that by assumption w2(9)
cannot be negative. One can easily see that only the
neighborhoods of the zeros of w2(6) contribute to the
integral. We recall here that w2(6) has at least one
zero, 6 = 0, from Eq. (2.9). The integral depends strong-
ly on the behavior of w2(8) at its zeros, and this enables
us to evaluate the integral explicitly. Let us suppose
that w2(8) behaves like

w?(0) ~ a6 — 0, (5.14)
as the curve w?(f) emerges4 from one of its zeros, 9 .
The contribution of this branch to the integral is

)
IB = lim 1 f ——E— (5.15)
>0 T 0 £2 + (o /m)xBi
One can show that
0 if0<p,<2
I, = Lom/a)l/2  ifp, =2 (5.16)
© if2<8,.
Therefore, we have
1
== 2 I, (5.17)
y  [lwXe)=011
where
0 if o¥(0) ~ ;0 —6,1% 0<p<2aty,
T, ={3Vm/o, if w2(9) ~ o,] 0 —6,|2 at g,
0 ifwz(f))%aile—eilei, 2<8; at 9,.
(5.18)

The summation is performed for all zeros, 6, and the
ingoing and outgoing branches at the zero points must
be counted separately.14

If w2(9) has at least one zero at which the function
w?(6) changes more slowly than |6 — 6|2 (that is,
2 < B)), the friction coefficient v is zero Cn the other
hand, a zero at which w2 (8) changes faster than |6 — 6 ]2
(that is,0 < 8, < 2) does not contribute to the mtegral
If w2(9) changes faster than | 6 — 6 |2 at all its zeros,
the friction coefficient is infinite.

If «2(f) is an analytic function, we have the simpler
expression for y:

1/2

1. 5 1 ( 2m > (5.19)
Y lwXep-a11 T 80,6, F 0,6, \[w2(0)]
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In this expression, each zero has been counted twice
already for the ingoing and outgoing branches and the
summation should be taken only once over all zeros of
w2(9).

6. STATISTICAL PROPERTIES OF F(t)

As stated earlier, all initial conditions are included in
F(t) and the discussions in the previous sections on the
properties of K(t) are independent of the conditions of
the bath. The results are valid whether the bath par-
ticles are in equilibrium or not. To complete the dis-
cussion of Brownian motion, it remains to show that the
random force, £(s) has the proper stochastic properties
for a‘bath in equilibrium. The properties of E(s) are
determined from F(¢) by Eq. (5. 4).

Let us assume that the initial values of ¢ j and p ; of
the bath particles are distributed according to the
canonical distribution in the potential field created by
the fixed zeroth particle;

D(g,,p;) = e *t/ [ e™Pbap®Naq?”, (6.1)
where
dp2N — dp 1. .. dedp_l. .. dp_N
and
dq2¥ =dqg,---dqydg_; " dq_y.
The average value of x may be defined by
(x) = f e_BbedequZN/f e-eabdpszqu (6.2)
It is convenient to change the variable q;toy; by
y;=q;—q, forj=0. (6.3)
With the aid of Eq. (2. 8), one can write
p2
Hy, =3 E —+3 2 YiARYe (6.4)
j?0 m 7.k=0
1
F(e) = = mey ,(0) + p,(0 € 6.5
(€) 74 ;2)[ y,(0) + 9,(0)]7(€) (6.5)
and
F0) =— 25 Ap, Y m(0). (6.6)
m#=0

We note that the distribution is Gaussian and F(¢) is
a linear combination of ¥; (0) and p](O) This is suffi-
cientl5 to have the desired stochastic properties of E(s);
(E(s)E(sa) "

"E(Sg, 1)) =0 6.7)

and
(E(Sl)E(Sz)' )

2n
'E(Szn» - E H <E(S'»)E(Sj)>, (608)
i<j

where the summation is performed over all different
ways in which s,,...,s,, may be divided in » pairs.

One may calculate (F(¢)F(0)) directly using Egs. (6. 5)
and (6.6). With the aid of Eq, (2.8), we obtain

(F(e)F(0) == 2T T A9 003 0.
Fole) i 6.9)
The result of the Gaussian integral is well known:
_B A an) = T 1
Jem (=3 o Yy *) TAT @z 810

where | A’| is the 2N % 2N determinant defined by
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Ay 1Ay 0 A NAY A Ly
Ay 1Az 2 Ay NAg 17t Ay Ly

[A7] = . (6.11)
A n1ANg AN nAy-1 ANy
Here, we assume that |A’|> 0. Thus, we obtain
(3,(0)y,,000 = (/B A" ey, (6.12)

where ¢, _ is the cofactor of A Lm in the determinant

i,m
| A7,
With the aid of the well-known identity
2 ALc, a=IA6, (6.13)
m=0
and Eq. (3.16), we obtain
(F()F(0)) = (m/B)R(e). (6.14)

Therefore, only in appropriate limits, the correlation
function, ( F(t)F(0)) has short memory and can be repre-
sented by a 6 function.

7. DISCUSSIONS

We wish to point out that, in addition to the limits we
have discussed, there are various other limits in which
Brownian motion can be realized. For example, we may
take the following limit; A2 — 0,y — 0, and A2y = finite.
This is the limit Toda5 and Takeno and Hori® employed
in their study of the system with nearest neighbor
interaction.1€ In this limit, it is notable that the particle
achieves Brownian motion in a finite time.

We have seen that the generalized Langevin equation
provides a natural starting point for the study of
Brownian motion. Since its structure is very similar
to the Langevin equation, the reduction of the equation
to the Langevin equation can be effected in a direct and
simple manner. The distribution of the bath particles
does not enter directly in the process of reduction.
Furthermore, since the generalized Langevin equation is
valid for any mass ratio and for all time, the equation
can be used for any limiting case one wants to study.

We believe that this approach to the study of Brownian
motion based on the generalized Langevin equation will
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be equally powerful for other similar problems such as
more-than-one-defect particles, quantum systems, etc.

Note added on proof: After the submission of the manu-
script for publication, Professor P. Mazur kindly alert-
ed the author to another relevant work on the subject:
P. Mazur, Proceedings of the International Symposium
on Statistical Mechanics and Thermodynamics, Aachen,
June 1964, edited by J. Meixner (North-Holland, Amster-
dam), p. 69.
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An exact result for the partition function for a general one-dimensional Ising chain of N spin-1/2

particles described by the Hamiltonian H,, =~ J.o0,,,

— E{‘LlHiai is given. For an open

strand, J,, = 0; for a closed chain, oy, , =0, Jy # 0. The novelty of the trick used enables one
to obtain the partition function and all the spin correlation functions for open and closed chains
with equal ease. Special cases of this model have been discussed before to elucidate certain features
of some biological systems. New expressions for parallel and perpendicular susceptibilities for this
model are also derived. When J; and H, are treated as random variables, the above Hamiltonian
describes a one-dimensional Ising spin glass. In this case some simple models and formal averaging

procedures are discussed.

. INTRODUCTION

Various types of regular arrays of scalar spins
capable of only “up” or “down” spin orientations but
with mutual interactions between nearest neighbors
only have been studied extensively for almost half a
century.! The two- dimensional version of this model
has been the only exactly soluble model for phase
transitions until recently. Even though the one-dimen-
sional model does not show any phase transition, it is
of intrinsic interest as it can also be solved exactly.
Variations of this one-dimensional model have recently
found enormous applications in elucidating some fea-
tures of certain long chain molecules of great biological
importance.! Pioneering work in this area has been
done by Goel2 and Montroll,3 McCoy* has recently
written an account of investigations on a two-dimensional
Ising net of spins with a special random arrangement.
Random systems in general are of significance in dis-
cussing amorphous substances, such as glass.

In this paper, we obtain an exact expression for the
partition function of N spins arranged on a straight line
but obeying the Hamiltonian

N N
Hy=— El ;0,004 — 21 Ho,. 1
i= i=

Here the set {0, } take on the values + 1 or — 1 and the
various 0;'s commute. J; is the interaction strength
between the spin 7 with its nearest neighbor to the right.
H; can be thought of as a local magnetic field on site <.
Clearly for an open strand,J y = 0, whereas for a closed
chain,oy,, = 04, J, # 0. The Hamiltonian given by (1)
for an open strand can also be considered as an Ising
model with nearest and next nearest neighbor interac-
tions, for N + 1 spins,

N-1 N
~’1r'1v+1‘=*¢7—:1 Ji"iowz_,zl H;0,0.1, 2)
= 1=

if we introduce a new “spin”®

b =001,

by =0y, i=1,2,...,N(open chain). (3)

The partition function is given by

N
ZN = Z) E I_I Ai(oiyaid»l), (4)
01=tl 0N=tl i=1
where
A0;,0,,) =exp(d;0,0,, + h,0;) (5)
and
BJ,=9,, BH,=h,. (5")

A, is usually known as the “transfer matrix.”
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Falk® calculated Z, for an open regular array where
all the J; are equal (=J) and all the H; are equal (= H).
(We will have occasion to refer to this work later.)
Earlier Thompson! had discussed completely the special
cases when all H; = 0 and unequal J,,andJ; =J,H, = H
(all 7), for a closed chain. Goel and Montroll, in their
work on the application of one-dimensional Ising model
to the study of certain biological molecules, considered
the case of infinite closed chain with unequal H;'s and
all J,'s equal (= U).

In order to focus attention of the reader to the novelty
of our method, we will briefly outline in the Introduction
itself a transfer matrix method used by all these authors,
suitably modified here, for the general Hamiltonian
given by Eq. (1). Both open and closed chains can be
treated in this way.1.6

If x.() (j =1,2) are the two eigenvalues of the (2 X 2)
transfer matrix, 4,(0;,0,.,) and {y, (o)} are the asso-
ciated normal eigenvectors, then oné obtains the exact
result for Z,; in the case of closed chain (0.4 = 0):

2 2
Z‘E]closed) = ]E=1 .j.gzl A )‘jN(jl’jz) s (Gysde)s  (6)
1
where

Goin) = D 4,0, © )

is really the “inner product” between two eigenvectors
of different transfer matrices representing the “overlap”
between the neighboring spins.

Our technique simplifies the expression (6) to a much
greater extent. In essence,we write A; in a “standard”
representation!

Afoy,0.,) =a; TrpeT SA], (8)

where 7 is a Pauli spin vector matrix, 7. ; is a unit vec-
tor. a;,7; are given by
a,=3tr AT =ed coshh,,
9
a?—r2 = detA] = 2 sinh2J,.
Of course, a; and 7, are related to the eigenvalues Aj(i)
via

a, =30 + 2], 7, =206 -2 (10)
if A; > A,. The unit vector 7, is given by
n; = (e 9 coshh, /r,,ie 9 sinhh, /r,,ed sinhh, /r;) (11)

Copyright © 1974 by the American Institute of Physics 583
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and has the interpretation that it specifies the spatial
orientation of the ith spin (or ith bond). We then show
that

N
Zy :tr,(ﬂl (a; +riﬂi"r)>. (12)
i=
The only difference between the open and closed chains
is that J = 0 for the open chain in Eq. (12). With this
observation expression (12) can be used for both the
open and the closed chains. The trace here is only over
the 7 matrices. Similar expressions with only trace

over T are obtained for all the spin correlation functions.

The representation (12) is the central result of the
present work. A derivation of it and further evaluation
of the trace over T are given in the second section.
The expression (6) is equivalent to our expression even
though to prove the equivalence is quite complicated.
However, we have verified this in special cases. Ex-
pressions for parallel and perpendicular susceptibilities
for this model are also expressed as traces only over
T matrices. The results for the various special cases
(simple regular chain,and a general periodic chain with
a basis) mentioned earlier will all be obtained in the
third section. The structure of these expressions will
appear slightly different from those found in the litera-
ture, partly because our method leads to the end result
directly. The fourth section deals with the problem of
random J,, H; and is a variant of a one-dimensional
version of McCoy's work. It serves as a model for an
amorphous spin system. The last section summarizes
the results obtained.

il. COMPLETE SOLUTION OF THE GENERAL MODEL
We first demonstrate the result

Lemma 1:
E cos E Al(Ol,UZ)A2(02,03)"'AN(ON’UNH_)
0,=%1 o =l

=A7.-- AL, (13)

where A7 is as defined by Egs. (8)-(11).

The proof is straightforward. We have already shown
in the Introduction that A ,.(01., om) can indeed be repre-
sented by A]. The next step is to show that

E A;‘(oi ’ 0’i-o»]_)‘41;+1 (01'4-]_’ ai+2) = A"; {4-1' (14)
0541 =#1
This is easily verified as follows. We first rewrite A;
in the usual form:

:0,0,,1%h;0;
Ai(o‘i’o’i\*l):egl 044177494
= coshg; cosh’, + 0, coshg; sinhk,

+ 0;,, sinhyg; sinhk; + 0,0,,, sinhJ; coshh,.
(15)

Then the left side of (14) can be explicitly computed and
the resulting expression recast as a 2 X 2 matrix. By
writing out the product,AJA],; as a 2 X 2 matrix, it can
be verified that these two are identical. By repeating
this procedure, the identity given by (13) is in general
established. An important corollary of this is

2 AS0,001)001A0 (04, 00g) = AT, ATy (14)
g i+l = %
This follows at once by differentiating both sides of Eq.
(14) with respect to %,,; and using the definitions (5) and
(8). This identity is useful in computing spin correlation
functions in general.
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Now, it is quite easy to prove
Lemma 2:

zglosed) = tp (162)

N
ftoagf,
i=1l

N-1
<I‘I A{)A;,(JN = O;HN)é;
i=1

tr_ here stands for trace on 7.

zEren) =t (16b)

The proof is immediate

Z}(leosed)= Z; El A1(01,02)”°AN(0N’01)

o,=+1 opN =t

i

N
tr,; m A{%,
i=1

where we used the fact that, for a closed chain, 0,, =o0,.
To prove (16b), we note that there is zero coupling
(J 5 = 0) between (N) and (1) and so A is represented

by
PLI P
A (0,,0,)=
~¥(ONs09) o PN ot
AL(Jy = 0;Hy) = ay(Jy = 0;Hy) + 7r , (Jy = 0; Hy).

17
Thus, (7

Zl(v_open)= E co 21AI(OI’GZ)...AN‘I(UN-I’ON)

=%
9 1

or

0N=i

x AN(oNaol)
N-1
= tr,[( n A,.T) AL(Jy = O;HN):|.
i=1

We have thus established (16a,b). We now establish
similar expressions for spin correlation functions of
all orders for both closed and open chains.

Lemma 3:

. 1 -1
<Glx> = > trT{A(ll1 )7 TZA(ZI:)T}, (18a)
(Iy = ll)<011012) = Zl; trT{A(ll‘-lhTZA(,lf—l)TTZA(l:)T(} )
18b
and quite generally,

Ip=lpg = 21,

<o'l1 0'12 oo gzk>

= 7 e AUV AT AT AN (180)
Here

A('l?)f =1 (2 X 2 unit matrix),

A(zﬁi)T=A;i EAli (oli’oli*l)’ 19

APTEALAL AL (= 151 1+ 1 factors).

In all the above, I, - - - I, take on the values 1,2,...,N.

These are established by a straightforward applica-
tion of (14'). We will illustrate it for closed chains and
the results for the open chains follow if the trick used
in (16b) is employed. By definition,
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1 2T

(01 ylclosed) = — —
¢ Z}(Jclosed) a,=%1 oy=tl

A (oy,0,)
A a(0,1,0,)0,4,,00,,0,0) Ay(0y,04).

Using (14’) and (14), we obtain

<oli)(closed) = W trr{AI' . 'Azri-lszzTi crAT)H
Similarly, for I, = 1,
(9,0, )(closed)

- Z_}‘:—l}—osm 0,=£1 . cNZ-; A1(91,05)

B 400,4,0,)0, A, (0,,0,.)
X oo ..
A, 1004,4,0,) 0,4,00,,0,.1)

= 1 (4-Dr 1,-Dr
- Z}(qclosed) tr {Al T"Asf

Ay(oy,04)

TzA(lzN) T} ¢

Similarly (o L olk) can be derived following the same
procedures. These expressions are seen to be the ones
given in (18a) and (18b) and the introduction of the nota-
tion (19) becomes evident. We must point out that these
correlation functions could have been obtained by a
direct differentiation of the expressions for Z, appro-
priately with respect to magnetic fields {# } or the in-
teraction strengths {5 } but in practice the above traces
are found to be easier to evaluate in the absence of the
fields,{%; = 0}.

We must next evaluate the traces on 7. To do this, we
use repeatedly the well-known identity that if A, B are
two three-dimensional vectors, then, in the usual nota-
tion,

(r*A)(t*B)=A*B + it + (A XB) (20)
and the fact that tr,7 = 0.
It is clear that by employing (20), we can write
AYT =6 + 7@l (21)
where G(l ) and (Rl(if) are multinomials of {ai g ,ﬁi}:
ayi’ = (lIJI a,.) ( 1+ 3

i=1; iy, ig)

Sy siz(nix. niz)

; ! s, s, [(n, Xn,)n,
+ i (il,izz),i3) Sy, Si, Si, [(n,1 n,z) "13]
, . o a A
(il’izzt;a'iq) Slxszz 31'3 314 [(ntl nIZ) (nla nz4)
N A~ ~ ~ . ’
— (ni1 X niz)- (ni3 X "i)] +i 2 Si 84, Si Si, Siy

(i) mrig)
x [(”il' ”iz) [(”iax ni‘a)'nis]"'[(nil X "s’z)'"ts](”i._"”iq)

_[(ﬁ. X 7, )x(;ii3 X ?Liq),].ﬁis]+ )

l i +1) 7]
i=1

i

I

(21a)

I3
} -~ -~
Glg) ( n a)(Z Sln +i 2 s, 85, (my Xn,;)
1=l Gy) (;1,12) 1 2
+ 2

;s [(n, m)n, — (1, X m;) ><%]+...>
Gy i 13) 2 '3 h s h i i3

(2;-1;41) Z
i J

E( 2 ﬂ"”)(ﬂ ai>,
k=1 i=l;

i

(21b)
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where we have introduced a new symbol
s, =7./a;. (22)

In both (21a,b) E(,"l' .1,) denotes that i;--- 7, are

ordered (i, < i, < --+< 4,),that no two of (iy---,)
are equal, and they all go over [;- - - l]. . The expressions

for @(l]) and ®, ]) are remarkable in that G(zk)
l

volves only scalars @{2#1) only pseudoscalars, where-
as ®(2#) jnyolves only vectors,and &¢2#1) only pseudo-
vectors formed out of the unit vectors {#,}. The inter-
pretation that n specifies the spatial or1entat10n of the
ith spin or bond makes these expressions physically
appealing as one can perhaps motivate further schemes
of approximations for the “amorphous” system. We
will return to this question in Sec. IV. We thus obtain

Z}(;;losed) = ZQ(IN),
zPrew  =2[6f ™ ay(dy = 0;Hy) + &V

cry(dy=0;H,)]. (23)

This completes the derivation of the partition functions
and spin correlation functions for the finite, open, and
closed Ising chains for the Hamiltonian given by (1). We
will now compute parallel and perpendicular suscepti-
bilities of this system. This generalizes the work of
Fisher7 as well as provides a new method of computing
the perpendicular susceptibility using our formalism.

(@) Pavallel susceptibility: The parallel susceptibility
is given

g2 2 N
{9, B} = Nk‘;f’ I, (0,0, = (@) (0,)]
gzp.% ( N N -1
— 2
G \D A= @) +2 5 T (9,0,
(o, )0, )) . (24)

Using the expressions (18a,b) and (21) and the cyclic
property of the trace operations, we may express this
in an elegant form:

1 N; -1
<ol> = Z—I; trr[czl;l) d Tz]’ (252)
m=1) (0,0,) = ztr, [CGILT (AT 1),
(25b)
where we have introduced the notation
) (-1 _ (N D7 (N; 1) (N;I-D) |
ALTAYTT = Clpity = [Knity .t L1y T) (25¢)
This leads us to the expressions
(N;i-1)
<°1> = Z_N. Lz s (26a)
2 N;I-1 1 '
(m=1 (o0,)= Z [Kfm,l)) a{m v + LN @™,
(26b)
where &' (“ = — @0 —a" P @"Y) with compo-
nents of (R ‘s defmed as in expressmn (21). No

further s1mp11flcation occurs in the general case. When
all H; are set equal to zero but with general J,, some
more simplification obtains and the result is discussed
in Sec. IV.

(0) Perpendicular susceptibility: Fisher? developed a
diagram summation method for computing the perpendi-~
cular susceptibility x ,. For the special case of all J;



586 A. K. Rajagopal and G. S. Grest: A novel approach

equal and all H; equal to zero, by summing all the rele-
vant diagrams associated with the one-dimensional
Ising model he obtained an exact expression for it for
both open and closed chains. We here employ our
method to obtain x, for the general Hamiltonian given
by Eq. (1). We apply the standard Kubo formula for the
linear response function and re-express this in terms
of our formulation. Cabib and Mahanti® have recently
used the Kubo formula to derive x, when all H; are
zero for an open chain. We begin with the expression
g2}
1 ({Ju H;}) = NZN

N
) fos dy Tr, (¢ PN 0, (¥) 0,,,, (O)).
{,m=1 (27)

Here Try,, implies trace over the N Pauli spin vectors
0,. Clearly, we have used the fact that (v,,) = 0 in (27),
which is trivially established. Also,

0, (») =e’Na, (0)eN, (28)
We now express
Sim(¥) = Trigy [P 0, (9) 0, (0)] (29)

in terms of trace over only the standard Pauli spin vec-
tor 7. Now

Sim(¥) = Tr gy {e 8¢ Y5, (0)e N

0, (0}

() 8-y) (8-
= Tr{a) [AZ(L -y)A(2 oo AN y leAg.y) s A%)Omx(())].
We notice that 0,, commutes with all A; except the ones
with i = land ¢ = I — 1;and of course all the A,'s com-
mute among themselves. In view of these observations,
we can write (we have here used the cyclic property of

the trace)

Sim(9) = Trggy (AP - BRP BRYPAD, -0,
5(8;3) 5(B:3) 48 8
0, B BEPAR, - aP),
where

BN =0q, AP Mg, AY . (30)

We now make several observations.
(@) 0,, A% 0, is independent of 0,, as can be checked
directly by using, for instance, the representation (15).

(b) S,,(») =0 if I=m. (31)

This is because 0, and ¢
on them are zero.

() S;(y)=tr, {AE;.L)Z)T -1

my occur linearly and traces

AT }

@i, (82

;¥)B(8;y) A
where we have used the notation introduced in expres-
sions (19) and (21). The procedure to go over to the 7-
representation from expression (32) is the same as
before. One thus obtains the general result,using the
new symbol introduced in Eq. (25¢):

XJ.({Ji’Hiz})z N
g°p

= ¥ B >t

Zy 1=

N; -2, < =
r [CQLuD S Bra6»BIG YY)
(33)
The integration over y can be done under the trace
operation quite easily for both the open and closed
cases. These will be illustrated in the special case of
general J; and all H; = 0 in Sec.IV. Elsewhere these
formulas are employed to study the case where all J;'s
are equal to J and all H,'s are equal to H1C
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Il. ILLUSTRATIVE EXAMPLES-REGULAR CHAINS

We will obtain the known results for a few regular
chains in this section.

(a) Simple regular chains: Here all the J,;'s are equal
(= J) and all the H,'s are equal (= H) (except Jy=0
for an open chain). Then all the A,'s become equal
Then @ and ® () become very 51mp1e expressions:

aWw = aN{1+(g)32+(iV)s4+...}
=108+, (34)

after using (10) to simplify (a £ 7) in terms of the eigen-
values of A. Similarly

&P =na{Q) s+ H) 3+t =/ —2). (35
Hence
zgrosed =\l (36a)
Zl(fpe“) = Af‘l [coshh + (¢™® + e® sinh2 h)/|r |]
+ 1Y [coshi— (¢7® + e? sinh2h)/|r|]. (36b)

Expression (36a) is given in Thompson's book! while
(36b) was given by Falk,6

When H=0, |r| = ¢ ? and the results for both open
and closed chains agree with the corresponding ones
given by Thompson. 1

() A vegulay chain with a basis: By a regular chain
with a basis we mean
Jpen =gy Hyyy

=H,, (37

where p is some fixed integer and & is any integer.
When p = 1, we have the simple chain. This means that
Jy--+d ) (H1 ‘H p) are unequal among themselves
and that th1s “unit” repeats itself along the chain. In
this case, it is clear that we obtain (N = total length of
the chain and so N/p is an integer)

Zy =tr {(A] ---A})¥r}, (38)
We can write as before
A] - A) = AP =P + 1 -®P (39)

as in expression (21). By using the same procedures as
in case (a) we obtain the result

(closed) __ N/Z N/2
Zy =@+ ).

(40)

The corresponding expression for the open chain may
be obtained as before and has the structure of Eq. (36b).
Here A 4,2 ,, are the two eigenvalues of AP7. The
case where p = 2,with J, =J, (= U) in the thermody-
namic limit, for the closed cham is discussed in Refs.

2 and 3. Our results agree with theirs after some con-~
siderable manipulation.

IV. ONE-DIMENSIONAL ISING GLASS®?®

We mean by a one-dimensional Ising glass a random
array of spin /2 particles on a straight line, in analogy
to a one-dimensional model of an amorphous system of
particles moving in a random one-dimensional potential.
Since our model incorporates only randomness in the
strengths (J,,H,), it is more akin to the model of an
amorphous system where only the strengths of the
potentials are random and not their location (viz. Kronig-
Penney model with random strength parameters but
keeping the periodicity intact). Since {J } represent the
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interaction between neighboring spins and {H;} repre-

sent the “energy” of the spin at site i, their statistical
fluctuations can be of many different varieties corres-
ponding to different situations. We will here discuss a
few of these. For the sake of illustration, we consider
only the case of open chains.

Case (i): H;,= 0 for all i: To begin with, let us treat
all J,'s as random variables;? let P, (J,---J,) repre-
sent the probability distribution function for m-“bonds”
without regard to the sequence of bonds (1- - - m). Quite
generally one has a sequence of probabilities P, P, -:
P if N is the total number of “bonds” with the usual
relations among themselves

[+4]
f_oo Pm(Jl'”Jm)dJm :Pm—l(Jl'”Jm'l)

(41)
(m=1,2,...,N), Py=1
The free energy of the system is given by
Fy({J,}) =—kTInz, ({J,}) (42)

and it is this quantity that one must average over all
{J,}, when one is considering a macroscopic system.
For “small” systems such as biopolymers, it is more
appropriate to average first over Z,. The results of
these two operations are of course, very different. Thus

F,= [ Fr,ds,hpyddDat, - aly. (43)

When o, = 0, we know from (11) that 7, = (1,0,0) and
from (10), (21a), and (23)

N-1
zOPeW ({7 })=2 T (2 coshd,/kT) (44)
i=1

since X, = 2 coshJ;/kT, J y = 0. Thus using (4), we
obtain

FOPem = (N 1)kT f_: P,(J) In(2 coshd/kT)
X dJ — kT In2. (45)

This scheme clearly assumes equal a priori probabili-
ties for all i. From (21) we note that the open strand is
simpler to analyze for the present purposes.

One could introduce a more general scheme of proba-
bilities involving different probabilities for diffevent
bonds i in which case P, (Jy---J,) describes the proba-
bility distribution of the sequence of bonds J;- - <J ,.
This leads to more complexities, but is perhaps applic-
able to biological problems where we may have an Ising
system with a basis. Then the expression for FyioPem
becomes

N-1

Fleren) — _pr 21 [2 P, In(2 coshd, /kT)

X dJ,— kT In2 (45")
with
[2 PU)ar=1 (i=1,...,N—1), Py =05y
00 AN 2 A v

It is of interest to point out that the result (45) could
have been obtained by first assuming all J;'s to be equal

galxcept that J y = 0) and then averaging over J. For,
en

F{OPe™ = _ (N — 1) kT In(2 cosh J/kT) — kT 1In2  (46)

and averaging over different J's leads to (45). This is
only a restatement of the well known equivalence princi-
ple concerning the free energy, that if all the a priori
probabilities of the random variables are the same and
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the random variables are statistically independent,
P,y -d,,) =12 P,(J,), then an average over differ-
ent J, is the same as the “ensemble” average over (46).
The caleculation of susceptibilities should be done care-
fully. Using (18a,b) we can compute very easily the
averages (0,) and (0 ,0,) for {H; # 0}. For {H, = 0},
one then notes

AN, H; = 0)=(a; +7,,T,) (47)

ix'x
and, further, (21a,b) simplify.
Clearly then,

(o) (5,20) = 0, for both open and closed chains. (48)

Similarly,
) (m-1)
(@,0,) P gm0y = TL o) /2,(0)]
i
(closed) _1 49
(0,0,) I{Hi=0} =3 (49)

m-1 m-1

N N
1 AL(8) 1T [Ap(R)/Aq(R)] + 11 Xp(3) I1 [ay(R)/A5(R)]
i=1 k=1 1 k=l .

X i
N N
I @)+ 1T a,(d)
ia =1

We thus see that it is easier to compute x , for open,

finite strands [x () = 2 coshd, /kT, A,(f) = 2 sinhd, /kT].

One obtains, in the general case, for the average suscep-
tibility

N-Df———

—( ) g2ug J,
x”open: & B%N_‘_ 2[ » (tanh _l>
1

NET i1 kT
(N-2) R J
+ 3 ltanh = tanh “1)
i=1 kT kT /,
J J e
+---+<tanh—1---tanh—N—1—> R (50)
kT RT ) yq
where
J J
<tanh ZL ... tanh —k>
kT kT/ ,

d J.
=[...f dJl'--dJkPk(Jl---Jk)iI;ll tanh 77:;" (51)

Thus, we find all the higher-order joint probability func-
tions appearing in computing X °P*™, If we assume8
statistical independence of these variables {7 i}, we have

I1 g, J
tanh —- --- tanh —> = |tanh —) = ¢*, (52)
kT kT/, kT
Expression (50) can then be simplified further:
— 2p2 1+¢ 1—¢¥
xierew = £ (y b )>. (53)
NEkT 1—¢ (1—1)2

In the thermodynamie limit (N — ), and since [¢|< 1
in general, we obtain a simple result

g2u2 /1 + t>_g2u% 1+W> (54)
RT \1—t¢/ kT \1—TtanhJ/kT/

XH(N-ow) =

Note that if we had proceeded by first calculating SPe™,
we would have obtained !
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g2u3 (1 + tath/kT> _ gPuje2d/T

= , 55
kT \1— tanhJ/kT KT (55)

XN->o0) 11 =
whose average over J is nowhere similar to (54).

The perpendicular susceptibility can also be calcu-
lated when all the H; are zero. For,performing the y
integration in (33), and recasting the result in the 1
representation, we have

8 3T . BT (Q.

IR AN GO H ] .
sinh + 39,
-9 < (51 gz 1) + T,
(81 + 314-1)

Sinh(gz - Jl-1)>
(9, — 3 /
And

(N; 1-2)7 (¥-1) (¥-1)
Ciia;py =[(@n 7 + &Ry, v )ay +7ry,7,)

x (@2 + @\ ?r ).

1x x

Hence, we obtain for the open strand

P 1)
g3 X )
= tanh g, — g,., tanh J,_ 56
NET 1221 (E— ) (gtanh g — pq Y (56)
and for the closed chain
X(J.c losed) ({J;})
_ &3 N 1

= tanh 9,— g,, tanh g,
NET o (312_3%_1)[(51 anh g, 811 anh g, 1)

+ I{vl (tanh 4, g dn 1
i=1 “\tanh g, tanhd,,/|(1 +11¥ tanh )"
(57)

For a uniform system, all the J,'s are the same; one
then resorts to a limiting procedure and the results ob-
tained coincide with those derived by Fisher.?7 One
must also note that again the averaging process over
random {{Jz} can be more easily accomplished with the
open chain as in the parallel susceptibility.

Case (ii): J, = U for all i: This is the model used
frequently by Goel and Montroll for describing some
biopolymers. When all the J;'s are equal, from (23a)
we can show quite easily that all the pseudoscalars
vanish because

n; = (e~ coshh,/r,,ie 3 sinhh, /7 ,e8 sinhh,/7,),
7y X 1y = (0, sinh(hy — hy)/7,75,— ie™2% sinh(hy — hy)/7;7,),
and hence

(n;, X my) n; =0 ete. (for éy =iy # iy).

This is a consequence of “isotropy” (nongyrotropic
medium!) of such a model. This appears to be an
amusing consequence of our formalism. In (25a) there-
fore only the terms G @#) are nonzero. One at once
finds that in the present model, the averaging procedure
for InZ,,(U;{H,}) would be quite involved,and much
more so for the even more general model where we
have anN({Ji};{Hi}). One therefore must resort to
approximation schemes. We shall not discuss these
questions any further.

V. SUMMARY

In this paper we have presented a novel method of
calculating the partition function and spin correlation
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functions of a generalized Ising system of N spins

(spin %) in a magnetic field and arranged on a one-
dimensional chain described by the Hamiltonian (1).
This general problem, to the best of our knowledge, has
not been discussed before in the literature and is of
considerable interest in itself. Besides, it is of interest
in dealing with some models of long chain molecules of
biological interest where the assumption of the existing
model discussed in Case (ii) of Sec. IV may not hold. It
can also serve as a useful model for discussing averag-
ing procedures in the theory of amorphous systems.
For amorphous systems of interest in solid state, it is
believed that averaging over the thermodynamic quanti-
ties such as free energy, susceptibility, specific heat,
etc. is appropriate, because, on such a macroscopic
scale in both time and spatial extent, the system tends
to be in a state of minimum free energy and minimum
fluctuations of all the correlations. This is the scheme
we have examined in Sec. IV and we have explicitly
worked out the case of a simple model where all H, = 0.
For biological applications, it is perhaps more meaning-
ful to study random chains of fixed, finite length and
average over the partition function itself and from it,
deduce the free energy, etc. The final results of these
calculations differ a great deal and a simple model such
as the one discussed here brings out these differences
quite transparently. The formalism developed here has
also been applied to study the parallel and perpendicular
susceptibilities of (a) an Ising chain (nearest neighbor
model) in the presence of a uniform magnetic field and
(b) an Ising chain with nearest and next-nearest neighbor
interactions. These results will be discussed else-
where.10 We have also used this method to study the
finite size and impurity effects on the properties of
model DNA chains.11

* NDEA Fellow.

!See for instance, C. J. Thompson, Mathematical Statistical Mechanics
(MacMillan, New York, 1972), Chaps. 5, 6, and 7. The “standard”
representation given by Eq. (12) in the text is a slight generalization
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this representation to the full.
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Exact, closed expressions are obtained for the perpendicular and parallel susceptibilities of the
one-dimensional spin-1/2 Ising mode] (i) with nearest neighbor interactions in a uniform magnetic
field and (ii) with next-nearest neighbor interactions but without the magnetic field, in the
thermodynamic limit. Graphs of the susceptibilities as a function of temperature for various magnetic
field strengths in (i), and as a function of different ratios of the interaction strengths in (ii), are

discussed.

. INTRODUCTION

This is a sequel to the companion paper on an
approach to an exact treatment of a one-dimensional
spin-1/2 Ising system. The first paper! contains the
general theory while this paper will consider its appli-
cations to two model Hamiltonians. The first model
will be a system with the nearest neighbor (nn) inter-
action in a magnetic field. The case of H = 0 with
random nn interaction strengths has previously been
considered in Ref.1. The second system to be con-
sidered will be the next nearest neighbor (nnn) inter-
action in a zero magnetic field. We obtain exact form-
ulas in closed forms for both perpendicular (x,) and
parallel (x ) susceptibilities for these systems.

These two problems were chosen because of their
special significance. The first problem is of intrinsic
interest because it enables one to study the behavior of
the system as one increases the strength of the mag-
netic field. There is a similar study of the effect of
magnetic field on the magnetization of a linear chain of
classical spins by Blume and co-workers.2 These
studies reveal, for instance, how the magnetization
approaches its equilibrium value as the field strength
is increased, for a fixed temperature. The present
study enables one to study the behavior of two types of
second order spin correlations as a function of field
strength.

x. for the case of nn interactions was first considered
by Fisher3 for zero magnetic field. For a nonzero mag-
netic field, Marsh, ¢ by calculating a perturbation series
for the free energy, deduced an expression for y,. He
seems to have missed an essential feature of x, for
H=2|J],J < 0. We calculate x, and x ; and plot both
of these as a function of temperature for various values
of the magnetic field,

It is shown by Dobson5 that the partition function for
an open chain Ising system with nnn interaction in zero
magnetic field is related to that of the nn interaction
with a magnetic field by a simple spin variable trans-
formation. It is of interest to examine how far this
observation of Dobson is applicable when one considers
higher order spin correlation functions of this system.
Stephenson® has studied this question to some extent; he
has used the Dobson trick to calculate the pair corre-
lation function and hence also x ;. He noted some very
interesting behavior of the system when the ratio of the
strength of the second neighbor to the first neighbor
interaction, o, is varied. For instance, he showed that
X i has an essential singularity at zero temperature for
the special value of @ = 0.5 with antiferromagnetic nn
coupling. We find this feature persisting in x, . Similar
behavior has been noted for the same Hamiltonian but
with Heisenberg interaction for the corresponding value
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of @ =0.5.7 x, also has the interesting property of
being independent of the sign of the nn interaction. We
calculate x, and x| for this model in the thermodynamic
limit using our method and their dependence on temper-
ature are plotted for various values of « and different
signs of the coupling strengths.

In Sec.II , we will calculate x, and x, for the nn model
in a magnetic field while Sec. III will contain the deri-
vation of the same functions for the nnn model. Con-
cluding remarks are given in Sec.IV.

Il. NEAREST NEIGHBOR INTERACTION IN A
MAGNETIC FIELD

Consider the Hamiltonian for a closed chain,

=3, + Kexts (1)
where N N
g, =—J 2, ojoi. —h 2 of, (2a)
i=1 i=1
N . LA
Jcextz_hz Z/l g; - hx Ll Gi (2b)
i= i=

with 0, = 0, and & = guzH, where H is the magnetic
field. We consider here a closed chain and in the next
section study the second problem for an open chain for
the explicit purpose of displaying the power of the
method of Ref.1. Of course, in the thermodynamic limit,
the boundary conditions do not matter. Kext Will be
considered as a perturbation. x_ is derived by letting
%, = 0 and determining the linear response of the sys-
tem to , in the limit %, — 0, while x|, is determined

by letting k , = 0 first, For %z, = h, = 0, the partition
tunction is given by (8 = 1/kT, T stands for temperature)

N N
Zy=Tr = [exp <,BJ 2, 0o+ Bh ) 0?)]
{Oi} i=1 i=1
=Tr, = [A¥) (0%, 05) - AP (oxoD). (3)

{0}

In Ref. 1, it is shown that the trace over {o;} can be
converted into a trace on only the three Pauli matrices,
T, T,,and 7,. For purposes of introducing the notation
usedy in this paper,)this partition function will be deter-
mined. Write A ;" ’in the T representation, 1

eBJd +BR

AP (07,0l )=AT(R) =a + 7. T = e
i Ui, 05 = T =le-8a-8r grad-8h

where 7 are the Pauli matrices and (4)
a = eBJ coshph, (5a)
r = (e"#J coshph,ie” B/ sinhph, e sinhgh). (5b)

The partition function can then be expressed as

Copyright © 1974 by the American Institute of Physics 589
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Z, :TrT{(Ar)N} :TrT{ @+7r 7).

It can easily be shown that

@+7r-7N =3 + @RUD 4. 1/ly], (6a)
where

at =Y+,

59— af (6b)
and therefore

Zy =21 +2f (7)

590

A. Perpendicular susceptibility

By means of standard perturbation techniques, in the
limit 2, — 0 we have the expression

o, 8) =55 l g, I, av(o? 0) oF 0) )~ (07)]
for the perpendicular susceptibility. ®
Here

0 () =e’ 5] (0)e™ 9)
and (- ) is the usual thermodynamic average. But

(o) and (o]0}) (i #j) are obviously zero for the
Ha.mxltoman considered. Hence,

Here 1, , are the eigenvalues, (@ + |rl), of AT, This g2u2, N g © .
agrees with the standard results.8 1, H) = 21 Jo av e’ 167 () e 0] (o)) 10)
Now
-8, +tyx, «x ~y3. x
Trie ! ""1g; (0)e ""1o; (0
(o7 5o @) =22 AU AL
Tr{e !}
g (A8 00 AL 0, 0D o AL 00 A 0, Do) an
Tr(oz} {A(B) "AISB)}
Since 0 commutes with of (@ #37),0;° =1 and using the [
cyclic property of the trace one ca.n show that and
Tr{oz}{A(B ), A(B ») xA(B E s xA(ﬂ » xA(B ») f (oF ()07 (0)) ay
CALETIAL m AW }/Tr(oz}{A(B))N} =Tr {[A @1 2" @}/ Tr {[AT B}
§
- (N-2) (N-2 N
= Tr(,s {APAD. AL A 67AE D7) =2(a b+ &Y Dy s/lrllsl)/(0 +2%). A
x AP oTAB NG A "AISB)}/Tr{oé){(A(a))N}' Therefore
¢ 12) r
If one uses the fact that ( Xl H)
g2uz2 N-2 N-2 gr Sinh B (2J + &)
Ai(y)(of, 0;.,) = coshyJ coshyh + o} coshyJ sinhyh - w [(Al Tha )<e YRV
z . z 2 . 1 2
+ 0;,4 sinhyJ sinhyk + ¢;0;, sinhyJ coshyh _ -
i+1 SINDY YT 03041 SIY Y o, sinhg @7 — k) (Y2 = a¥72) 08 ginh gy
. e Bh 1 2
and defines ) ) (3= 2J —h (e 2P + 28/ ginh?gn)1 "2
, . e -
By1(8; ) = A, GfA L] V0], (132) . < 5 SINE @J + ) g sinhp (U — 1) 2 26")}
e — e .
B;(8;9) :A}%’{A}B “o;.‘, (13b) 2J +h 2J — h h
(18)

then in the 7 representation as shown in Ref. 1, we obtain
7O =Tr {[AT @) *B%.1(8; 9B (B; 9}/
x Tr {[A" ®)]"}.

If one now notes that only B;_ 1 and B: depend on y, the
integral can easily be done as follows

(ei (0o
(14)

8 T T
=f0 dyB;_.1(B;9)B; (8;9)

which in the 7T representation is

CTB)=b+s-7, (15)
where
b — Bk sinhg QJ + & + o BR sinhg (2J — k) , (162)
2J + h 2J —h
s = (2 sinhgh coshpgh . sinh2gh B sinhg (2J + k)
P ’ h 2J + h
_ e- Bh smh@ (2J"— I’ll) (16b)
2J —h
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In the thermodynamic limit (N — «), we obtain

XL(J) H)

g2u2g [ ﬂHsinhﬁ(zJ + h) " sinhg(2J — h))
= [Z] B —_—
Now M ( 2J + 1 27 —h
efJ sinhgh oo SinhSQRJ + )
(e"BJ + ¢28Y ginh2pgh)1/2 2] + 1
o sinhg(2J — k) + 2e-28J >J 19)
2J —h h ’
This reduces to Fisher's3 formula in the case H =0,
gZuZ
o, H=0) = ——B- (tanhpJ + pJ sech2gJ). (20)
N—o0 2J

Figure 1 shows results for x, (J, H) as a function of
temperature for various values of magnetic field in
thermodynamic limit. Note that as the magnetic field
increases, nothing of interest happens for the ferro-
magnetic interaction but, for the antiferromagnetic nn
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coupling, a critical value is reached namely H = 2{J/, for
which x, has an essential singularity at 7 = 0. This
curve is also an upper bound for all other x, for different
values of H. For H > 2|J|, x, decreases until the mag-
netic is so strong, the nn interactions is negligible and

x. becomes independent of the sign of J.

B. Parallel susceptibility

Because of the cyclic properties of a closed chain, it
is obvious that the magnetization is independent of
position and

(03) :Tr{of){ofAl(oi, 08) Ay (0%,0%)}/Zy
=26 /1ri 0y +2%) . @1)
Hence the magnetization is given by
M )\ —)\ ¥z
- B 22)
Ma¢ )‘1+7‘2 7l N"Ool”l
The parallel susceptibility is given by
g2uz N
x| &H) =p—" |8 Cotop) — Cop(op)
] =
Bgzug N N -1
(z A= (2 +2 % T (oson)
=1 i=2 j=1

- <0§><0]Z>)>. 23)

We now require ({ > j) and we express the result in 7

representation following Ref. 1.;using the cyclic prop-

erty of the trace, one has

(020%) =[1/2 (Y + ANUIAY + AY + AF (ay/ny)i73
FA A /M) + A+ M =AY (2, /0)
~ A /AR e/l 2))

where v’ = (— 7

24)

"y 7).

20

X, (GH)II1 / g2 pl
o
[

05

0 10 20 28
KT/

5931
By doing the indicated sums in (2) it can be shown that
Bg2uz (A1 + 2) A — A
N1 —72/|r|2
(A1 — 2)A{ +28)

rZ (Y — )2
( — 1>] . (25)

lriz \(y +ap)2

x i, H) =

— N2

In thermodynamic limit, we obtain

20

X, (J,H) I /gz,ug
°

05

KT/l

FIG.1: Perpendicular susceptibility as a function of temperature for
various values of |H/J | (N — ). Solid curves are for J < 0 and dashed
curves for J > 0. x, (J, H) is finite as 7 — 0 for all values of |H/J |
except 2.00,J < 0. For H =0, x, is independent of the sign of J.

10

075

2,2

X, (J,H) 101 7 g2 pu2
@]
(8.}

0.25

KT/

FIG.2: Parallel susceptibility as a function of temperature for various values of |H/J | (N - «).
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Bg2u? X+ Ay
B o)),

Ay — 2y

X, H) =
N-+yp

Figures 2(a) and 2(b) show xi (&, H) in the thermodynamic
limit as a function of temperature for various values of
H. Figure 2(a) is for J > 0, which shows that for all
H#0,x, »0as T — 0. For the case J < 0,H = 2|J| is
the critical value of magnetic field for wh1ch X —®as
T-0.

I1l. NEXT NEAREST NEIGHBOR INTERACTION

Consider now the nnn Hamiltonian for an open chain:
N-1 N-2
¥ =—d; 12231 0§0f,1 — ad, E 0§0%. 2. @217)

We consider the open chain because Dobson's trick can
be successfully applied here. The partition function is
given by

ORRTTED>

o =x1 g =1
i N

N-1
Zy = exp(ﬁJl 21 gf0f,4
=

N-2

+ Bad 4 Z} 020“2> (28)
By the use of the transformation, 5

tOZOf’ ti—001+1: i=1,2,- ':N—l’

we can express 67 =#;_qt;_o * {4y, S0 that
ofof1 =t 0fof.p =1t

and so the partition function is given by

Z Wy, @) N .
— Z; e Z; xp<BJ1 E ti + QBQII E titi+1>' (29)
t =£1 t =xl i=1 i=1
0 N-1
Hence?s
ZyWJ1,0 =2 Zy_1(J=ad, H=4J,). (30)

where Z_4(J, H) is the partition for (N — 1) particles
with nn interaction J in magnetic field H. The factor 2
in (30) appears because of sum over f,. Note that this
can be done only for open chains because the trans-
formation leads to an extra constraint in the case of
closed chain which is not easily incorporated in such a
calculation. ! Since we are interested only in the ther-
modynamic limit, this is really not important.

A. Perpendicular susceptibility

As before,
g2u3 X 8
Xo @1, @) = NB z Jo @y (o3 o7 (0)) . (31)
Now,

(0F )03 (0) =Tr(ezy {47 48 034

B 8
x oAy g Pos}/Tr {4 4P} (2)

where
AP = exp(pdy0i0}.1 + pad o]0}, )
and
AP, = exp(pJoy_10%).

By applying the same type of tricks as m case (i) and
remembering that A /™ depends on ¢%,07%,; and 0%, ,,
one finds that
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(o} () o (O))
=Tr{af) {Al(a)".A(ﬂsBu(B; y)Ai(f;- Als(le)l}/
Trios {4 - 452}, (33)

where we have introduced

Byi(8;9) = A% 034 53701 2 05a 8167
X mi(y)o:Ai(B y)o,‘;). (34)
Let
Ci:(8) = fo dyBy;(8;9). (35)
Then one can write going over to the 7 representation
2252
Xa (Jl’ C!) = £
3 TrAlA3 O 3CT, (B[ALB] Y 24y ()} 36)
i1 Tr,{A] (8)]%247_, (8)} )
In the thermodynamic limit,
Tr, {A7)¥"3C7 (B)
() = g2uf 37
X 15 ) N—*oog B TI‘T{(AI)N} 37)
Writing
ATI = a’l + ‘rl . 1',
(38a)

&, = eBady coshpdy,

ry = (e” B cosh,BJl,z'e'B"“’1 sinhﬁJl,eB‘le sinhgJ ),

and (38b)

17 =2(by +84°7), (38¢)
where

=pe P71 coshpt; + —eP

« <ee"1 sinh28(J; + ad;) o sinh28(J; — OlJl))
3

2(J; + ady) 2(J, — ady)
(39a)
sinh2 - sinh28aJ
S1x = <eﬁ°“'1 — Lt WY TR — ﬁ 1>coshBJ1,
1 Bady (39b)
sinh2 - sinh2gadJ
Sy, =1 <eB°"’1 Sinh2pJ +e8eN —B__..l.> sinhpJ,,
2J4 2Bady
(39¢)
and TEN
“Bad .
S$1. = Be 1 sinhfJ; +
sy Sinh2p(; + ady) -8, sinh2p(J; — aJ1)>
el ————————— _— ¢
( 2(J, + ady) 2(4 — ady) ’
(39d)
we have
x. U, @) = (©2u3/A3) 20, +7y-8,/Ir ]).  (40)
N->ag
Here

Ay =Gy + |7yl
- . /2
= e™®’1 coshpr, +< e 28y 4 p2Red, sthBJl>1 .

Further, this reduces to Fisher's result for a = 0.

Figure 3 shows yx, (J, @) as a function of temperature
for various values of a. Note that x, is independent of
the sign of nn interaction, and depends only on the sign
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2.0
1.5
Niﬂ)
o
o
2 w0
8
=
~4
>
05
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0 1 |
o] 05 1.0 1.4

KT/1)

FIG. 3: Perpendicular susceptibility as a function of temperature for
various values of ad,/|J; |+ x, (J1, @) is independent of ths sign of J;
and is finite as 7 = 0 for ady/lJ;| =— 0.5.

of a. The value ad;/|J;| = — 0.5 is special and can be
associated with the corresponding special value of the
magnetic field in case (i),H =2|J|,J < 0. This curve
also forms an upper bound on yx, for all other values of
a. In this respect, this feature is similar to case (i).

(0707) = (07021071 ** 05105105) = ity =+ * 49) = Tryy,

7

Transforming to the 7 representation, ! in the thermo-
dynamic limit, one gets

(oz07) = 3 {0y /)7 (0 + @yry, /1wy llory])
+ ()\1/“2)1'-1' 1- 3’17’13”7“71 |)},

’ ’ . .
where j; , = @) £ [7]1, Q] =71,,7] = (—iry,ir, Q).

(43)

Finally,

Hl/kl
Jypa) = B2l + (1 +@ r)]) ———
X||( 1 )N"oo B ( 17’12/|7’1“ 1])(1_111/)\1)
#2/)\1

oy = 3T (44)
( ‘ww) (1—p2/xl)]'

If one lets @ =0, x, goes to the known limit

22 (1 + tanhpJ,)
Fe"kp (1 — tanhgJ, )

xi1W, =0 = (45)
N

o0

Figure 4 shows x, as a function of temperature for
various values of a. For J > 0, ferromagnetic nnn
coupling only causes y to diverge faster as 7 — 0. If
a<0andJ >0, x, diverges at T — 0 for all &« > — 0.5,
but, for values of a smaller than — 0.5, x, has a maxi-
mum and goes to zero as T approaches zero. For J < 0,
a =0, x, does not diverge, and in fact x, diverges as

T — 0 for only one value of «,equal to 0.5.

V. CONCLUSION

By means of the formalism developed in Ref.1 for a
random Ising system in one dimension, we derive
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2,2

X,(J,a) 1yl /g I
N
o

KT/19,1

FIG. 4: Parallel susceptibility as a function of temperature for various
values of «.‘Solid curves are for J; > 0 and dashed curves for J; < 0.

B. Parallel susceptibility
One has by transformation of spin variables

(07) = Tr(ti} (it g titg)e” B2}z, =0, (41)
because the sum over {, gives zero. And

8 8 8 8 8) (8)
{Al( V.. Aj(-)l (tjAj( )) v (ti-—lAi(-)I)Ai( te AN—l} (42)

B B)
Tr(ti){A1( VoA

closed formulas for x, and x; for two one-dimensional
systems. It has been noted elsewhere5 that the partition
function for the nnn interaction in a zero magnetic.field
is related to the nn interaction system with a nonzero
magnetic field. It should be clear from the calculated
forms of x, and x; that there is no apparent direct
relationship between higher spin correlation functions.
Correspondingly, Figs.1—4 adequately bring out this
aspect in a transparent way. Moreover, the behavior of
xi for J > 0 as a function of the magnetic field displayed
in Fig. 2 in no way resembles the corresponding figure,
Fig. 4, showing x, as a function of @. The striking
behavior of y, and x, for H = 2J,J < 0 remains for

a = 3 in the corresponding expressions in the second
model.
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The general solution to Einstein-Maxwell equations with plane symmetry is obtained. This solution
has an extra Killing vector £ not assumed q priori. The solution may be classified in two classes
depending on the sign of an integration constant. The first class depends only on the time; £ is
spacelike. In the second class &7 is spacelike, lightlike, and timelike in different regions like

Schwarzschild’s metric.

1. INTRODUCTION

Einstein—Maxwell field equations in the absence of
charge are given by!

Gap=— kT, (1)
Tab= Fachb + %gachdFCd’ (2)
Fab;b = 0, (3)
F[ab,'c] =0, (4)

where all symbols have the usual meaning.

The line element with plane symmetry can be written
in the form2

ds2? = eww)dydy — er®oXdx2 + dy2). (5)

When the plane symmetry condition is used, it is found
that the only nonvanishing components of F , are given
by3

Fy3=Cy, Foy=3Chev™, (6)
where x0 = u,x1 = v,x2 = x,x3 = y and C,, C, are arbi-
trary constants. The nonvanishing components of the
energy—momentum tensor are

ToO0=Tyl=— T2 = — T33 = 3(C;2 + C,2)e24). (1)
From (1), (5), and (7) it is found that

Wy oo + EU, 83— W, gty o = 0, (8)

“!11"’%“"%”1’”91“’1:0’ (9)

U, o1 + W, g1 + Bi, gy 1 = TR 28(C,2+C,2), (10)

Iy o1 T By olt, 1 = — ske26(Cy2 + C,2), (11)

u,01+%u,0u,1+§w,01=0. (12)

Equation (12) expresses the fact that the Ricci scalar
vanishes. It is the purpose of this paper to find and to
discuss some aspects of the general solution to equations
(8) through (12).

In Sec. 2 we solve the differential equations. In Sec. 3
we use the Hawking—Penrose energy condition4 and we
show that the solution is physically reasonable. In Sec. 4
we exhibit two classes of solutions depending on the sign
of an integration constant. The first class is a homo-
geneous solution that depends only on time. The second
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class has a singularity that separates two regions. In
the first region the solution is homogeneous and in the
second it is a static one. The static solution was found
by Patnaik.3 In Sec. 5 we show that Einstein—-Maxwell
equations imply an extra Killing vector £ not assumed
a priovi. Finally in Sec. 6 we describe a general simi-
larity with the Schwarzschild solution.

2. THE SOLUTION

From (8) and (9) we get

(13a)
(13b)

w— %IJ' = 111{#, ()Gy 1('0)],
w— %IJ' = 111[!1, 1F7 O(u)]a

where F and G are arbitrary functions of their argu-
ments. Hence, from (13)

Wy oG, 1 = 1, 1 F, .

This condition tells us that p is a function of # and v of
the form

i = u[Fw) + G()]. (14)
So, from (14) and (13) we get
ev = e;l/Z#’F’ OG! 1 (15)

where ( )’ means differentation with respect to
t = F(u) + G(v). When we put (15) and (14) into equations
(11), (10), and (12), we get

B+ p'2 = — ghu'e 38/2(C 2 + C,2), (16)

B+ tpr2+w” = ghu'e 2(C 2 + Cy2), (an

L = — L, (18)
From (15) and (16) we have

w" =—Lu”+ %ku’e'3“/2(cl2 + C,2) (19)

and from (19) and (16) follows (17) and (18). So we only
need solve (16) which may be cast into the form

(e#)” = $R(C 2 + C,2)(e+/2),

whence

2er(en/2) — 3R(C12 + C,2) + Cseu/z = 0. (20)
This ordinary differential equation is solved by
(e"/2 + A)2 + In(ek/2 — A) = — C4t + Cy, (21)

Copyright © 1974 by the American Institute of Physics 594
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where the C;, i = 1,...,4,are arbitrary constants and
A = 3k(C,2 + Cy2)/Cj.

From (15) and (5) we obtain
ds2 = 2(er®/2) dFdG — er®(dx2 + dy2), (22)

and letting z = G — F,t = G + F (as before) and
Q = 3(er@/2) we get

ds2 = Q()(dt2 — dz2) — erW(dx2 + dy2), (23)
where p(t) is the solution to (21).

3. THE ENERGY CONDITION

The Hawking—Penrose condition tells us in this case
that T ,n¢n® = 0 for any timelike vector 74, 1i.e.,
g.1°1° > 0. From (5) and (7) this condition gives us
only that e* is positive. Therefore, the sign of ¢ is not
restricted.

4. THE TWO CLASSES OF SOLUTIONS

It is clear from (23) that ¢ and z are temporal and
spatial coordinates respectively if Q is positive. From
(20) it is clear that C; < 0 makes § always positive,
but when C, = 0 solution (21) must be changed to

er = [3R(C,2 + C,2)t + C,]2/3,

Therefore, when C,; < 0, we have an homogeneous non-
static solution. If C4 > 0, we have two types of regions
because from (20) we see that @ may be positive, nega~
tive, or zero depending on whether et/2 < A, en/2 > A,
or e*/2 = A, respectively. When e#/2 < A we have that
the solution is homogeneous. When ¢#/2 > A, @ is nega-~
tive and in this case f and z represent space and time
respectively. We have a static solution which is the
Patnaik solution.3
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5. THE EXTRA KILLING VECTOR

From (23) it is clear that £¢ = 64 is a Killing vector,
where now x0 = ¢, x1 = z. The metric (23) also gives us

gag, = —3(ev/2) = —q.

Thus £¢ is spacelike when C; < 0 or C; > 0 and
er/2 <A, £9is timelike when e#/2 > A'and C; > 0 and
it is null when e*/2 = A,

6. DISCUSSION

In some general aspects the solution found is similar
to Schwarzschild's solution. The Schwarzschild solution
has an extra Killing vector implied by the field equations
(Birkhoff's theorem5). The solution is always static
when m < 0. When m > 0, we also have two regions, the
first when » > 2m and the second when v < 2m. The
Killing vector changes from timelike to spacelike and
it is null on 7 = 2m.
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In this work, we discuss the moments of the width distribution corresponding to an ensemble of
random matrices. The ensemble considered is one where the real and imaginary parts of the
Hamiltonian matrices have Gaussian distributions with different widths. In particular, we give exact
expressions for the moments when N = 2 (¥ = dimension of the Hamiltonian submatrix with a
fixed set of quantum numbers) and give a method for obtaining a power series representation when

N is arbitrary.

1. INTRODUCTION

Of recent interest is the question of how a small time-
reversal odd term in the Hamiltonian of a complex
system (such as a heavy nucleus) affects the statistical
properties of the system's energy spectrum.1-5 This
has led to the study of ensembles of random matrices
which are not representationally invariant. 6

An ensemble which has received much attention is
one in which both the real and imaginary parts of the
matrix elements have a Gaussian distribution. However,
the width of these Gaussians are assumed to be differ-
ent for the real and imaginary parts of the off diagonal
matrix elements.

In this work we consider the moments of the distri-
bution of widths corresponding to such an ensemble of
random matrices. In particular, we give below exact
expressions for these moments when N =2 (N =
dimension of the Hamiltonian submatrix with a fixed set
of quantum numbers), and a method for finding a power

series expansion for these moments when N is arbitrary.

2. THE ENSEMBLE AND THE DISTRIBUTION
OF WIDTHS

The distribution of matrix elements is chosen to be
pyH,y, @) =n exp(— aTrH?) exp (—27 2 S%j), (1)
i>j
where a >0, +y >0,

7 = 2NW-12(q/m) NN+ V4 (g + o) /s N -1V4,  (2)
and

Hy =R;; +1i5;. (3)
Since the Hamiltonian matrix, A, is Hermitian,

R;; =Ry, 4)
and

Sij == S;i» (5)

where R and S are both real matrices. Here,all of the
Ry,i zj,and Sy, > j,are assumed to vary indepen-
dently between — « and + «. Note that, for y — + «©, p
becomes the orthogonal Gaussian dlstmbutxon and for

y — 0* it becomes the unitary Gaussian distribution.?

If certain assumptions are made, the distribution of
widths can be shown to be given by8

Py(X,y,a) = Jo(X — NA,,AY )by (H, v, a)dHy,  (8)
where
X =T/XD, )

T being the width and (T") the average width,
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dHy = 11 dRy; 11 45,,, (8)
i= k>1
and A is the unitary matrix which diagonalizes H,i.e.,
E =A"HA, 9)

where E is diagonal.

The moments of the distribution of widths are given by
N
(Xﬂ}z ‘[0 PN(X;Y; a)X”dX, (10)

where »n is a nonnegative integer. It easily follows from
(6) and (10) that

(xm) = N (A, |2, (11)
where
(A, 12m = [lA,,127p, (H,y, @)dH,. (12)

It is these moments which shall be discussed in the
remainder of this work.

3. THE SPECIAL CASEN =2

When N =2, |A 11 |2 can be expressed explicitly in
terms of the R;; and S;;. In particular,

2{l + Ry1 — Ryp)/[(Ry; — Ryy)?
+4(R,12 + 55,212}

Further, from (1), (2), and (12) it easily follows that

~1/2 too Yoo tewo too
'Y

IAni‘z =
(18)

~[(R 2R, 21 2R, D)+ 7S,
(lAyl2m = J f [ e 721
: ~g0 To0 o0 To0
X |A; 120 dH,, (14)
where
y=v+a (15)
If one lets
§=Ryy TRy, —0<E<+®, (16)
v =[(Ry; —Ryp)? + 4Ry,% + 45,,21V2, r =0, a7
tang = 2R, /(Ry; — Ryy), 0= ¢ <27, (18)
and
cosd =2S,,/r, 0=<6=m, (19)
Eq. (14) can be rewritten as
ad/231/2 .
(1A 127 T [_ e~ at?/2 gt f d¢f sinf dé
X f“o r2dr e (aSinzf** 7 cos?8)r%2 (1 + ginb cos¢)t.
0 (20)
596
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If the integration with respect to { and » is carried out
explicitly, one obtains

27

(Jaiq 127 = (1 + siné cos¢)*
X (a sin26 + 9 cos26)~3/2, (21)
From the binomial theorem we have

(1 + sinf cos¢)* = i (m) sin#6 cos % ¢. (22)
=0

Further, it is easily verified by mathematical induction
that?

JTeos rgdg= 11 + 14 r(EEI () £ (22)
=1l + D&k — 1)11/R11, 23)

if k is a nonnegative integer. Thus, from (21), (22), and
(23) it follows that

["é( >(2l — 1N f sin2!+19 dg
nr1 Zo\2l @2 0 (1 — usin26)3/2°

24)
where [1/2] is the largest integer less than or equal to
n/2,

€=aly, (25)

(A, 12%) =

and
p=1—ce. (26)

Note that u < 1, since € > 0.

Now,
. in2l+1 /2 in2?+1
]" sin o —9 f" sin © B
0 (1 — usin2¢)3/2 0 (1 — usin2@)3/2
=/ ! a, (@7
0 VI—7 (11— ut)32

where ¢{ = sin2©. Further,
fl ¢! T +1rG)
0 V1 —¢(1— ut)3/2 r{ +3%)
x FG3,1 +1;1 +3;1), (28)

where F is the hypergeometric function.10 Thus, (24)
can now be rewritten as

2]
(g len =2z 5 (1) Lo Pt 10+ 1),
22 1=0 21 +1 (29)

or, alternatively,

2 1 (/2 n 1 1 3
ny — —— e = . 2.
<'A11' ) 2n 1§>o <2l>21 +1 F@ L+ 20 (30)

When 0 < u < 1, it is easily shown that
F(z,51 +3;u)=1, =0,

@ +nn 1 . ) 1+ﬂ7>
2 —2)n [NI (EoAl’“ ) 1“(1—#7

— Al u-7 , =21 31
r=1 " j=0 2j+1:| ’ (31)
where
I —2r— 1)1 @r —1)!
AL = 2 2r — 1! 2r —1) (32)

@@ —2r)11 @ —2r—1)°
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It follows by mathematical induction with respect to k
that

= Zk) _ (@ —2e—3)112k + D11

2URNL — R—1)I

0O<ks<sl—1. (33)

!
From this one finds immediately that Z} Al =0. Itis
then easily verified that =0

l -

S Rl 3 E Clopi-1-k, (34)

ul

l
TZQOAZT s

Combining (30), (31), and (34), we obtain

M | 1+

Mgl = (U 22 a0 170 — ),
(35)

where

kR N@ -y, )
fal) =2, (21> TR S TR N )
and

A e - & I Y
fz(‘”i& <2'l>(21—2)!! ,ZJZAIT“ i=0 27 + 17 (g7

Thus, for example,

(lA11¥4>=‘11— [1 + L yp—l 1n<i_+_‘g_], (38)

and
(4,16 =L [1 + 34 3w—1)
8 2u

when 0 < u <1.

Let us next consider the above moments in the limit-
ing case u — 1 (i.e., orthogonal). The case when u =1
(i.e., >> a) corresponds to the situation, mentioned
above, where the Hamiltonian contains a small part that
is odd with respect to time reversal. Thus this is the
case which is of most interest.

From (30) it follows that

. 1 2, T +3)
PN § _ - M T2l
}ll—r>n1' (4,12 2n zgo <2l> r(¢+1nr - 4

The sum on the right-hand side is easily evaluated by
use of the identity

T+ 9T@) =T@+1) fo“ cos2l y ay. (41)
Equation (40) then becomes

linrlm_ A2 =T + 2)/[T (e + 1T ()], (42)
u->

which is the well-known orthogonal result. 11

From (35) it is easily seen that for y =1
(417129 = lim (A;,12% + 3, (1) — 1) 1n1YE
p-1 1 ‘/_

—Vu
0 —1)2 1n 1+vu
I:( De <1—V#>]

_ T'(n+3)

1 3
= T +3/1(1) € 1In 4

+ O[€2 1n €]. (43)
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Note that € = 0 is a branch point. Note also that
A 27
R S w, (44)

e~0" d€

since f,(1) > 0.

Finally, let us consider a power series representation
for the moments,

From (30) it follows in a straightforward manner that
+ o0
('A11!2n>= Z}Bl(n)“l s (45)
=0
where

g _i—nu 5 n> @k —1)!1 (2L + 2k —2)11
Lo Tan@)ll 450 @1 + 2k + 1) 11 2k — 2) !

(46)
For large I,
B~ %% (47)
where b, is independent of I. Thus, the series given by

(45) converges for |ul < 1. Below we shall show how
this power series can be derived when N is arbitrary.

4. SERIES EXPANSION FOR ARBITRARY ¥
For N arbitrary,

<|A11|2n> - 2N(N_1)/27T_

2 . N(N- o N2
N /ZaNUV 1)/4yN(N 1)/417 N¢/2
X [e-aTrR%exp (— 25 T3 §%;)dH (48)
P Y ] N
This can be rewritten as
(|Ay,|2%) = 2N (N=1)/2 5= N?/2 SN (N +1)/4 (1 — )N (¥ +D)/4
Je-¥TraZ e m)TrR* A, |2 gH, . (49)

Since $ > 3 — a, it is easily shown that the second
exponential in the integrand can be expanded and the
resultant series integrated term by term. Thus, for
4 <1, (49) can be rewritten as

Qaylz = 35 o () e 5

x (|A;, 127

R!"IH

yTrR2) R/, u*,  (50)

—

where
@), =28W-1/2 a-N¥25By fe—;TrHZ QdH, (51)

(i.e., the average with respect to the unitary ensemble),

() - oy ’ 62)
TBy+1-0OT@+1)

and
By = N(N +1)/4. (53)

Note that (|A;; |27 (}TrR2)#® is independent of .
Equation (50) can be rewritten as

(1411127 = ’f}OBﬁ")Mk, (54)
where
k
m _y _&D (B PR .
By = zZ:)o —-01! <lN> Ay 2 GIrR2) 20, (%9)

Thus, to obtain the coefficients in the expansion given
by (54), one must evaluate averages of the form
{lA;,127(3TrR2)#), , where p is a nonnegative integer.
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The average with p = 0 is well known, and is given byl

(A}{12%), =T(N)T(» +1)/T(N + n). (56)
For p=1,one can express TrR2 in terms of the eigen
values E; and the rotation matrix A ;;. One can then
reduce the problem to evaluation of averages of the form
(E,™ E,"2-+-E ™), ,where ), m, = 2p,and averages of
the form

AT AT s

<|A11|2”A;?1]_ A’l!‘tjl..
where 2 (s; + ¢;) < 4p. Procedures for evaluating both
types of averages for any value p were given previously
by the author.12.13 Unfortunately, the number of
averages required and the difficulty of obtaining these
averages explicitly increases rap1d1¥ as p increases.
Thus, the difficulty of evaluatmgB » explicitly
increases drastically as k increases. Thus, for definite-
ness we shall evaluate B’ only for # = 0,1, and 2.

From (55) it follows immediately that

B(n) =<'A11|2n>u’ (57)
B =(la,,1*" 3TrRY, — 8yBY, (58)
and
B{" = §(lA 1" (y TrR2)2), — BB — % By (8y + 1)BS”.

59)
Now, if (9) is written in terms of matrix elements, we

have

N
= E,lA,.kA;k E,. (60)
It follows directly from this that
TrR2 = 3 (TrH2 + §), (61)
where
2 2 2
6= ZE Hy; = iZ; Ry — Sij)= E AzkA;kAilA;lEkEl .
7 W J i.7, k1 (62)
Further, it is easily verified for the unitary ensemble
that
(QTrH2), = <Q> + < 9 ¢ @, (63
5/ " o3
and
2 2 2
Q(TrH2)2), = %— (N— +1) @u + 2 <ﬁ>u
292 \2 ¥y \3y
N2 3§ a /0@
- L@, -2 <—>u
y oy ay \dy
2 2
. <§——§> -2 (o, (64)
y2lu 9y

where @ is any function of the matrix elements H;; (or
equivalently of the eigenvalues E; and rotation matrix
Aj;) and 3.

Using (61), (63), and (64), Eq. (58) and (59) can be re-
written as

Bfn) =13 <IA11 |‘2"6>u _ éNBo(”), (65)

Bn(n) =%;<'A11|2n52>—l$’(N ) <|A11|2n6>u
INGN + 1B . (66)

Now,
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(A, 12n8),= Ek A Al A Al 1A 120 (B By,
s] R
={(ED), — (E1E;),} 8o + N(E Ep), (41,127,
where (67)
Ay = > (A%,,A;*% A 127, (68)

$.7,

Note that the statistical independence of the E; and 4 ;,
as well as the symmetry of the unitary ensemble with
respect to the E; and 4,;, has been used in the derivation
of (67).

From the results given in Refs.12 and 13 it follows
in a straightforward manner that

(E2),
(E1E3),

ij?

= (V +1)/2y, (69)
=—1/(23), (70)

- <ElE2>u

and
Ay =[TNT (n + 1)/NTC(N +n +2)][(n + 1)(n + 2)N

+ANWN — 1) + 20N — 1IN + m)(N + n — 1)]. (T1)

From these results it follows directly that

nn— 1N +2)N—1
NN + )N +n+1)

(lA,,1276) = ( ) +N) B,
% (12)

and thus
B(n) nn—1)(N + 2)(N — 1) g™

T ANN+wWN+nr+1) 0

(73)

In a similar manner, one can show that
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where the definitions and the explicit expressions for
the §; are given in Table I.

Inserting the explicit results for the &, into (74) and
then inserting the resulting expression into (66) yields
nn— 1)T(N + n)
16NN + 2)T(N +n + 4)
+ (51 + 230 + 58)N° + 2(3n% + 13n — 6)N?

BM = [4N° + (1 + 3n + 30)N*

—8(n® +Tn + 16)N — 16(n + 2)(n + 3)] BSY.  (75)
Note that, for large N,
B®™ ~ [n(n—1)/aN] BV, k=1,2. (76)
Thus for small 4 and large N,
(A, 1279 =(|A 127, {1 +[n(r — 1)/4N](u + u2)}. (77)

At this point one can see that B can be calculated
for any particular % in a relatively straightforward
manner. However, it is also clear that the labor involved
increases drastically as % increases. Qur original hope
was to find B{® for arbitrary k, at least in the limit that
N is large. However, we were unable to do so. It
appears that an approximation for B k") when N is large
is nearly as difficult to obtain as an exact expression.
For example, from (55) it would appear that for large N

B® ~ BMaIN + a2 4 1 af
+b§"k’N'1+b§'L’N +een], (18)

where the a(") and b(") are independent of N. However,
as shown above for k =1 and # = 2 all of the «¢'s vanish.

(n
52| A, 127), = (1/432)[N(N + 1)(26, + T6, + 6, + 46 + 6 Thus it would seem that, to approximate B, ‘, one must
¥l Ay 2 = A/42INC )20, 27 5+ 0) apPrommate all contributions to B at least to order
—2(N—2)(N + 1)55 — N(N + 4) B{M], (14)
TABLE I. Definitions and explicit forms of the §;.
Quantity  Definition Explicit form
5 5 (1A, 127 |4, |8 TNMrn+1) (I‘(n+5) +48(N_1)+24(N—1)I‘(N)F(N+n+3)>
1 o1 el T(N+n+4) \I(n+1) TWN+3TWN+n—1)
52 E <{A1112R!Ai}!41A1'§!4>g 4(N—1)I’(N)I‘(n+1) [(%‘3‘1)(ﬂ+2)+(N~2)+(N+n)(N+”—l)
i; i TN +n+4) N
(xz I R V) +2)>]
N+ 1)V +2)
5 A 2|4, 14 (NI +1) _ 2IN—IN +n){(N +n—1)

3 ?1“ 11’ l tll>u —WI‘(N+n+2) ((n+1)(n+2)+4(N 1) + " )

5 AL 12m(A L 414,14 AN-1I3NT R+ 1) < _

4 ?I nl2nlA 144,19, O T n ) (n+ 1n + 2)(N + IV + 2)(N + 5 + 2)(N +n + 1) + 4N ~ 2)2

=k
+2N+1)2(N+2)2 +4N—-2)(N+ )N+ 2N +n+ 2)(N +n + 1)
G IN-2DNN+ DN+ 7+ 2)(N +n—1)N+n+2)(N+n+3)
)
5 A 12814 041214, ]2 T2z +1) B _

5 ;;?",G nl#alalzla, e, T — {4(n + DN — DIV + DV + 2){4(z + 2) + (N — 2)N + n + 3)]
+AN~-1DIN—2)N + 1N +2)[8 + N +n—2}(N + n + 3)]
+(N-2[I6(N—1){N~2) + 4N+ n+ (N +n—2)(N—1)(N—2)
+(N+n+2)N+n—3)N +n—2)N +n—1){N2 — N+ 2)}}

A 2n 42 2, 2 4rz 8T2(N)I'(n + 1) _
bg Z) (14,1745, 40242, A8, Y Ta—— 2(n + 1+ 2)(V— DIV + DI +2)
t‘a]
k=g + 4N — 1)(N = 2)(V + 1)N +2) + (N = 2)[2(N — 1)(V — 2)

+N+r—2}N+n—1YN+rn+2)(N+n+3)
—2N—- DN +n—2)(N +n + 3}
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The original intent of this work, assuming that the
Bé" could be found, was to use the resulting expansion
to obtain information about the moments when y 1.
Since we can obtain explicitly only the first few terms
of the expansion, we are not in a position to derive infor-
mation in this region. However, we can use what we
have obtained to test results derived by other methods.
An example of such an application is given in the next
section.

5. ON A POSSIBLE APPROXIMATION OF THE WIDTH
DISTRIBUTION FOR LARGE N

In a previous article, 5 we gave an approximation for
the distribution of widths which seems to be a good
approximation when N is large and € is small. In par-
ticular, we found that the distribution

Py(X,y,a) = C{E[pv/(1 + pv}/(1 + pv)1/2}
x (1 —X/N)AW-2) (79)

where

v=X(1 — X/N), (80)

g =By/a, (81)
and

m/2
E(m)= [, " (1 —m sin20)1/2d© (82)

(i.e.,a complete elliptic integral of the second kind)14
seems to approximate quite well the numerical results
of Rosenzweig, Monahan, and Mehtal if

B =1/0.3N, (83)
and A and C are determined by the conditions

N
fo X"Py(X,y,a)dX =1, n=0,1. (84)
Since one would expect the assumption made in
deriving (79) to be valid also when € = 1 (i.e.,p = 0),
one might conjecture that the distribution given by (79)
might be used as an approximation for the actual width
distribution for 0 < € < 1 if one allows B to be a func-
tion of €. We shall now examine this possibility.

In particular, let us consider the moments of the dis-
tribution given by (79), where we assume that

B =By/a =Bu/(1 — p), (85)

B= 3 Bk (86)
and k=0 w

A=Ay + kZ:)l [a,/(N— 2)]uk. (87)

These assumptions seem reasonable since we know from
above that the moments of the actual distribution have a
power series representation with respect to u.

It is well known that15
Py(X,0,a) = [(N —1)/N](1 — X/N)N-2 (88)
(i.e., the unitary result). Thus, it follows that Ay = 1.

At this point our procedure will be to expand the
moments of the above distribution in a power series in
1. Then by equating the coefficients of this series with
those given in the previous section for the actual dis-
tribution we will determine the ¢, and B,.

Let us define

va %?ﬂ_( %)A(N-Z)Xndx. (89)
m
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If we let £ = X/N, then

=N"*1f1 Mﬁy_)l(l__
0 Vi+y

gyaN-2ygngs, (90)

where y = Nt (1 — ¢). It is easily shown that
Ely/L + »)/NT +y = za{l — 3t — t)byp
+ [ b2e2(1 — )2 — 31— Bby]u2 + ---}, (91)
and
(I R A (
=(1—H¥2(1 +a;In(1 —t)u

t)N-z e[1n(1-t)](a1p+a2y2+ o)

+1{a,1In(1 — ) + 3a% [In(1 — ¢)]2} u2
+oee), (92)
where
by = NB,, (93)
and
b, = N(Bg + By). (94)
Thus,
L =N" T 5a(Eg™ + eVu+ g0 4 -00), (99)
where
£ = doln, N — 2), (96)
M = — 3p don + 1,N—1) +a, (0, N — 2), (97)

£ —aydi(n, N — 2) + 2a% Jy(n, N — 2)
—4abyd{(n+1,N—1)
+ 2 b3dgn + 2,N) — 2bydo(n + 1L,N—1),  (98)
and

7, (2, w) Efl[ln(l—t)]ltz(l—t)"’dt. , 99)

Now, Jo(Z, W), when Rz > —1 and Rw > —1, is just an
mtegral representation of the Beta functlon 16 Thus,

Jdo (z,w) =T (z +1)[ w + 1)/T(z + w + 2). (100)
Further, if z is a nonnegative integer, it can be shown

using mathematical induction that

Jq(z,w) = — Jylz, w)j; (2, w), (101)
where
z+1 1
. - 1
Ji(z, w) P2l (102)
and that
JIylz, w) =2Jdg(2,w)jy(z,w), (103)
where
. z+1 1 z+1 1
Jplz,w) = 2 (104)
k=1 w+k =k w+l
Now, from (11) we have
(lA;,2% =1,/N"1, (105)
Combining (95)-(105), one obtains
(A 2= +BMu+BIWE + -, (106)
where
B = [EW —E{P14, 1™, (107)
(n) {5 n) (0) 5(0) [gl(n) E(O)]}
x (14,17, (108)
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s 3t DN —1)b,
L7 4N+ n+ )N +n)

aljl(n,N - 2)9 (109)

and
T = —a,j (0, N — 2) + a3jy(n,N—2) + §aybij;
X+l N—1) DO —1)
’ N+nN+n+1)
2 n+2)n+ 1NN —1)
+ 5 01

WN+n+3)WN+n+2)N+n+1)N+n)
_ 3by (n+1)N—1)
4 (N+n+ 1)V +n)

(110)

If one now equates the coefficients B{™ to the B,
given by (73),for » = 1 and » = 2, one obtalns two
simultaneous linear algebraic equations for @, and b,.
The solutions are found to be

a, =— (N + 1)N — 2)/6N, (111)
and
by =2(N + 1)2(N + 2)/9N(N — 1). (112)
Inserting these results into (109), we find that
FOp _ e+ YN+ 12N +2) N+ 1N —2)
6(N +n)(N +n + 1)N 6N
< 1
—_— 113
Z=>o N—1—F (113)

It we now msert (113) into (108), we find for N > 2 that
B (n =B, () jff » = 0,1, or 2. However, for large N, we
f1nd that

e}

M~ [nn — 1)/4N]1B§P. (114)

Thus, for large N, B{ = B for all n.

If next one equates BS™ to B{™ for n =1,and n = 2,
one obtains two 51mu1taneous equatlons for ag and b,. If
one solves these, and then evaluates B2 ™) it is found that
ifN> 2, Bz( ») _ iff n = 0,1, 2, Further, it is found
that, for large N

BSM ~ — [n(e — 1)(5n — 37)/108N] (14, 1%")  (115)
Thus, unfortunately, we see that the distribution given by
(79), with A and B given by (86) and (87) respectively,
cannot be used to approximate the actual distribution for
0 < € <1 even when N is very large.
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6. DISCUSSION
We found above that when N = 2,

e 2 Ayl =— .
o€

The numerical results of Rosenzweig, Monahan and
Mehtal suggest that this is probably the case for all N.
Thus, it seems that it will in fact be extremely difficult,
at best, to derive a valid approximation when N is
arbitrary and € is small, for width distribution and/or
its moments. Certainly the usual types of perturbation
theory will be of little help.

On the other hand, it is a relatively simple matter to
approximate the moments when € = 1. In fact,as shown
above, a series representation, in powers of 1 — ¢,
exists, and the coefficients can be found to any particular
order. We feel that it may somehow be possible to
approximate the general coefficient when N is large
(although to date we have been unable to do so). If this
can be done, one would then have a representation of the
moments for large N when 0 < ¢ < 1. Hopefully, one
could then obtain much information about the moments in
the region of physical interest, namely when € is small.
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Because of the pure group theoretical approach to the free nonrelativistic particle through an
integrable irreducible representation of the quantum mechanical Galilei (Lie) algebra G, it is
reasonable to construct so-called dynamical (Lie) algebras D which possess an integrable
representation describing interacting (nonrelativistic) systems. Such dynamical algebras D should
contain the geometrical subalgebra G, of G, spanned by the mass operator, the momentum, the
angular-momentum and the position operators. Furthermore, the relation between the free and the
interacting system is simplified if the one-dimensional Lie algebra 7" generating free time translations
is a subalgebra of D. Hence preferred candidates for D are those Lie algebras L which possess a
subalgebra isomorphic to G or to G, i.c., those L for which an injective homomorphism

€: G~ e(G)C LorGy = e(Go) C L exists. e is called an embedding of G or of G, in L.

Our main result is a complete classification of

(i) all nonsemisimple L with Levi decomposition L = §& F with G or G, embedding € such that
SCe(G)orSCe(Gy) -

(i) all complex semisimple L with an embedding of the complex extension of G,

(iii) all real simple L being real forms or realifications of the lowest dimensional L (e, A5 B3 C,)
with G-embedding.

The result gives a fairly complete list of all candidates for dynamical nonrelativistic algebras. The
physical aspects of two of them, the conformal Galilei algebra G . and a limitable dynamical algebra
D', are discussed. A method for the construction of physically useful integrable representations for
G, and D' is given. Some general properties of nonrelativistic and of relativistic dynamical algebras

with G-embeddings are considered.

1. INTRODUCTION

1. One of the more attractive methods in a group
theoretical approach to particle physics is the concept
of dynamical (Lie) algebras D which possess an irre-
ducible and integrable representation U, such that the
properties of an interacting system are completely
determined by U (D), similarly as an irreducible and
integrable representatlon of the Galilei (Lie) algebra
G gives a description for the free nonrelativistic
particle.

The completeness of the description through U, ,(D)
implies for nonrelativistic systems that the position,
momentum, and angular momentum operators q,, p,,
and m,, & = 1,2, 3 (three space dimensions) are gen-
erators of D and that the quantum mechanical com-
mutation relations are valid for ¢,, p,, and m,. Hence
the mass operator c is also a generator of D. This
gives

G, CD

as an essential condition for a dynamical algebra, with
G, being the geometrical subalgebra of G spanned by
Qs Pps Mo and c.

Furthermore, also the Hamiltonian % generating the
dynamics of the system has to be a generator of 0,
making a calculation of bound and scattering states
possible.! If [H, G,] is not contained in G, + H (4 being
the linear hull of %), which is the general case, then D
contains further generators, some of them being again
Hamiltonians., The set of all these Hamiltonians is
called the interaction type of D. D is a finite dimen-
sional Lie algebra. Hence there is only a finite num-
ber of linearly independent Hamiltonians in D.

2. An additional and restrictive requirement is the
assumption that the Hamiltonian ¢ of the free system
also belongs to D. It implies

G, € G CD.
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A justification can be given through a somewhat im-
plicit physical argument. A nonrelativistic interaction
can generally be turned off. This (noncontinuous) pro-
cess connects interacting and free systems. If the
interacting system is described via Uph(D) and the free
one via U;h(G) it should be possible to define a math-
ematical procedure which gives U’h(G) as a “limit”

of U h(D) This procedure is a mathematlcal trans-
lation of the physical turning off process. Following
Segal,2 it is reasonable to assume that the “limit” can
be realized as a “ contraction” between integrable
representations of D and G. However, D and G have
different dimensions and the definition of contractions
becomes a complicated mathematical problem. Quite
different methods are known.3 The simplest one, used
in Ref. 4, is to restrict a unitary representation of D
to one of its subalgebras and can be applied only if

G C D. This relates the assumption { € D to a special
limiting procedure. Note that also if { ¢ D a group
theoretical method should exist, which turns the inter-
acting system into a free one.

3. To simplify our notation we call an injective
homomorphism € mapping a Lie algebra A into a

Lie algebra B an A-embedding into B, €: A — €(A) C B,
Two A-embeddings into B, €, and €,, are said to be
equivalent, if there exist automorphisms p , of A and
pgof B such that €, = pz€,0, holds. Then the result
of the discussion can be summarized as:

Let G be the Galilei algebra and G, its geometrical
subalgebra. Lie algebras with G- or with G,~embed-
dings are preferable candidates for nonrelativistic
dynamical algebras.

This approach was frequently used (see also Sec. 5).
A Lie algebra which contains G, the conformal Galilei
algebra G_, was derived in Ref.5 and is a maximal kin-
ematical mvar1ance algebra of the free massive
Schrédinger operator. The generators in G not con-
tained in G C G_,were identified as 1nfm1tes1mal dila-
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tations and as a kind of infinitesimal conformal
transformations.

Two Lie algebras D and D! with G-embeddings were
given in Refs. 4 and 6 together with a representation
theory and an identification of the physical systems des-
cribed through D¢ and D{.

Lie algebras with G-embeddings can also be used in
the relativistic case. The Poincaré algebra P itself has
an embedding of the Galilei algebra in two space
dimensions, G @), which was used as Galilei structure in
the light-cone formalism and in phenomenological
parton models.” Similarly, the conformal algebra
so(4, 2) contains an embedding of G @), being the con-
formal Galilei algebra in two space dimensions.8 A
“relativistic” Galilei algebra G,, with embeddmgs
€(G) € G, and €'(P) C G, such that €(G) N €' (P) is the
Euclldea.n algebra E; in three space dimensions, was
outlined in Ref. 9.

4, It is the purpose of this paper to give a classifi-
cation of all Lie algebras L possessing a G-embedding
or a Gy-embedding (Sec. 2, 3,4) and to discuss their
physical properties (Sec. 5)

Because a classification of solvable Lie algebras
and their semidirect sums with semisimple ones is not
yet available, we restrict the classification to those
L =S & F (Levi decomposition) with a G-, Gy-embed-
ding such that the radical S is contained in €(G) or
€(Gy), respectively, i.e.,S C €(G) CL,or S C €(G,) < L.
We call such radicals minimal.4
5. The material is organized as follows:

The notation is explained in Appendix A and the
Galilei algebra (in three space dimensions) is described
in Appendix B.

The first step of the classification is Lemma 1 and
its corollary, which list the minimal radicals for
€(G) € L and €(G,) € L, respectively. The next step is
a determination of the Levi factors. The result, collect-
ed in Sec. 3. 1, is a classification of all nonsemisimple
L > €(G) (lemma 2) and L D €(Gy) (Lemma 3) with mini-
mal radicals in both cases. The proofs are given in
Secs. 3.2and 3. 3. for lemma 2 and Lemma 3, respective-
ly. A method to construct all real simple L D €(G) via
an embedding of the complex extension G of G in com-
plex simple Lie algebras L is explained in Sec. 4. 1.
The classification theorems are presented in Sec. 4. 2.
We give all complex simple L with L D €(G) inTheorem
1, all real simple L being realifications with L D ¢(G)
in Theorem 2 and all real simple L D €(G) being real
forms of the lowest dimensional Lie algebras L with
G-embeddings in Theorem 3. The mathematical back-
ground of the proofs is outlined in Secs. 4.3 and 4. 4.

A discussion of the results and examples are given
in Sec. 5. The problem of identifying the physical sys-
tem described through a dynamical algebra is outlined
and partially solved in Sec. 5. 1, which contains also a
representation theory, based on the method of Nelson
extensions, for some L D €(G). This method is also
applicable to G . Some examples are treated in Sec.
5.2.

2. PROPERTIES OF LIE ALGEBRAS WITH G-,
G, -EMBEDDINGS

1. Let L be areal Lie algebra and L =S @ _F its
Levi decomposition (S = radical, L = Levi factor).
Consider G =R @ M and Gy = Ry @ M with M ~ so(3),

R=(CeTo P)E&Q andR, = (C® P) @ @, respectively.

Then those L with a G- or a Gy-embedding € such that
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S C €(G) or S C €(Gy) (minimal radical) have the form
given in Lemma 1 (for G- embeddings) and its corollary
(for G, -embeddings).

We use the notation A C B if there exists A’ = A,
A’ CB.
Lemma 1: Let € be an embedding of G into L.
A. Non-semisimple L with § C &(G)

a. If L =S8 & _F,obeing an injective homomorphism
o: F —Der S, then L has the structure
(I) S=€C+T+P,M+QSFor
(I) S=€eC+P+Q),M+TCFor
(@) S=elC+T+P+Q),MCF.

b. ¥ L=8 & _F,obeing an arbitrary homorphism
g:F > Der S,then L can be written as™L = L'® F,,
L'=S¢& F,,F=F,®F, p=c/F, injective,
with G € L' and L’ having the structure of L in

part a.
B. Semisimple L
If L is decomposed into L = & JL,, L, simple, then
G C L, for at lease one i.

Covollary: Let € be an embedding of G, into L.
A. Non-semisimple L with S C €(G,)
a. If L =S @& ,F,obeing an injective homorphism

o0:F — Der S,then L has the structure
(I) S=¢€e(C+P,M+QCFor
(I) S=¢eC+Q),M+PCFor
(I) S=e¢C+P+Q),MCF.

b. (See lemma 1 with G, inserted for G).

Semisimple L (See Lemma 1).

2. Proof of Lemma 1: For simplicity we shall identify
€(G) with G; no confusion should arise. Consider the

projection operators P, P, in the vector space S + F

with P,/S = Pg/F = 0 and PS + P, =1, Then Py is a

(Lie algebra) homorphism L — F, because for x,x’ €

Lix,x ] [(PS + Pg)(x), (PS + P)x')] =y +

[Pe (x), Py ]w1thy € S,i.e., Pp([x,x']) = [Pglx), Palx")].
Note that P; is not necessarily a homomorphism.

For Pp we haveKer P, N G=J, withJ,,v=1,...,86,

being one of the six solvable ideals of G given in
Appendix B. Hence, at most, those S with S = J, will be
minimal. We check for whichJ, an embedding is possible.
Take S = C. Then [(Pp + PS)(P), (Pr+ P) Q)] =
[Pp(P), Pr(Q)] = P([P,Q]) = 0, which contradics
|P,@]=C.

The case S = C + P is also forbidden: [T,Q] C C +
[Pp(T), Pp(@)] = C + Pp([T,Q]) = C + Pn(P) = C con-
tradicts [T, @] = P. The theorem of Malcev and
Harish—Chandral® implies that, if G C L, then there
is always an automorphism 7 of L such that 7(M) C F,
7(S) = S. Moreover,for $ = C + T + P an automor-
phism & of G with {/C + T + P+ M = 1 and &(q,) =
T Y Pglg ;) exists, i.e., 74(@ + M) C F,thus @ + M C F.
A similar result holds for S = C + P + . The case
S =R is trivial.

Let L =5 & _F bhe decomposed into L = L' & F,,
L'=8SaG Fy, =ker o,p=0/F,F =F, ® F,,
then p is an 1n3ect1ve homomorphism F; — Der §, and
€’ = P, e is injective because all nonzero ideals in G
contain C and ¢(C) C S for all J, # 0 (P,, is the pro-
jection operator on L’). Hence €’ is an embedding of
Gin L', For S = 0, L is decomposed into simple ideals
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L = ®7L,. Every projection operator P; is a homomor-
phism L — L, and the kernel of P, is an ideal in

G. If P{G) # Gfor i=1,...,7,then C Cker F, for

all { and hence C ¢ L in contradiction to G C L. So
there is at least one simple ideal L, in L with
G-embedding.

3. The proof of the corollary is the same as for Lem-
ma 1, except the part in which S = C + P is excluded
because this part uses T. P and @ have to be treated
symmetrically.

4. We mention that because of the results given in
Secs. 3 and 4, all types of L with G-embedding given
in Lemma 1 and its corollary are possible

3. NONSEMISIMPLE LIE ALGEBRAS WITH G-,
G, -EMBEDDINGS

We calculate a complete list of all nonsemisimple
L =8 G oF of type I, 11, I for G and of type L, II for
G,. The results are given in Lemmas 2 and 3 in Sec. 3.
The proofs for G and G, are outlined in Secs. 3.2 and
3. 3, respectively. In the proofs, first Der S is deter-
mined, then properties of o(F) = ad F are derived such
that F can be identified using the classification of ir-
reducible real and comple representations of simple
Lie algebras. Note that adgF gives the commutators
between S and F.

A. The results for minimal radicals

Lemma 2: Let G be the Galilei algebra G =R G M,
R=(C®T®e P)GQ, M~ so(3). Let € be an embedding
of G into L = § @ _F with o being an injective homo-
morphism ¢: F - Der S, and let S be a minimal radical
and not zero.

Then L has the following form:
() S=€C+T+ P)

(a) F =~ sl(5,R),adgF = si(5,R) or
(b) F =~ sol4,1),adsF = so(4, 1)

) S=¢C+P+Q)

(@) F~sp(3,R),adp,oF = sp(3,R) and
ad.F =0 or

(b) F = sp(l,R) & so (3),
adp, o F = (13 X sp(1,R)) & (so(3) X 1)
and ad f' = 0

(II) S=¢€(C +T+ P+ Q), F~so(3).

Lemma 3: Let G, be the geometrical Galilei
algebra G, =R, @ M,Rq=(C ® P) G Q, M ~ so(3).
Let € be an embedding of G, into L =S & F with o
being an injective homomorphism o: F — Der S and
let S be minimal but not trivial.

Then L has the following form:
(I) S=¢(C+ PlorS=¢€lC+@),F=~sl4R),
adgF = si(4,R) or
(II) S=¢C+P+Q)

(a) (see IIa in Lemma 2) or

(b) (see IIb in Lemma 2) or

(¢) F = s0(3),adp.oF = s0(3) + so(3),
ad . F =0 or

(d) F=sli3,R),ad,F=0
adp, oF = sI3,R) + si(3,R).

We add the following remarks:
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Case III in Lemma 2 shows that there exists no
embedding of G in L =R G F except for L = G. The
corresponding case for a Gy-embedding, i.e.,S =R,
has a trivial (L & G,) and nontrivial solutions (as II in
Lemma 3).

sp(3,R) is the largest simple Lie algebra which can
be coupled to C + F + @. Any semisimple Lie algebra
for which each simple ideal has nontrivial commutators
with the radical C + P + @ is a subalgebra of sp(3,R),
i.e., sp(1,R) ® so(3) C sp(3,R), so(3) T sp(3,R) or
sl(3,R) © sp(3,R), and the corresponding adsF can be
calculated from adP+Qsp(3,R) = sp(3,R) and ad .F =0

It was mentioned already that any L with ¢(G) C L
has also a G,-~embedding, €(G,) C L. But there exist
embeddings €, of G, into some L which cannot be ex-
tended to embeddings of G into L (e.g. Lemma 3 case I);
in these cases and if L has a minimal radical the Levi
factor of L must be enlarged in order to get extensions
of €, to G-embeddings (except for L = G).

B. Proof of the classification lemma for G-embeddings

1. Embeddings with radical S = €(C + T + F) (Type I):
€(G) = G for simplicity.

(1) S is a five-dimensional Abelian subalgebra; hence
Der S = si(5,R) © T, with T; spanned by 15. A suitable
basis in S is

°Cs = {C’ t,pi/i =12, 3}

(2) We have o(F) C sl(5,R). adgF is real irreducible
(i.e., because of dim S = 5, also complex irreducible).
To show this, suppose the contrary. Then ad F reduces
into a 3- or a 4-dimensional real irrep.and a two- or a
one-dimensional rep. because of adgM = 0, + so(3).
Then S = T implies that G decomposes into

G = G, ® G, with dim G, = 2 or 1 which is not
possible.

(3) F must be simple, because otherwise Schur's
lemma would imply that F contains a simple ideal com-~
muting with S, which contradicts ¢ being injective. There
are only real forms of A;,A,, B,, D, as simple sub-
algebras X C sl(5,R) with dim X > 6. A, is excluded
since it has no five-dimensional irrep. For A, = s{(5, C),
only the real form si(5,R) is isomorphically contained
in Der S. so(5, C) has three real forms, so(5), so(4, 1),
and so(3, 2). Because so(5) is the compact real form of
B,, the maximal dimension of its abelian subalgebras is
equal to the rank of B,,i.e.,it is 2 and F ~ so(5) is
excluded.

The same holds for F ~ so(3, 2). In this case consider
the following so(3, 2) basis £’ = {m}, n4, 75, k/i = 1,2,3}
with m =— €,,,E 0y = E;y — By 055 = By + E..,
k=E s —Eg,. Therep.ad so(3) reduces on so(3, 2) as
so(3) i so(8) + so(3) + 0;,and {m },{n ,}, and {n 5}
transform under ad so(3) in the same way. Because, up
to automorphism of so(3, 2), there is only one subalgebra
in so(3, 2), isomorphic to so(3), we have that g, = am; +
bn;, + dn g with a, b, d real. But [41,495] = O implies
a=b=d=0. The remaining case F = s0(4, 1)
is possible. There exists an embedding of G into L,

e.g., with a basis £” = {py, ¢y, b3, ¢ + p, ¢ — p} for S,
with the rep.so(3) + 0, for adgM and adgq; =
—E,,tE 5 vE,+ Eg,.

2. Embeddings with radical S = €¢(C + P + Q)
(Type I):

(1) S is isomorphic to the Heisenberg algebra in
three space dimensions. We use the basis £5 =
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{¢,p;,4,/i=1,2,3} and infer from Ref. 4 that
Der S = T, G (T, @ sp(3,R)). The symplectic algebra
sp(3,R) appears in the form

S; S,
04 +< > , S; real 3X3 matrices, S,, S; symmetric.
T

Sz =51

The generator of T, is a diagonal matrix and the six
generators of Tg are Ey,,v=2,...,7,i.e,,Cis an
ideal in L.

(2) We have o(F) C sp(3,R). [C, F] C C yields
[C,F]=0,i.e.,,0(F) CO,; + sp(3,R). Hence we have to
calculate all semisimple F with

(@) o(F) = 04 + adp,oF <04 + sp(3,R)
(B) o(M) = 04 + so(3) + 50(3) C o(F)
(y) o(t) =04 +(1 X(3 §Ne0;+ (13Xsp(1,R)) C ol F).

adp, o F is complex irreducible in sp(3,R). To show
this, suppose the contrary. Then, because of (8), ad prot
reduces into two three-dimensional irreps. which con-
tain a rep. of both M and T which commute. So adp,,T
must commute with adp, ,F and, because adp, o F has
no centre adP,,QT must be zero in contradiction to
[T,S]= 0.

Now let adp, o F be a cc complex irreducible subalgebra
of sp(3,R). Then adp,F = adp. 4 F is also irreducible
in sp(3,C). A complete list of 1rreduc1b1e subalgebras
of sp(3, C)_ca.n be found in Ref. 11 and we have
(a) adp+Q = sp(3,C) or (b) adp+Q ~ (] x sp(1, C)) Sl
(so(3,C) x 1,). Hence adP,QF is a real form of adp, o F
such that ad p, o F remains complex irreducible. This
implies for case (a) adp, F = sp(3,R) and, because of
(B), for case (b) adp, o F = (13 X sp(3,R)) & (so(3) X 1,).
There exist embeddings of both types.

3. Embeddings with radical S = ¢(C + T + P + Q)
(type III):

(1) A straightforward calculation shows
Der S =[((Ap ®A,) G(Ar © T5)) & (T, € Tl G Ay
with Ap ® A, three- dimensional abelian, Ay one-
dimensional, A, = so(3) and T, T,, Ty bemg one-, two-,
five- dlmensmnal Abelian. Furthermore ad S =
A, + A +AT,((APeBA )CA )CAM~G/C and

AP,T A AT’ AT!
o SR SRR

(2) From o(M) C g(F) C Der S we have immediately
F = so0(3).
C. Proof of the classification lemma for G, -
embeddings

1. Embeddings with radical S = €(C + P) or
S=¢C+Q)(type L, T'):

(1) [e(Gy) = G4] S is a four-dimensional abelian
subalgebra; hence Der S = si{(4,R) @ T, with T, spanned
by 1,.

(2) We have adgF C sl(4,R). In the same way as in
Sec. 3B1 one can show that F is isomorphic to a simple
subalgebra of s{(4,R) which contains @ + M (or P + M)
isomorphically. Only si(4,R) itself has this property.

2, Embeddings with radical S = €(C + P + Q) (type
1I):

The proof is the same as for G-embeddings of type II
up to condition (¥) which must be cancelled here. If
ad p. o F is complex reducible, then it reduces into two
three-dimensional irreps. containing so(3) + so(3).
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This gives (c) adp, oF = s0(3) or (d) adp,  F = sl(3,R)
because the only semisimple matrix subalgebras in
sp(3, R) containing so(3) + so(3), and leaving P and
separately invariant, are so(3) + so(3) and s{(3,R) +
SI3,R). If adp, o F is complex irreducible in si(3,R)

we have, as before, (a) adp, oF = sp(3,R) or (b) adp, o, F =
(15 % sp(l R)) @(50(3) X 12) There exist embeddmgs of
all these types.

4. SIMPLE LIE ALGEBRAS WITH G-EMBEDDINGS

The technique applied to classify real simple L with
G-embeddings, which uses as first step embeddings of
the complex Galileialgebra G into complex simple Lie
algebras, is sketched in Sec.4A. The resulis are pre-
sented in Sec.4B. A guideline for the proofs is given
in Secs. 4C and 4D for complex and real embeddings,
respectively.13

A. Real and complex embeddings

1. Thesetofall real simple Lie algebras L splitsl4.15
into two disjoint sets 01y and 9M,: The set IM; contains
all real forms, i.e., all real simple L with a complex
extension L which is also simple. J1, contains all
realifications, i.e., all real simple L with a complex
extension L such that L = L’ ® L’ with L’ being a com-
plex simple Lie algebra.l®
M, = {L/L simple}, ={L/L=T"® L', L simple}.
For any complex 51mple L' there exists exactly one real
simple L, such that L = T ® L. Let £ be the set of all
complex 51mple Lie algebras. Then we have a bijective
mapping ¢: £ - N, and ¢ puts the well-known classi-
fication for &£ into a classification for M ,.

2. Consider now G-embeddings. Because of Lemma 1
part B one can prove that L € £ possesses a G-embed-
ding iff the corresponding ¢{L) € MM, has a G-embedding
To have all realifications with G-embeddings it is neces-
sary to determine the set £, of all L with G-embedding.
So complex embeddings of the complex G become a use-
ful tool for the classification of realifications with G-
embeddings; they are also needed for the case of
G-embeddings into real forms.

B. The resuits

1. We recalll? first that the set £ of complex simple
Lie algebras contains four chains: A,,B,,C, (v = 1) and
D, (r = 3) and the exceptional cases Gz, Fy,Eg,E;Eg
There are the isomorphism A; ~ B, = C,,B, ® C and
Ay ~ D,. The following inclusions are valid: A c A,,+1,
B, C B,,l, C,<Cpny,D,CD,1,B,CD,y,B; CF, C
E CE, C E (the hst is not complete). Hence £ ca.n be
spht mto d1s301nt sets £; = {A,(r < 4),B,(» < 2),

C,(r <3),D3,Gytand £, = £ — £;.

2. Using the techniques indicated in Sec.4C we show

Lemma 4: The complex Lie algebras A,, B,, C;,
and G, possess no G-embeddings.

Lemma 5:_G-embeddings into Ay, B, and C, exist.
Nonequivalent G- -embeddings into A5 can be labelled with
a complex number 5. All G- embeddmgs into B, are
equivalent and all G-embeddings into C, are equlvalent.

Lemmas 4 and 5 give together with the stated inclu-
sions [each of the Lie algebras in £, has Ag, B; and (or)
C, as subalgebra]:

Theovem 1: Complex simple Lie algebras L have

a G-embedding iff
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Leg,=1{A(r=25),B, =3),C
E6’E7’

¥ =24),D(r = 4),F

This gives a complete answer for the complex case.

3. As mentioned in Sec.4A2 a solution for complex
L gives a solution for those real L which are realifica~
tions. So we have:

Theovem 2: Real simple Lie algebras ¢(L) which
are realifications have a G-embedding iff L € £, (with
£, given in Theorem 1).

The real forms with G-embeddings were determined
as described in Sec. 4D for the three lowest-dimensional
Lie algebras in the A-, B- and the combined B-D chain
in £,. A complicated discussion of the involutions of
compact real forms and of special properties of G give
for A,-,Bg,and C:

Theorem 3: Only the following real forms of Ag,
B,, and C, have a G-embedding:

sl(6,R) as a real form of A,
so(5, 2) as a real form of B,
sp(4,R) as a real form of C,.

4. We add the following remarks: We have not cal-
culated all real forms with G-embeddings but only those
for A, B3, C,. However, the inclusions between real
forms give, together with Theorem 3, some information
on G-embeddings into higher-dimensional real forms.

In the case of so(5, 2) and sp(4,R) there is only one
G-embedding up to equivalence (see Sec. 4.4). In gen-
eral [e.g., in the case of s{(6,R)] one has to distinguish
between different equivalence classes of embeddings.
For some physical applications of embeddings it is
useful to know these different equivalence classes.17

C. Complex simple Lie algebras with E-embeddings

1. Suppose that L has a E-embedding. Then every
solvable subalgebra of G is contained in a maximal
solvable subalgebra A of L. This fact can be used in
connection with

Movozov's theorem8: Let A; and A, be two maxi-
mal solvable subalgebras of the complex s1mp1e Lie
algebra_ L. Then there exists an automorphism o of L
with o(Al)

One of the max1ma1 subalgebras in L can be identified
as follows: Let H be a Cartan subalgebra of L, let Z be
the corresponding root system and let II and Z be the
systems of s1mple and positive roots. Then the basis

-{ha, e e ,/a; €, aCZI}lescalledWeyl
ba31s Theh , Q, CHspanHande o & € Z, span
two subalgebras N,,N and L = H + N + N_ holds.

With this notation, H + N, is a maximal solvable sub-
algebra in L.

2. The application of this result to G > implies that
the solvable subalgebra (CoT® P)&Q)c (M, + M) =
S10 © G M, and Mg, spanned by im; + m, and M3,
respectively must be contained isomorphically in
H + N, up to automorphism of L, if L has a G-embedding.
Therefore one has to identify 610 in H + N, and, further-
more, identify the remaining element m_ = im;, — m, € G
in L.

D. Realifications and real forms with G-embeddings

1. All realifications with G-embeddings can be
simply found from the G-embeddings into L € Lyt

2. Real forms of a complex simple n-dimensional
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L can be considered as real n-dimensional subspaces of
L, which close to a real Lie algebra. Let € be a fixed
embedding of G into a real Lie algebra, L being a real
form of L. Then we have the following inclusions of real
and complex subalgebras of L: €(G) C €(G) C L,

€(G) C L C L. As result of our discussion of the com-
plex case we have in Lemma 5 all embeddings of G in
Ag, B3, and C, up to automorphism of L. Because of the
special structure of G one can show, moreover, that all
real subalgebras G’ C €(G) € L, G’ = G, which can be
completed to real forms of L, are conjugate!? to €(G) by
inner automorphisms of L. Furthe_rmore, the parameter
6 which labels the non equivalent G-embeddings into A
must be real if there exists a real form L of A5 with
€(G) C L CA,. Therefore, for B; and C, we have to
con51der_on1y one embedding of G into L, and for A,

a set of G-embeddings labelled by a real number. In
each case the usual complex transformation G — G

(G denotes the hyperbolic Galilei algebra, see Appendix
B) yields e(G) C L, with L  being a real form, called
Weyl form of L (L is the real linear hull of the Weyl
basis £ ). S1m11arly to the methods of Gantmacher,15
one can prove that all other real forms of L can be
found from L, via a complex linear transformation V
which fulfills VV‘1 € Aut L, with V being the complex
conjugate of V in the Weyl bas1s Hence we must deter-
mine those V which (1) transform (&) into G’ ~ €(G)
and (2) fulfill VV-1 € Aut Z. With V the involution J
which gives the real form is known. We have calculated
these V for A, B5,and C,.

In each of the cases B; and C, there is only one real
form with G-embeddings [so(5, 2) and sp(4,R), res-
pectively] and for each of these real forms all G-embed-
dings are equivalent. For A5 we get only the real form
sl(6,R) which has G-embeddings, but there-are non-
equivalent G-embeddings into s¥(6,R) labelled by the
real number 6.

5. DISCUSSION AND EXAMPLES

The problem of how to identify a Lie algebra with
G-embeddings as dynamical algebra of a physical sys-
tem is discussed in Sec. 5A. Using some properties of
integrable representations, the identification problem
is solved for those L listed in case II of Lemma 1. A
representation theory for the conformal Galilei algebra
is indicated. The Lie algebras with Galilei embeddings
already used in particle physics are given in Sec. 5B.

A. The center of ¢ (G) and ¢ (G, )

1. If an irreducible and integrable representation
U, of a dynamical algebra D is used for the description
of a non relativistic system, one has to identify those
generators which are not contained in the Galilei sub-
algebra €(G) of D with infinitesimal transformations,
e.g., Hamiltonians. The identification can depend on the
representation. The generators of €(G) C D should
~etain their physical interpretation. Applied to the mass
-perator U (€(c)), this implies [with the notation €(G)=G]:
If U{c) = im],the system described through U, has a
fixed mass m and corresponds to a particle moving in a
potential.

Because U, is assumed to be faithful a necessary con-
dition for U (c) = im] is that D is not semisimple and
that ¢ € S with S being the radical of D. This condition
is always fulfilled for D with G-, G,-embeddings and
minimal radical S = 0 (see Lemma 1). The mass m is
one of the labels which characterize the irreducible
representations U;. The restriction of U, to the Heisen-
berg subalgebra H; = (C ® P) € @ yields a quasi-
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irreducible representation of Hg,i.e., a degenerated
irreducible representation. The irreducible representa-
tions of H, are uniquely, up to unitary equivalence,
determined by m.

If U,(c) is not a multiple of the identity, then U, des-
cribes, e.g., the relative motion of a two-particle
system.

A similar discussion for the physical so(3) sub-
algebra in D = (S @ F,) @ F, (see Sec. 2), which can
have projection parts in F,, shows that U, yields systems
which can have a spin spectrum.

2. We use the results for a solution of the identifi-
cation problem for nonsemisimple D with minimal
radical. Because U, |H is quasi-irreducible, one can
express the generators in the Levi factor F of D on a
dense set D¢* of analytic vectors for U; as functions of
U,(q,),U,(br), k =1,2,3,and a physical interpretation
is (formally) possible. The procedure can be simplified:
Let €(D) and €(H ;) be the universal enveloping alge-
bras20 of D and H;. A basis in €(H3) is given by a set
of polynomials of the partly noncommuting variables
D 4y, €. Let U be an integrable representation of Hy
and U(e(H)) be the image of €(H;) under U. Assume
now that:

(AI) There exists a homomorphism 7: €(D) — n(e(D)) C
U(e(H3)) with 5(x) = U(x) for x € €(H,) and 7(x) skew
symmetric for x € D € €(D).

If the operators 5(x),x € D, obtained from U(H )
through 7, form an integrable representatlon U of D,
then 7 yields an identification of the generators of U «D)
as polynomials in U(p,), U(q,) € U(H;). To prove the
existence of U, a second assumption is needed:

(AIl) H, is an ideal in D.

Then the extension theorem of Nelson2! can be
applied: If Al and AIl are fulfilled, then the representa-
tion U of H; can be extended to an integrable repre-
sentation U of D, called Nelson extension of U to D. One
can show that U is even unique, i.e., all integrable repre-
sentations of D with ideal H, are Nelson extensions of
the representation U of H;. We now check the assump-
tions. The homomorphism 1 exists (see Ref.4) and H,
is an ideal for all L listed in case II of Lemma 1 and its
corollary. Hence: The integrable representations of
H, G sp(3,R),H, G (sp(1,R) ® so(3)) ~ G_,H, G so(3) =
Gy, H; G sl(3,R),with Hy; = (C ® P) G @ are Nelson
extensions of integrable representations of H; and the
identification of the generators as polynomials in U(q,),
U( p,) up to unitary equivalence is possible. An irreduc-
ible representation of D can be obtained by Nelson
extension only from an irreducible representation U of
H. and describes spinless particles.

3. With the remarks given above the physical situa-
tion of the dynamical algebras listed in case II of
Lemma 2 and its corollary can be clarified. The other
non semisimple Lie algebras have an abelian radical
and the Nelson extension cannot be applied.22

B. Examples

1. Only the nonsemisimple Lie algebras with G-
embeddings listed in case II of Lemma 1 were used up
to now.

A dynamical algebra D! = H; G sp(3,R) (case II-a)
was proposed in Ref. 4 as a Lie algebra of a limitable
dynamical group. A representation theory of D¢ was
constructed using Nelson extensions and it was shown,
using the method sketched before, that U,(D?) describes
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spinless one particle systems with Hamiltonians of the
type H=Z, (a,p;p; + 0,44, + ¢;;(p;4, +4,p,)) which
contain also Ham1lton1ans with a subalgebra of sp(3,R),
e.g., so(2, 1), as spectrum generating algebra. With a
special method to treat the spin part in unitary repre-
sentations of the Galilei group, the model was extended
in Ref. 6 to particles with spin using D% = D! @ so(3),
as dynamical algebra. Here the physical so(3) sub-
algebra has projection parts in D* and so(3),

2. A subalgebra of D¢, the conformal Galilei
algebra G, = Hy G (sp(1,R) @ so(3)) (case II-b), was
first derlved by (Fagen® and later by Niederer23) as
the maximal kinematical invariance algebra of the
Schrodinger operator (2md, — 9;9;) of a free massive
nonrelativistic particle.

The generators in G. not being generators of €(G)
were identified with dilatations and with a kind of con-
formal transformations. Gc was also used in Ref. 5 to
discuss scale and conformal transformations in a
Galilei invariant field theory.

A representation theory for GC was indicated in
Ref. 24 and can be put in a general form via the Nelson
extensions of representations of the Heisenberg algebra
as shown in Sec. 5A2. The generators in a representa-
tion U of G_ were identified in Ref. 24 as functions of
U(4,), U(p,)-25 The G_-theory is contained in the D*-
theory because G. € D! and because the Nelson exten~
sion of U(H,) to D‘ restricted to G-, gives the Nelson
extension of U(H,) to Gc. Hence G. describes as D! a
single particle moving in a potential; new internal
degrees of freedom are not related to the system.

3. From a more geometrical point of view it would
be interesting to construct a dynamical algebra D, with
a Galilei and a Poincare embedding €(G) and e’(P) res-
pectively, such that €(G) N € '(P) is the Euclidean algebra
E, in three space dimensions. An algebra of this type,
the “relativistic” Galilei algebra G, = ((C® T ® P,) &

?,) @ s0(3, 1), was given in Ref. 926 and its representa-
tion theory in Ref. 27. The method of Nelson extensions
is also applicable to G,. The radical in G, is not
minimal.

One may ask, whether there are more Lie algebras
with this mixed G- and P-embeddmg From our classi-
fication we find the following result: The Lie algebras
L~(C+ T+ Pycsl5,R),L~(C+ T + P) @so(4,1)
(Lemma 2, case I) and L =~ so(5, 2) (Theorem 3) have the
propertles (1) L has a Galilei embedding €(G) € L (2)
L has a Poincaré embedding €'(P) C L (3) ¢(G) N €'(P) =
€(@ G s0(3)), i.e., the Euclidean algebra in three space
dimensions.

4. Consider now the Galilei algebra G in two
space dimensions. Here G® C P and a G @-embedding
into simple Lie algebra so(4, 2) was applied8 to extreme
relativistic processes.

6. CONCLUDING REMARKS

The classification and the discussion of the physical
properties of possible dynamical algebras D for non-
relativistic systems show, that even in the simple case
that D has a G-embedding there are group theoretical
difficulties. The main problem is the identification of
a given algebra as the dynamical algebra of a single
or more particle system. The assumption that G is a
subalgebra of D, i.e.,that the description of a non-
relativistic free particle is contained in the representa-
tion of D gives only a hint but not a general method to
identify D. It is necessary to put more physical infor-
mation in the approach, e.g., a group theoretical ver-
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sion of a limiting procedure between interacting and
free systems or a general group theoretical approach
to the scattering problem.
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APPENDIX A. NOTATION

The semidirect sum and direct sum of two Lie
algebras A, B are denoted by A G B (or simply A G B)
and A® B. p:b—p,isa homomorphxsm mapping B
into the Lie algebra Der A of derivations of A, i.e.,
pola) = (ad 4 b)(a) = [b,a],a € A,b € B, if adAis the
adjoint representation restricted to the ideal A. p
defines the semidirect sum. N + M = A means that the
linear subspace A of a Lie algebra B is the direct
vector space sum of the two linear subspaces N and
M of B, + means the direct sum of matrices and repre-
sentations, respectively, and X the Kronecker product
of matrices and representations, respectively.

The n-dimensional zero matrix and unit matrix are
written as 0, and 1,. For fixed ¢, k the matrix E ;, is
defined by (E ;,),,, = 0;;6,,- T, is the n-dimensional
abelian real Lie algebra.

If for Lie algebras A, B there exists A’ CB,A’ ~ A,
we write A C B. A always denotes the complex exten-
sion of A.

APPENDIX B. THE GALILElI ALGEBRA

We define the Galilei algebra G via its Levi decom~-
POSltlon G =R G M and a decomposition of
~(C®T®P)G,Q with M~ so(3), P~ Q ~ Ty,
~C=~T;and w1th standard basis £ =
{c Lbinds T /i=1,2,3}. The semidirect sums in G
and R are given by homomorphlsms o:M3m—-p <cDerR,
pp,=adgm,and 1 Q 3¢— 7, EDer (C+ T+ p) suchthatthe
nonzero commutators are mt,pk] €peler M, 0,) =
€pes> [P19:) = 61C, [0, 1] = The center of G is C.
G has the following solvable 1deals Jy=C,dy=C+ P,
J;=C+T+PJ,=C+P+QJs=C+T+P+@Q=
R,Jg = 0. The maximal solvable ideal, i.e., the radical
of G,is Jg.

The complex extension of G is G=Ra M with
R being the complex extension of R and M~ B,. There
are two nonisomorphic real forms of G: the (spherlcal)
Galilei algebra G glven above and the hyperbolic Galilei
algebra G =R G 4/ withR ~ R and M =~ so(2, 1).

The Galilei algebra is the central extension of
G =R @ MwithR ~R/C.28 We denote G, =R, G M,
R, = C + P + @, as geometrical Galilei algebra.
Galilei algebras G “) corresponding to Galilei trans-
formations in » space dimensions are defined as
G~"> R, @ son),P,~Q,~T, T~C~T,

R, (C@TEBP )CQ a.ndG("‘)CG\”)form n
holds. G refers ton = 3 i.e.,G=G®),
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We show that a large class of backward-scattering matrix elements involving Ak ~ + 2k p vanish
for fermions interacting with two-body attractive forces in one dimension. (These same matrix
elements are finite for noninteracting particles and infinite for particles interacting with two-body
repulsive forces.) Our results demonstrate the possibility of persistent currents in one dimension at
T = 0, and are a strong indication of a metal-to-insulator transition at T = O for repulsive forces.
They are obtained by use of a convenient representation of the wave operator in terms of

density-fluctuation operators.

INTRODUCTION

It is usual to express the density-fluctuation opera-
torsl p(p) as bilinear forms of the wave operator ¥(x).
We have recently succeeded in inverting the process,
expressing the wave operator as an exponential form of
the density fluctuation operators, in the special case of
Luttinger's soluble model of interacting fermions in one
dimension2. While certain aspects of our procedure
could obviously be used in other applications3 or even
adapted to the case of electrons in three dimensions, we
limit the present application to the challenging question,
of whether persistent currents (i.e., supercurrents) can
exist in one dimension despite arbitrary random scat-
tering potentials. The surprising result is that, for
sufficiently attractive two-body forces,a current-
carrying state at 7 = 0 can have infinite lifetime regard-
less of the strength of the scattering mechanisms.
Therefore, it is proved rigorously that superconduct-
ivity can exist,at T = 0, in one dimension, despite the
well-known lack of long range order. We also find the
converse, that for sufficiently repulsive two-body forces,
the lifetime of a current-carrying state at 7 = 0 tends to
zero, and the system acquires the attributes of an
insulator. The nontrivial generalization of these results
to finite temperature is the subject of an ongoing,
separate, study.

DETAILS OF THE MODEL

We first recall certain aspects of the soluble many-
fermion model? under scrutiny. It consists of right-
going particles (labeled 1) having constant velocity 7,
and left-going particles (labeled 2) with velocity -v,,
with interactions characterized by a two-body potential
V(x — x’) and coupling constant X, obeying a Hamiltonian:

r= vokE k(ny,—n3)
+(A/L) pZ UPp1(P) + pa(P)p1( —p) + py(=p)], (1)

where p,k refer to wave numbers, U( p) is the ¥ ourier
transform of V(x —x') and the various operators are

Mg =Q5Gs, Pi(P) :—.;a‘; rrp Pin
(2)
T,(x) = L—I/ZEaikeikx
k

with L = dimension of the space, for purposes of box
normalization. The particle-current operator jop takes
the form

Jop = Vo:[l("lk — Ngp). (3)
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If, for example,at T = 0 we set the coupling constant A =
0, we find for the eigenvalue of (3) the value

J=vy(L/21)Rip + kygr), (4)

for, at T = 0, the ground state of the non-interacting
particles is described by occupation numbers #,, =1
for —0 <k <ky, andn,, =0for & > k,,,together
with n,, =1 for k,, < B < +wand n,, =0 for k < kyy.
In the ground state, k,, = —k; . and no current flows.

In general, however, we can have k, . = —k,, and the
current eigenvalue j will be nonzero. This conclusion is
unaffected by the interactions when A = 0, for j op COmM-
mutes with both parts of the Hamiltonian J separately,
and j is therefore a good quantum number until a
mechanism for decay of the current is introduced into
the Hamiltonian.

Accordingly, we introduce a mechanism allowing
electrons to be backward scattered from one branch to
the other, in order to test the hypothesis of persistent
currents., For definiteness, consider a one-body scatter-
ing Hamiltonian 3¢’ :

%' = [dx[Wx)¥sx)¥,(x) + h.c.], (5)

where W(x) is a random potential. Because j,, does not
commute with 3¢ ’, jis no longer a constant of the motion,
and generally decays exponentially:

J(t) =35(0) exp(~/7), (6)

where 7 = lifetime of the current, is a measure of the
strength of the scattering potential W(x) and of the
effective density of one-particle states. To probe the
latter, we compute the matrix element:

M@ = f)= {fI V) ¥ (x) |d), (7

in which |7) is the initial, exact, eigenstate of both 3 and
Jop,and |f) is the final eigenstate of these operators. It
will be appreciated that if the initial eigenvalue of j_

is j, the final eigenvalue is j — 2v,. The matrix elements
M enable us to compute the structure of 3¢’ in the Hilbert
space of the eigenstates of 3. Some of them could be
finite, as for noninteracting particles, and then we would
have normal decay. But if we find that the matrix
elements connecting low-1ying states are all zero, then
there can be no scattering, and the existence of persis-
tent currents is demonstrated. If, on the other hand,
some matrix elements are infinite, then we may conclude
either that the lifetime 7 of a current is zero, or, more
accurately, that the effects of 3’ are too profound to be
taken into account by perturbation theory (for it causes
an insulator phase to replace the metallic phase, and this
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should presumably be taken into account before the
effects of the two-body forces.) In the following, we shall
find all these possibilities to be realizable, depending on
the sign and magnitude of U(0) = fde(x).

PRELIMINARY COMPUTATIONS

We start by recalling the unitary transformation S which
renders exp(iS)¥ exp(—7S) diagonal. It has the form?2

S= (Zui/L)glpp'lw(p)pl(p)pz(—p). (8)
We recall that, owing to the peculiarities of a filled

Fermi sea, the p's do not all commute, but obey the
commutation relations

[Pi(P),Pj )] =¢ 84 pL/27 (9)

in which €; = —1 and €, = +1. The correct value of ¢ to
diagonalize X is found to be

@(p) = —3In[1 + 2xu(p)], (10)
where u(p) = U(p)/mv,, so that
eis Jee-iS = (21vy/L)Y, [1 + 2xm(p)]V/2
X [Pl(P)p;f(—P) +Po(—p)po(P)] + Wy (11)

Making use of the commutation relations (9), one sees
that J3C is reduced to a set of noninteracting harmonic
oscillators having characteristic energy E(p) = vyp
(1 + 2wm(p)]v/2. W; is the vacuum renormalization
energy,

fdpp{ 1+ 2a(p)]t/2 — 1 —au(p)t.  (12)

To obtain the effect of S on 3¢’ , we have found the
following new operator identities to be extremely
convenient:

ikypx

e —2m ;
¢ o exp(=27%, p o e"P">
Ll/z p< L p>0p 1(17)

¥ (x)<=>

X ex ﬁ{;)p-lpl(-p)eiﬂ) (13a)

and
eikzFx ,
Yy(x)<=>E 75 explin [ax' ¥i(x') ¥, (")
L
x exp(‘—zﬂZp‘ 1p2(—p)e“”‘)
L p>0
x exp(2TY p- 102(,0)6“’!”‘) (13b)
770
with p = integer X 2a/L. The double arrows indicate

that the identities hold in a special sense only; supposing
|F,N)to be the ground state Fermi sea corresponding
to N particles of type 1 and ©, to be an arbitrary function
of the p,(+p) operators, we have
ik
e 1F 275~ -
Y (6)Q [F N+ 1) = 272— exI)(TEOP 1py(p)e sz>
x exp<%’2p‘ 1p1(—p)eit>x>91|F,N> (14)
>0

and similarly for ¥,(x) and for Hermitean conjugate
operators ¥;(x). Slnce any state in our Hilbert space
can be written in the form €, |F,N), Egs.(13),and their
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Hermitean conjugate relations, are operator identities
in every practical sense. We note also that they are
kinematical identities, independent of the nature of the
dynamical interactions or of the magnitude of the coup-
ling constant.

Applying the unitary transformation S to the wave
operators,

V. (x)— exp(iS)¥;(x) exp(—iS), (15)

we obtain expressions that are readily evaluated using
the bosonlike commutation relations, Eq.(9). We cast
such expressions into normal ordering [pl(—p) to the
right of p, (+p), po(p) to the right of p,(—p), with p>0].
As an example, consider the bilinear form:

’ 1 ,
I Y, (x) = = k —x')] ex (——Z 1gip(x'- x)>
1 () I exp [ikyp(x —x')] exp p>0p ¢

x eXp(— 4—1[2 P11 — cosp(x — x")] sinhz(pl,>
#0

X exp( ZP‘ 1p,(—p)(eiF* — girx") sinh<pp>

X exp< —ZP'lpz(P) (e-ip* — gTirx )cosh%>

X exp —‘Z‘—EP'Ipl(P)(e"P" — eipx’) cosh(pp>

X exp(z ZP Lo, (—p)(ettx — girx!) coshgop>

(16)
This generalizes an earlier result, ¢ the calculation of
the ground-state expectation value by an entirely
different and more laborious technique:

(Flg(x") ¥y (x) [F) = %eile (F=2D% (%! —x)

x exp<—Z}p 11 — cosp(x —x')] sinh2gpp>. 17

Here, and elsewhere, the following identity proves
helpful:

T(R)= exp[z”m-lew]
L »0
[+ 0]

=7, eitk = [1 —ei2rr/L}1
»>0

(18)

We have denoted this quantity > (R) for typographical
convenience.

SCATTERING MATRIX ELEMENT

The state of lowest energy carrying a current j is
denoted the ground state for current j, and symbolized
|F;j). At T = 0 one may always assume the initial
state to be a state of this type.

We therefore calculate the transition matrix element
from an initial state, the ground state of current j > 0,
to a final state, which can be either the ground state of
current j — 27y, or any excited state of the same current.
The total rate of decay out of the initial state into the
final states, subject to the requirement of conservation
of energy, determines the lifetime 7 of the currentj. It
shall, however, not be necessary for us to calculate 7 in
any detail in cases when U(0) = 0, for we shall find T =0
when U(0)> 0 and 7 = @ when U(0) < 0.
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We apply (15) to the right-hand sides of Eqs.(13) and
their Hermitean conjugates, to obtain

. + +
Ty (x) ¥y (x) = (¢ F1F P29 /1) omapB2p7B2e7 410 (19)

in which we note that the phase factor #,, — kyp ~ 2k,
corresponds to backward scattering across the Fermi
surface, and

[eo]
a=2IF, p1(e20 (0)-1) = [dp p1(e2¢ (H)—1)
L po o

X0
= [ap p- {1 + 2u(p)]-1/2 — 1},
0

- _ (20)
Ay = =2 1p,(—p)eirxes (#),
L po

B, = i—”Zp' Ipy(p)eritzes ().

Therefore the ground state-ground state matrix element,
which we write M(F — F) in an obvious notation, takes
on the value:

MF > F)= (1/L)e*1r-F2r)*g-a (21)
The magnitude of M(F — F) depends on a, and this in turn
depends sensitively on ¢(0) = lim ¢(p). A two-body

»=>0

interaction which is attractive on the whole has U(0)

< 0, hence, by Eq. (10),¢(0)> 0. Such an interaction
implies a positive o which is logarithmically divergent
(+0), and thus a vanishing matrix element. Similarly,a
two-body interaction which is repulsive on the whole
implies a negatively divergent value of @, hence an
infinite matrix element. When both ¢(0) and @(©) are
zero, the integral defining « is well-behaved and the
matrix element is finite. It should be noted that any
two-body interaction V(x — x'), the spatial integral of
which is nonzero, corresponds to a Fourier transform
U(p— 0) =0, hence to a divergent « (negatively or
positively divergent according as to whether the inter-
action is repulsive or attractive). In all such cases the
matrix element M(F — F) is nonanalytic in the coupling
constant A at A = 0, despite the persistence of a “sharp
Fermi surface” to finite values of 1 (cf. discussion in
Ref. 4). In the case of potentials which are neither
repulsive nor attractive on the whole, U(p — 0) = 0,

o is finite and is a continuous function of A. In such
cases only is the decay of an induced current qualitatively
the same as for noninteracting particles.

STRUCTURED FINAL STATES

Concerning the divergence in o arising primarily from
long wavelengths (p — 0), it is legitimate to wonder
whether it is not possible to cancel this divergence
through an appropriate linear combination of low-lying
excited states. We shall examine two typical compound
final states in some detail:

(QU=<F;j—2glay, ajq _g (222)
1iF 1F ’

| =<F;j—20,la,, a . 22
<Q | 37 o ‘ 2k2F g(kzF_Q) (22b)
- These have the advantage of being eigenstates of the
free-fermion Hamiltonian (A = 0). It is of interest to
see whether the matrix elements M(F — @(?)) vanish or
diverge under the same conditions as M(F — F). We
start the analysis under the supposition that the forces
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are essentially attractive [¢(p) > 0]; a separate
analysis will follow in the case of essentially repulsive
forces.

After some elementary manipulations based on Egs.
(2) and (13), we obtain

MF — Q1)) = (1/L)e~ e F1r-k2r=-@)*
x(1/L) [ dRe" 19RT(R)

X exp sz/L)Zp-leiPR(eNP)—l)) (23a)
d #o
an

MF - @(2)) = e2iQsf(F — @(1)), (23Db)

It is therefore sufficient to study the behavior of

M(F — (1)), If ¢(0) # 0 the sum in the exponential is
logarithmically divergent, and we manipulate it so as to
combine it with the divergent expression in a.

Thus

yZp-leiM(ew(p)—l)
L p>0

= 275 p1(er—1) — 2T p1(1 — oibRYer @I1)  (24)
L 0 L p»o0

Finally,
MF - Q1)) = i.ew'e‘(kirkzr@x %de e~iQRY(R)

0
X exp <~fdp 1 — eitR)(gMM—l)) (25)
0

E_le-a'gi("lF"kzF"Q)"I(Q)’ (252)
L

where

0
o = fdp p- le(ﬁ(P)(ei’(P) —1).
0
We note that although o’< a[for the case under

consideration, viz., ¢(p) > 0], it is nonetheless infinite
when @(0) = 0. It remains only to study the behavior of
I1(Q),and to verify that all quantities reduce to the
appropriate value when the interaction is turned off.
For this purpose, it is most convenient to expand the
exponential in a power series about R = 0, retaining up
to quadratic terms. Thus,

(26)

K

Jdp p=1(1 — etrR)ev(#)—1) = —iyR + L6R2 + O(R3),

0 27)
Where

oD [e o}
y= [apee®)-1), 5= [ap plev(»)-1), (28)
0 (4]

both positive quantities in the case under consideration.
Then,

Q) =-%de e~ iQRY(R)eiyR -582/2

o0
=% > f dR ei(0-Q* )R g-5R%/2
£2>0 -0

=15 @12 o-orr-0%28
»>0 °

1

- 29
27 5)1/2 ( )

o0
[ap eerr-@% 26
¢

[In the limit A — 0, both y and & vanish and, for any
finite positive @,7 = 1, and M(F — @(1)) tends to what
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is obviously the correct value for free particles. ] For
any A > 0,7 is finite and in the case of ¢(0)> 0 the
matrix element M(F — Q (3)) vanishes just as did

MF - F).

We now verify that, for repulsive forces, the matrix
element diverges. It must first be understood that when
o(p) < 0,the main contribution to the spatial integral in
(25) is from a region near R = +{L. Because of periodic
boundary conditions, we have

eip(R:L/2) = —gitR ) (R*L/2) = (1 + ei2"R/L)-1, (30)
Therefore we cast (25) in the form
MF - QW) = (1/L) " e"t1rb2r~Piy(q),
where
"= [dpp- Ler(® —1)e?(P)+ 2)
and 0

(25b)

J(Q) = _%de g iQR (1 + ¢i2mR/L)~1
X exp <f‘d1> pr(1— eﬂ?R)(e@(p)*l)) (31)
0

We can evaluate J(Q) by the same methods in (27-29),
and show it is finite. Thus, the divergence [a" — -«
whenever ¢(0) < 0] is again confirmed.

RECAPITULATION AND FUTURE APPLICATIONS

We have found a representation for fermion wave
operators in a specific one-dimensional model, in terms
of density fluctuation operators, which enables the exact
evaluation of rather complicated matrix elements. In
applying this to the problem of persistent current we
observed that in the case of repulsive two-body forces,
U(0) > 0, the scattering matrix elements due to
impurities become infinite, and in the case of attractive
two-body forces, U(0) < 0 they vanish. It should be noted
that neither the ground state energy W,, Eq.(12), nor the
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sharpness of the Fermi surface?, are so singularly
dependent on U(0).

Our finding of what is tantamount to superconductivity,
for electrons interacting with attractive forces,is in
harmony with the well-known results of the BCS theory
of superconductivity for three-dimensional systems.
Recently, Heeger and his collaborators5 have found
anomalously large conductivity in certain linear chain
molecules (TTF-TCNQ) near a finite temperature ~ 58°K,
followed by a rapid decrease in conductivity as the temp-
erature is further decreased. For these experimental
facts to be explained on the basis of any one-dimensional
model requires a calculation at finite temperature, and,
possibly also, considerations of the electron spin and the
electron-phonon interactions.

Note added in proof: We have now succeeded in evaluat-
ing 7 at finite temperature and in taking the electron-
phonon forces explicitly into account. (Full details have
been submitted for publication elsewhere).
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An ensemble of homogeneous random shear flows with steady linear mean velocity profiles is
considered from a purely kinematical point of view. Quasi-Lagrangian coordinates (advected by the
mean flow) are used so that a proper orthogonal decomposition of the fluctuation velocity field is
possible and periodic boundary conditions can be imposed. The conditions of stationarity in time and
incompressibility take on special forms when applied to wave-vector moments. A simple application
of the methodology is presented in the construction of a two-dimensional random shear flow.

1. INTRODUCTION

A turbulent incompressible fluid in a shear flow is a
dynamically interesting system because the turbulent
energy can be directly drawn from the kinetic energy of
the mean flow. The attempt to understand the mechanism
of this energy transfer under the simplest conditions has
compelled experimental and theoretical investigators to
consider the idealized case of turbulence in a homo-
geneous shear flow.

Nearly homogeneous turbulent shear flows, have been
generated and studied in the laboratory.l:Z One signifi-
cant feature emerging from the experimental studies
is evidence that such flows, although very nearly homo-
geneous in some ways, are not strictly stationary in
time in an Eulerian frame advected by the mean velocity.
Also it has been demonstrated analytically that time
scales must monotonically increase in homogeneous
shear flows.3 However, such flows may be considered
quasistationary if the statistical properties of primary
concern are only weakly dependent on time displace-
ments. The notion of temporal stationarity is clearly
a useful one for analytical purposes and can be applied
to mathematically idealized systems. For example, in
studies of the dispersion of passive quantities in ran-
domly generated velocity fields (e.g., see Ref. 4), which
already have idealistic properties such as specified
probability laws, the assumption of temporal station-
arity is not only convenient and harmless, but also may
be essential for clarity.

In this paper, we shall consider an ensemble of shear
flows with homogeneous, random velocity fluctuations
and a steady linear mean velocity profile. We wish to
develop a kinematic description of the ensemble that
satisfies statistical notions of spatial homogeneity and
temporal stationarity. A central feature in this develop-
ment will be the use of quasi-Lagrangian coordinates.
In general, the quasi-Lagrangian frame, as defined
by Gifford5 in connection with atmospheric turbulence,
is a time-dependent nonorthogonal coordinate system
that is advected (and distorted) by the mean flow.
Quasi-Lagrangian coordinates (£1, £2, £3) may then be
defined by the requirement that a point in real space
moving with the mean velocity maps into a fixed point
in £~space.

The usefulness and significance of quasi-Lagrangian
coordinates in the case of a homogeneous shear flow
will be discussed in this paper and are first briefly
summarized here: (i) The advection and distortion of
the velocity fluctuation field by the large-scale mean
flow is an intrinsic property of the quasi-Lagrangian
methodology. Thus, the sweeping effect that larger
scales of motion have on the smaller scales is partly
taken into account by the formalism. (ii) The com-
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bined statements of homogeneity, incompressibility,

and stationarity in terms of quasi-Lagrangian coordin~
ates take on simple forms that are relatively easy to
satisfy simultaneously when synthesizing random realiza-
tions of shear flows. An example of such a synthesis is
given in Sec. 5. (iii) In both random syntheses and dy-
namical numerical computations, the simultaneous con-
straints of homogeneity and periodic boundary conditions
are possible with quasi-Lagrangian coordinates.

2. STATIONARY HOMOGENEOUS SHEAR FLOWS

Let x = (x,,x,,x3) denote coordinates in a Cartesian
frame labeled I in which the mean velocity is

(V) = wxgeq,

where w is the constant rate of shear and e, is the unit
vector in the x, direction. Now consider a second mov-
ing Cartesian frame II, with axes parallel to those of I,
but with a different origin. Frame II is moving with the
mean velocity (V) at its origin. Hence, the mean flow
as seen by an observer in II appears identical to that
seen by an observer in I. If all other statistical proper-
ties of the ensemble of velocity fields appear identical
to the two observers, then the shear flow is homogeneous.
In this paper we shall consider only second-order
Eulerian moments of the velocity field, i.e., the auto-
correlation tensor. If only the autocorrelations are
observed and appear identical to the two observers, the
shear flow is said to be covariance homogeneous.

To be specific, we write the total velocity V as the
sum of its ensemble: mean part and a fluctuating part v,

v=<V> +V,

and suppose that measurements of the components of
v are made in I at two space-time points denoted
(L x() 18} for k = 1,2. Then the ensemble average
of the product of the observed velocity components is
the second-order moment, or autocorrelation tensor,

w; (I, V), t(l))vj (1, x(2), {2}y, (2.1)
A similar moment can be determined in II where velo-
city fluctuations are measured at the same times #(1),
#(2) and at points whose locations relative to the origin
of I are the same vectors x(1),x(2), This moment we
denote

(v, (11, x(D, t(l))vj (11, x(2) | ((2))) (2.2)
The statement of covariance homogeneity is that
moments (2.1) and (2.2) are identical.
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It is possible to rewrite (2.2) as a moment defined in
frame I. If at time ¢ the origin x, of II is given in I
by the equation

Xy =a t wlage,,

where a is some constant vector, then (2.2) is the same
as

@I, a + wtWaze; +xD, W)y (I,a + wiPaye,

+x(2) $2)). (2.3)
The equality of (2.1) and (2. 3) is the covariance state-
ment of the extension to shear flows of the definition

of instantaneous homogeneity discussed by Batchelor.6

A set of quasi~Lagrangian coordinates suitable for
the shear flow is given by
§2 = X9,

£l =%, — wixy, 3 = x,.

Then, with the notation
v; (‘E, t) = Ui(I’ X, t)’

where £ stands for the three contravariant components
£1 £2 £3 of the position vector x as described in the
quasi-Lagrangian frame, the equality of (2.1) and (2. 3)
is equivalent to

(@ (ED, 1 D)y, (£, 1(22))

= (0, (D +2a, 1)y, (@ +a,1@)) (2.4)

for any a.

The great advantage of the form (2.4) (identical to the
conventional statement of covariance homogeneity) over
the equality of (2.1) and (2.3) is that the expansion of
the velocity fluctuation field in orthogonal Fourier
modes defined with respect to the quasi-Lagrangian
coordinates then results in second-order moments that
are diagonal in the corresponding wave-vector space.
Furthermore, it is easily seen that the imposition of
periodic boundary conditions consistent with homogeneity,
of much convenience in numerical and theoretical in-
vestigations, is possible in quasi-Lagrangian coordin-
ates, and impossible in Cartesian coordinates.

Another view of this expansion was elucidated by
Lumley.? It can be shown that the expansion in quasi-
Lagrangian Fourier modes is the proper orthogonal
decomposition in the sense of Loéve.® Lumley used this
decomposition, identified as the set of eigenfunctions
of the autocorrelation tensor, as the basis for defining
the “big eddies” in a nonhomogeneous flow. In our
application, we are giving “proper” treatment to the
effect of the largest component of the motion, namely
the mean flow. Since the autocorrelation tensor is
homogeneous in the components of §, its eigenfunctions
are harmonic functions of £. A harmonic function
(Fourier mode) defined with respect to the quasi-
Lagrangian coordinates feels the effect of the mean flow
by being advected and distorted by it. In contrast, a
conventional Cartesian Fourier mode would be simply
superimposed on the mean flow and would ignore its
advective effect.

To complete this section, we exhibit the familiar .
statement of Eulerian covariance stationarity in frame
I. For any time interval b,

@, (L, xD, 1 D)y, (1, x2), 1(2)))
= (@ (1, x, D) + b)y,; (I, x2), 1 +b)).
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In the remainder of this paper, the terms homogeneous
and stationary will be used to mean covariance homo-
geneous and covariance stationary, respectively.

3. STRUCTURE OF AUTOCORRELATION TENSOR

Assuming periodicity in &1, £2) and {3, we can Fourier

analyze the velocity fluctuation field according to
v, (§,0) = ?Ai(p, t) exp(ip+¢) (3.1)

where p+{ = p, £, summed over the repeated indices.
Without loss of generality, it can be supposed that at
t = 0, all members of the ensemble of velocity fields
have a rectangular periodic lattice as observed in
frame I. The periodic lattice in {-space, which for
convenience may be visualized with the three £¢ axes
drawn mutually perpendicular, can then be considered
rectangular for all times. For simplicity, we suppose
that a periodic element at { = 0 is a cube of volume
L3, Hence, the covariant components p; of wave vector
p are (2n/L)n;, i=1,2,3, where the n, are integers,
and the sum in (3.1) is over all integers,

The inverse of (3.1) is
A, 1) = L3 [dt exp(—ip+&)v; (4, 1),

where the region of integration is any periodic element
in ¢-space.

As a consequence of (2.4), the covariance function
of A; reduces to

(4;(p, DA;(p', ') = AP + P (D, £, 1), (3.2)
where
alp) =1, ifp=0,
=0, otherwise,
and

a;'(p, 4 ) = L3 [F (6 —&,t,t)
X exp[ —ip+(¢§ — &")]d(E — &).
We have set

Fij (g - gl, t, t') = <Ui (‘g; t)vj (g,, tl»r

which follows from (2.4). Conversely, it is the
Alp + p’) structure of the covariance function that
assures and therefore is equivalent to homogeneity.

We shall now derive the condition on «; j ' that is
equivalent to stationarity.Reverting to frame I co-
ordinates and imposing stationarity, we have
Fi(6 —&,4,1) = F (81 — §'1, 62 — £'2,43 — £/3,4,¢)

= @, (%, o, (L%, £))
= (v, (I, x, ¢t + b)v]. (I,x', ¢t +b))
= (; (81 — wbk2,£2,£3, ¢ +b)
X p (8 — wbE'Z, £'2, £/3, 1" + b))
= F,~]-(£1 — &'l —wh(§2 —£'2), 82 — £72,
£3 — '3t +b,1 +0).

Hence, F;; must be invariant under the substitutions

t—>t+b, t -t +Db,
(3.3)

EL— g1 81— 81— wb(32 — 8'2),

for any b.
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We have written F,; as a function of the five independ-
ent space- -time var1alz>les 1 — 'l 82 — g2 £3 —£'3 ¢,
and ¢#'. Tt is clear that we could have used, just as well
the five independent variables

£l — &'l 4 Jw(t + ¢)(E2 — £'2),
52 —_ 5'2, §3 —_— §'3,
t—t, t+t.

(3.4)

Of these, only ¢ + ¢’ changes under the substitutions
(3.3). 1t follows that F,; must depend only on the other
four variables in (3. 4) Hence stationarity is equivalent
to the statement that

F (gt —¢'1,82 — £'2,83 —£'3, 4, 1)
=G (81 — 4" +gw(t +1)(82 —¢'2), 82
— 1’2 83 —£'3 4 — '),
Equation (3.2) then becomes
o (0, 1, t') = L3 [ G, (§™ + bwlt + £)E"2,872, 873, 1 — 1)
X exp(— fp-£")dE”.  (3.5)

The region of integration in (3.5) can be a cube of
volume L3 with edges parallel to the £” axes. For the
moment, we choose a cube (ABCD in Fig.1) centered at
£” = 0, which incidentally lies in the neighborhood of
the maximum contours of G;

Since G;; is defined as the covariance function of
fields perlodxc in the components of ¢ and £, it is
clearly periodic in the components of £" = £ — ¢’.
Periodicity in £”1 allows the ¢”1, £”2 region of integra-
tion to be distored into a parallelogram (A’B'C’D in
Fig.1) as long as A’'D’ = B'C’' = L. If we let the in-
dependent variables in Gi; be

1 — E”l + ng"z,

N =48"2, n3=1¢"3, (3.6)
T=t—10,
where T = 3 (¢t + ¢'), and take A’A = 3 wTL, then (3.5)
becomes
o, (b, 1, ) = L3 [ 7 any [ any [ an,
X exp[—inypy — iNglpy — wTp;) — inzby]

X G{j(nly 772, 773) T)‘ (3'7)
The right-hand side of (3.7) is a function only of the four
independent variables p;, py — wTp4,p3, and 7. An
equivalent choice of independent variables is p, —wip,,
py —wt'py,ps,and £ — ', Hence, a necessary condition
for stationarity is that o, j be of the form

a'i{p, L, ) = a;;(py — wipy, Py (3.8)
That (3.8) is not sufficient for stationarity will now be
demonstrated. An additional, but almost trivial, con-
dition is required on the covariance function. Given

an a;]. that satisfies (3.8), we can take the Fourier
inverse of (3.5) to obtain the function G ;. The latter
will be periodic on the boundaries of ABCD. On the
other hand, inverting Eqgs. (3. 6), we have

—wlt'py,pa t—1t).

£l =n; — wTn,

£"2 = N2> ¢'3 = N3s (3.9

t—t' =r.
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FIG. 1. Permissible regions of integration in Eq. (3. 5) projected onto
the £”1,£"2 plane.

nt

FIG. 2. Periodicity violating contours of G; for fixed £"3.

Constant values of 7y, 113, 13, and T imply constant values
of G,; for any T, if stationarity is to hold. Suppose that
at T & 0, a contour of G,; for fixed £"3 is located as
shown by the solid curves in Fig.2. The way the contours
evolve with 7T is determined by the condition of station-
arity, embodied in Eqgs. (3.9). In particular, for a slightly
greater value of T,the contours will have shifted and
distorted into the dotted curves indicated in Fig. 2, and
periodicity is destroyed. It is clear that periodicity and
stationarity can be rigorously compatible inside the
square only if no contour of G,; crosses the boundaries
AD or BC.

A sensible extension of this cond1t1on is that G;; is
zero along the planes £"2=+3L. Forif £"2 =z11L,
then lx, —x5| = 3L. Hence a physmally reasonable
form for the additional condition is that L must be
large enough so that the velocity covariance is zero (or
nearly zero in practice) for spatial separations of 3L in
the x, direction.

4. CONTRAVARIANT COMPONENTS OF v:
INCOMPRESSIBILITY

Up to this point we have not dealt with the transforma-
tion of the velocity field components into the quasi-
Lagrangian frame. For applications involving dynamical
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equations of motion, turbulent advection of passive field,
or simply the statement of incompressibility, it is
analytically advantageous to introduce the transformed
components. The contravariant components of v in the
quasi-Lagrangian coordinate system are

ul(E, 1) = vy (&, 1) — wtvy(E, t),
u?(g, 1) = vy(, 1),
u3(§’ )= U3(§7 7).

(4.1)

While we shall not discuss the transformed Navier-
Stokes or passive field advection equations, it is well
to point out that the field u = (u!,u2,u3) has the follow-
ing two essentially self-evident properties:

(a) The form of the substantial derivative D/Dt is
preserved in quasi-Lagrangian coordinates. Thus,

3 3

2 o _ 2 0

ar o Vi, = o T B w
where x,; and { are the independent variables on the
left-hand side, while £¢ and ¢ are the independent
variables on the right-hand side.

(b) The form of the incompressibility condition is
preserved. If V*V = 0 in frame I, then

» 2
o,
2 3E

i— 0. (4.2)
A simple physical interpretation of the contravariant
velocity components can be made. Consider a wave in
quasi-Lagrangian coordinates

ngi (€, 1) = CI(t) exp(ip+t)
with C+p = 0 so that the wave is formally transverse in

quasi-Lagrangian space. Using (4.1), and reverting to
frame I coordinates, we have

volt, 8) = vo(l, x, ) = A(2) exp[iq(f) +x], (4.3)
where
—C1 2
AL () = C1) + witC2(y), (4.4)
Ay(t) =C2(t), Ajz(t) =C3(1),
and
g1 =P1, 43 ="P3 (4.5)

qo :pz _wtpl.

Equation (4.4) gives the rule for transforming contravari-

ant components in the quasi-Lagrangian frame back into
frame I components. Similarly, (4. 5) applies to covari-
ant components. Then, since A(f)+q(¢) = 0,(4.3) is a
transverse wave in real space as well. The wave vector
q(#) is time-varying in such a way that, in addition to
their normal propagation, planes of constant phase are
advected or rotated by the shear mean flow. Conversely,
if the mean flow has a linear profile, a transverse wave
in real space is observed as a transverse wave in
¢-space.

Modes of this type were derived by Moffat? in a
study of plane wave perturbations in an otherwise
laminar uniform shear flow. Linearized Navier-
Stokes dynamics led to explicit solutions for the C7(¥),
but such considerations are beyond the scope of this
paper.

It should be clear that the definition of homogeneity
in Sec.1 applies equally well to the contravariant
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components of the velocity fluctuation. Thus, any v, in
(2.4) may be replaced by a #i. Moments defined on
one type of field are linear combinations of moments
of the other type, with time-dependent coefficients. A
velocity fluctuation field can then be defined by the
contravariant components

ui(, t) = ? Ci{p, t) exp(ip*¥)
and homogeneity is satisfied if

(Citp, )CI (P, t")) ~ Al +p).
Incompressibility is assured if we let

Cilp, 1) = ei]'kBj'(p, Dby (4.6)
where eif* ig the permutation symbol and B’ is any
complex-valued vector function of p and {. Without
loss of generality, we may write

Bll = Bl(p: t)9

B, = B,(p, t) + wtB,(p, 1), 4.7

By = Bs{p, 1).

The components of B’ may be considered the covariant
components of B transformed into the quasi-Lagrangian
Fourier space. Then,using (4. 1) and (3. 1), we find
Al, 1) =B, ) x q(1), (4.8)
where the components of q are given by (4.5). Equation
(4.8) is the incompressibility condition for the Fourier
modes in (3.1). The real-space field with Fourier

mode coefficients B(p, #) is the vector potential for the
velocity fluctuation field.

The component of B parallel to q does not contribute
to A (or to C). 1t is, therefore, appropriate to decompose
B into perpendicular and parallel parts,

B=B, +B,.
Equation (4.8) can now be solved for the perpendicular
part.
We find

B, (p, 1) = q72q(t) X A(p, 1),

an immediate consequence of which is that the covari~
ances of the components of B, (p, t) and B, (p’, ¢') are

all proportional to A(p + p’). Since the statistical prop-
erties of B are immaterial, we can then write

(4.9)

<Bi (p, t)Bj (PI, t')> ~ A(P + P') (4. 10)
as the statement of homogeneity suitable for an in-
compressible velocity field.

Again, from (4.9), it is seen that the covariances of
the components of B, (p, {) and B, (—p’, ¢) are linear
combinations of the covariances a;; with coefficients
[functions of q(¢) and q(t')] that depend only on the in-
dependent variables pq, py — wipq, Py — wt'py,and ps.
Since

p1 = [y — wt'py) — by —wip)/wlt — 1),  (4.11)
and stationarity requires the o,; to depend only on
Dy — Wipy, py — wi'py, pa,and £ — ', it follows that the
covariances of the components of B, depend only on
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these same variables. It is obviously convenient to
choose the statistical properties of B, to be the same as
those of B,. Hence, stationarity for the incompressible
field is equivalent to the statement that

(B i (py t)B] (—p7 t')>

= ﬁl.].(p2 —wipy, by —wit'py,pa t — ). (4.12)

A field B(p, #) satisfying (4.10) and (4.12) gives the
Fourier modes for an incompressible, homogeneous,
and stationary velocity fluctuation field according to

(4. 8), or the corresponding contravariant modes accord-
ing to (4.7) and (4.6).

5. A TWO-DIMENSIONAL RANDOM VELOCITY FIELD

In this section we shall construct a two-dimensional
example of an incompressible random velocity fluctua-
tion field in a mean shear flow, satisfying homogeneity
and stationarity. The example serves as a concrete
demonstration of the methodology and may be a useful
model in numerical simulations of random shear flows.
The extension to three dimensions is not difficult.

Suppose g is a random complex function of p and ¢
such that

gp, ) =—g*(—p, 1) (5.1)

and

(glp, 1g®@’, 1) =— Al +p)o(t —1t). (5.2)
Property (5.1) assures that the velocity is real.
Two-dimensionality of A follows if we take

B,(,1) = B,(p,#) =0
but let

Bs(p: ) = b(pl:Pz - ‘-"tpl)g(p: t)

where b(--+) is a real nonrandom even function of its
two arguments. Combining the above properties, we
have

B3(p5 t)B3(p’5 tl)
=— AP + 001, 5 _wtpl)b(Pppz —wt'p)o(t — 1.

Recalling (4.11), we see that (4.10) and (4.12) are
satisfied by this B. The corresponding components of
C and A are, respectively,

C,10,8) = —pyb(p1, 0, — wip,)glp, 1),

Colp,t) =p, 0P,y — wip,)glp, 1),
and

A1(p: B =— (Pz - wtpl)b(Pl,Pz - u’tpl)g(p, 1),
Ayp, 1) = Cylp, 1).

An example of a random function satisfying (5.1) and
(5.2) is

&P, 1) = o) exp[i Q(p)t + i6(p)] — y(—p)
x exp[ —i Q(—p)t — i6(—p)]

where (p), Q(p), and 6(p) are real random variables
with the following properties:

(a) y(p), 2(p’), and 5(p”) are independent random
variables for any p,p’,p”.
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(o) 6(p) and 5(p’) are independent for any p = p’.

(c) &(p) is uniformly distributed in the interval [0, 27]
for all p.

(d) {y2(p)) = % for all p.

(e) The probability distribution of Q(p) is the same for
all p.

The function ¢ is given by

(1) = {cos QT). (5.3)
We may note that the probability laws of 4 (p) and Q(p)
are essentially unspecified. However, two important
special cases of (5.3) are (i) ¢(7) is a symmetric
Gaussian function of 7 if 2 has a symmetric normal
distribution, and (ii) ¢ (7) is an exponential function of

|7] if © has a symmetric Cauchy distribution.

To be specific, let us suppose that

b(p]_;pz - Q‘tpl) = (2#)1/21}0L'1Q'2
xexp{—[p,2 + (p, — wtp,)2]/4Q?},

where @ is a cutoff parameter in wave-vector space and
Vg is the root-mean-square of one component of the
fluctuation velocity, and that © is Cauchy-distributed with
the probability density function

(5.4)

F@®@) = 1/m1e/1 +720Q2),
so that
¢ (1) = exp(—|7] /7).

Then, we find

—w <O < w,

(Ci(p, 0C; (P, ') = Alp +p')(6,;02 — p,1;)E,
<Az (P; t)A] (p', £

where

i

alp + p,)(ﬁiqu *q— qi'q]')E’

E = 21042L-2Q % exp(— |t — t'| /1)
X exp{—15,2Q°2[1 + Lw2(t — 1)2]
—3Q 2y —z(t +)p,17},
q1=41 =1y,
qg = Pp — wipy,
a2’ =py —wt'p;.
The velocity fluctuation moments are
W, (&, o, (&', 1))
= ;) (Aip, DA (—p, 1) explip-(¢ —&)].
Using the prescription
¥~ (z/2m [ap,
we find
W (& (&, 1) = 0,285 exp[—3 Q% (n,2572 + 1,2)

— et =t /r5lp,, (5.5)
where olpy;

P11 = Q2[Fw2(t — £)2n,2 — §1n,2] + 82,
P12 = Q2820 m, + zw(t —')(S2 — @27, 2),

P21 = Q282 my — 3w(t — ¢')(S — Q2n,2),
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Pz = §% — Q2,2

S=[1+ jw2(t —¢)2]1/2,

n =& — &+ 0t + )82 —£72),
ng =42 —¢'2,

Although the space-time structure of (v;v;) in (5.5)
appears complicated and artificially contrived from

ad hoc premises, the assumptions that led to this struc-
ture are actually very simple. With some redundance,
the essential ingredients are summarized below:

(a) homogeneity, stationarity, and incompressibility.

(b) decomposition of the fluctuation field into plane
waves of statistically independent amplitudes, frequencies,
and phases. Only the probability law of the phases needs
to be specified completely, and this is dictated by
homogeneity.

(c) the form of the spectrum b(: ) in (5.4). This
model spectrum would appear to be the most artificial
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assumption, but it is also perhaps the simplest extension
to a shear flow, consistent with the stationarity re-
quirement (4. 12), of a commonly used Gaussian spectrum.
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It is shown that a necessary and sufficient condition for quantization of relativistic dynamics of a
particle with charge e moving in an external electromagnetic field F is that (e /27w)F should define
an integral de Rham cohomology class on the space-time manifold.

1. INTRODUCTION

All known particles have charges which are integral
multiples of the charge of electron. The first attempt to
explain this fact theoretically was made by Dirac in his
paper on existence of magnetic poles.' He has shown
that the assumption that a particle with charge e moving
in the field of a magnetic pole with strangth m has a
single valued wavefunction leads to the condition em
=2mn, where n is an integer and the rationalized units
with #=¢=1 are used. Theoretical implications of
existence of magnetic poles and the problems of quanti-
zation of charge have been subsequently studied by
several authors.?

An alternative formulation of the Dirac condition
em =27 is possible if one removes the world lines of
magnetic poles, allowing thus for a more complicated
topology of the space—time X. Then, the electromag-
netic field F becomes a closed 2-form on X but it is not
exact. In this situation the Dirac condition is replaced
by the requirement that (e/27)F should define an inte-
gral de Rham cohomology class: [(e/2m)F]ec H¥X, Z).
Thus, the existence of a nonexact background electro-
magnetic field F in the space—time X would lead to the
quantization of charge as follows: If there exists the
smallest positive charge e, such that [(e,/27)F]
€ H¥(X, Z), then the dynamics of a particle with charge
e moving in the electromagnetic field F can be quantized
if and only if e is an integral multiple of ¢,. The value
of e, depends on the background electromagnetic field
F; in general a positive ¢, satisfying the condition
[(e,/2mF) e H¥X, Z) need not exist.

The aim of this note is to show that the condition
[(e/2m)F]e H*(X, Z) is a necessary and sufficient condi-
tion for a geometric quantization of the phase space of
relativistic particles with charge ¢ moving in the elec-
tromagnetic field F. This result is a direct consequence
of the Hamiltonian dynamics of relativistic charged
particles which is reviewed in Sec. 2 and of the neces-
sary and sufficient condition for prequantization of a
symplectic manifold reviewed in Sec. 3.

Canonical quantization of relativistic charged parti-
cles has been studied by Torrence and Tulczyjew® under
the assumption that F is exact, i.e., [F]=0. In this
case there are no restrictions on the value of the
charge.

The mathematical technique used in this paper is that
of symplectic geometry and topology of manifolds. The
definitions and the notation used here can be found in
any text on these subjects.*
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2. HAMILTONIAN DYNAMICS OF RELATIVISTIC
CHARGED PARTICLES

Let X denote a four-dimensional C* manifold repre-
senting the space—time and let g be a Lorentzian metric
on X representing the gravitational field. Further, let
T*X denote the cotangent bundle of X, p: T*X— X the
cotangent bundle projection, and 6 the Liouville form on
T*X defined by 8(u) =p(T p(u)), for each p e T*X and
each ue T,T*X., The exterior derivative of 6 is a
symplectic form on T*X.

The sympletic manifold (T*X,d6) is the phase space
for relativistic particles. An element p € 7}X repre-
sents a canonical momentum at a point xc X, and df is
the Lagrange bracket. The function H on T*X, defined
by H(p) =3g(p,p), has the physical interpretation of
3 times the square of the mass of a particle with
momentum p, and it determines the Hamiltonian dynam-
ics of a relativistic particle as follows. Let u, be the
Hamiltonian vector field on (T*X, d8) associated with
the Hamiltonian H, i.e., u, satisfies the equation
#y - d0=~dH. Then, the integral lines of u, projected
to X give the world lines of particles moving in the
gravitational field g.° In the presence of an electromag-
netic field, described by a closed 2-form F on X, the
Hamiltonian dynamics of particles with charge e is given
by the Hamiltonian vector field v, on T*X associated
with the same Hamiltonian A but with respect to a modi-
fied symplectic form w =d6 — ep*F, where p*F is the
pull back of F to 7*X. ® Thus, the phase space for rela-
tivistic particles with charge e moving in a gravitational
field g and an electromagnetic field F is given by a
symplectic manifold (T*X, w), where w=d8 —ep*F.

3. GEOMETRIC QUANTIZATION

Geometric quantization is a scheme of setting up a
quantum theory starting from an arbitrary phase space,
provided certain consistency conditions are satisfied.’
It consists of two steps. The first step in quantizing a
symplectic manifold (P, w), called prequantization, con-
sists of constructing a complex line bundle L over P
with connection ¥ such that (1/27)w is the curvature
form of v.® The main result of the theory of prequanti-
zation which will be needed here is the following:

Theorem: For a given symplectic manifold (P, w) there
exists a line bundle L over P with connection V such
that (1/2mw is the curvature form of V if and only if
[(1/2mw]e B3P, Z). Proof of this theorem as well as a
detailed exposition of prequantization can be found in the
first of the papers by Kostant referred to above.? Given
such a line bundle L over P, to each function on P there
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corresponds a differential operator on the space of sec-
tions of L in such a way that the canonical commutation
relations are satisfied. The second step in geometric
quantization corresponds to the choice of position vari-
ables and the construction of the Hilbert space of wave
functions. It will not be discussed here since it is not
needed for our considerations.

From Sec. 2 it follows that the phase space for rela-
tivistic particles with charge e moving in a gravitational
field g and an electromagnetic field F is given by a
symplectic manifold (T*X, w), where w=d6 —ep*F.
Applying the condition of the theorem above to this
symplectic manifold we get the condition [(1/27)(d6
-ep*F)]e H¥T*X, Z) which is equivalent to [(e/27)F]
€ H¥X, Z). Thus [(e/2mF)ec H¥X, Z) is a necessary and
sufficient condition for prequantization of the phase
space (T*X, d0 ~ep*F) for relativistic charged particles
with charge e moving in an electromagnetic field F.
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We consider sharp-time fields and write down, in terms of the fields, simple and explicit expressions
for operators with very strong smoothing properties. When applied to any vector in Hilbert space,
the resulting vector is in the domain of any power of the space-smeared fields, and it even is entire
for the fields. It is shown that in this way one obtains a common dense domain of definition on
which the field operators are essentially self-adjoint. Attention is focused on the space & of rapidly
decreasing C~ functions as smearing functions for the fields; here the smoothing operators are
simply products of exponentials of the field smeared with Hermite functions.

1. INTRODUCTION

Bose fields become, after smearing with suitable
test functions, unbounded operators in Hilbert space.
As a consequence, the field operators cannot be applied
to every vector; this is sometimes expressed by saying
that the resulting vector has infinite norm. There are
also vectors to which the smeared fields, but not their
square etc. can be applied. It may even happen that the
ground state is not in the domain of the field operators,
as for instance in the ultralocal model! where the space-~
smeared fields are well-defined self-adjoint operators,
yet in some cases cannot see the ground state. A
further complication arises from the fact that the domain
of a field operator depends on the particular smearing
function. It is therefore conceivable that the intersection
of the domains for all different smearing functions
could turn out to be zero; then there would exist no com-
mon domain. Such a situation would make it practically
impossible to calculate with the fields directly.

In a previous paper,? the author has made a general
investigation of this question for fields which can be de-
fined for sharp time, i.e., which need only space-
sSmearing,

o(A = [ ox,0)f X dx, 1.1)

f real. For fixed {=0 these operators have to commute.
It is more convenient, in view of the domain question,
to consider the unitary Weyl operators

U(f)=et*".

From the properties of ¢(f) one is then lead to the
relation

U(f, + 1) =U(FIUL). 1.3)

To recover ¢(f) as generator from U(f) one only needs
ray continuity, i.e., U(xf) has to be (weakly or strongly)
continuous in A. In general, however, one deals with
stronger continuity conditions; commonly the smearing
functions are taken to be in the Schwarz space < (R®) of
real rapidly decreasing, infinitely differentiable func-
tions, and U(f) is assumed to be continuous in f.

(1.2)

For such fields the author? has shown the existence of
a dense set of vectors to which every ¢(f) can be ap-
plied arbitrarily often and on which one can even con-
sider power series; in particular,®

»L

n-0 5!

()" B 1.4)

<o,

for all ¢+, The domain is invariant under the field and the
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unitary Weyl operators, and the fields are essentially
self-adjoint on it (“Garding domain”).

A similar result was obtained if in addition one has a
conjugate field II fulfilling canonical commuation rela-
tions (CCR’s) with ¢,

lo&x,d,0&,1)]=i0® (x -x').

For the smeared field and the Weyl operators,

(g = [ 1(x,0)g&)dx

(1.5)
V(g) =il ®
one has, respectively.
[<p(f),H(g)]:z‘ff(x)g(x)c{sxfz'(f,g), 1.6)

V@QU(f)=et P u(fIvig).

In this case the existence of a common Gérding domain
for both ¢ and I was proved.

The fairly simple characterization of the domain was
based on a direct integral realization of Hilbert space
with a certain measure associated with the field opera-
tors. However, in order to know this domain explicitly
for calculational purposes one would have to determine
the measure, a task which is usually very difficult and
which would have to be repeated for each particular
model theory. For practical purposes it is therefore
desirable to be able to write down a Girding domain
directly in terms of the fields, independent of any par-
ticular field realization.

This explicit specification of a domain for the fields
will be carried out in the following, and the result turns
out to be of great simplicity. We define simple smooth-
ing operators which, when applied to any vector, yield a
vector in the domain of the fields, indeed even an entire®
vector. The set of vectors thus obtained is dense.

Theorem: (i) Let ¢ be a sharp-time field as in Egs.
(1.1—4) and let U(f) =exp{iv(f)} be (weakly or strongly)
continuous for fe S(R®). Let h,(x) be the nth Hermite
function, let v={(y,,,,,), with v, a nonnegative integer,
and put

R (&) =h,, (x)h,, (e)h, (%) 1.7
Let {cv} be a triple sequence of positive numbers
satisfying the growth restriction

3
¢, < k{l;]l(v,. +1) (1.8)

for some positive constants k and », and define the
smoothing operator A, by*

621



622 Gerhard C. Hegerfeldt: Smoothing operators for field domains

A :exp[-?c;zfﬂ(h,)z] . 1.9)
Then every vector of the form
D=4, lv, [pew, (1.10)

is in the domain of ¢(f)" for each » and fe S(R®). More-
over, i) as well as its image under ¢(g) and U(g),
gcS(R?), are entire® for each ¢(f).

One obtains a dense domain on which the smeared
fields are essentially self-adjoint if one chooses

¢, =My, +1r, v,=0,1,2,..., r=1,2,..., 1.11)

varies ) through a dense set of & and takes finite
linear combinations of the resulting vectors |3). Ap-
plying the field and Weyl operators repeatedly one ob-
tains an invariant Girding domain.

(ii) Let ¢ and II be fields satisying CCR’s and the con-
tinuity condition of part (i). In addition to A, we define
the smoothing operator®

B;, =exp [—VEE;ZH(hv)%I, (1.12)

where {¢} satisfies the growth restriction of Eq. (1.8).
Then every vector of the form

) =4,Bg ¥, |eow, (1.13)

is in the domain of both ¢(f)* and I1(f)" for each » and
fe S(R®). Moreover, |{) and its image under ¢(g)",
g, Ulg), vig), gcS(R®), are entire vectors for ¢(f)
and I1(f). One already obtains a dense domain of essen-
tial self-adjointness for all ¢(f) and I1(f), fe S(R?), if
one takes {2} ={c}, varies {c} through the sequences
given by Eq. (1.11) and proceeds as in (i).

Remarks: (i) That the smoothed vectors |J) in Eq.
{(1.10) are entire if they are nonzero, is not unexpected.
The main statement of the theorem is the result that
sufficiently many of the smoothing operators do not
vanish identically® and that one obtains a dense set of
nonzero vectors.

(ii) The special choice of the basis {k,} as products of
Hermite functions is essential.

(iii) For multicomponent fields and configuration
space R" the result carries over with the obvious
changes.

The theorem will be proved in Sec. 2. General test
function spaces and arbitrary bases are considered in
Sec. 3 and a result slightly weaker than the above
theorem is derived. In Sec. 4 the results are discussed.
It is pointed out that for irreducible representations of
the CCR’s a single smoothing operator suffices, and the
smoothing operators are expressed as an integral over
the Weyl operators.

Il. THE ROLE OF # SMOOTHING
OPERATORS IN Q-SPACE

The special role played by the Hermite function is
connected to the fact that they form an absolute basis
for .7 For fc & (R®) we put

£,= [ f@h,&)dEx. (2.1)
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Then
f(X) =z; guhv(x)’

where the convergence is that of . Thus one has a
unique correspondence between f and a triple sequence.

f“"{E}E{Eooo,”°,$u,'-'}, (2.3)

A sequence {£} belongs to an element of S(R?) if and
only if all norms of the form

2.2)

| &], =sup| (v +1)rs,] @.4)

are finite where (v+1)" =I1 (v, +1)" with » a positive
integer. Furthermore, lim,, 1% | =0 for all 7 if and
only if the associated functions f, converge to zero in
S(R%). This means that < (R®) is isomorphic’ to a se-
quence space s with norms (2.4).

It is convenient to replace the norms (2.4) by

Nell2=2)(w+1)Pr g2,

Clearly [ £l <1u&n , and from

2.5)

Lw+1rg=20+ D) p+1)vEs< g3 2w +1)>

it follows that # &l <kl &l, . Hence the two systems of
norms are equivalent; the latter, however, are Hilbert-
ian, they can be derived from the scalar product
(&,m, =L +1Pren,. @.6)
Since & and s are isomorphic, so are their duals &’

and s’. The dual s’ consists of all triple sequences {7’}
such that

Nli2, =2 (v +1)2rnp <o 2.7)
for some positive integer 7, since then
(', & =2me, <lll., - . 2.8)

Q-space and P-space

In Ref. 8 a realization of the Hilbert space has been
given in which the field becomes multiplication by a
scalar factor, just as in the Schrdédinger representation
for finitely many degrees of freedom (‘“Q-space”). The
Hilbert space consists of vector-valued functions #(A),
where the variable A runs through all linear functionals,
the dual of the test function space. Then U(f)
=explig(f)} simply acts as

U p(A) = et M Py(A), (2.9)

and
@(Fp(A) = (A, H)P(A). (2.10)

The scalar product in @-space is expressed by means
of a measure which is determined by the field. In a
similar way one can diagonalize IT1(f) if one deals with
CCR’s (“P-space”).

In Ref. 2 it was shown that, for a large class of test
function spaces, including 5§, one obtains an entire
vector for ¢ if one multiplies by an exponentially de-
creasing function.

P(A) =exp(=1AIIZ)p(A), 2.11)
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where lifli, is a continuous Hilbertian norm on the test
function space and !lAli_, the associated dual norm.°
Furthermore, one obtains a total set of entire vectors
if one takes the norms which determine the topology of
the test function space.

Specialization to &

If, in the above correspondance to sequences, f cor-
responds to {£} and A to {n’}, then one has (A,f) =", ¥),
by definition. We can therefore write ¥(n’) instead of
¥(A) and

U(flvm) =€t ™ Oyh(n’),
(2.12)

o) =", '),

For the norms in Eq. (2.11) we can then take 'l of
Eq. (2.7) which is the dual norm to I1£ll_of Eq. (2.5).

Let {6™} denote the sequence corresponding to £,; it
consists of zeros except for a 1 at the nth place. By Eq.
(2.12) one has, for any #>0.
exp[ -~ ko, P 1¥(n) =expl - k', 1v(n’)

=exp(-knZ (n’). (2.13)

Hence
exp(- (v +1)2S @, 2 p(m’') =exp(- 0’12 )p(@"),
2.14)

lim I

jalew Iplsinl

where the limit exists strongly since exp{~ "n’”f,}S 1 for
all {n’} so that one can apply Lebesque’s bounded con-
vergence theorem. The operator on the lhs of Eq. (2.14)
is just A, of Eq. (1.9) with ¢,= (v +1)".

In case of a general {c} satisfying the growth restric-
tion of Eq. (1.9) we note that

Nz =2ickes < Rl el

Hence !¢l is a continuous norm, with dual norm

iz, =2 e;?n2,

and Eqs. (2.12) and (2.13) apply again. Thus multipli-
cation by exp{- (9’12} in @-space corresponds to
applying the operator A, whose form is independent of
any particular realization of the Hilbert space. By the
quoted results of Ref. 2, this proves part (i) of the
theorem.!®

In the case of CCR’s it is seen in exactly the same
way that the smoothing operator B, corresponds to
multiplication by a similar exponential function in P-
space. Part (ii) of the theorem follows then immediately
from Sec. 3 in Ref. 2.

Ill. GENERAL TEST FUNCTION SPACES AND
ARBITRARY BASES

In this section we derive a slightly weaker result for
an arbitrary test function space ¥ and an arbitrary in-
dependent set of test functions g,,g,,.... Only ray con-
tinuity will be assumed. In the case of CCR’s we take
the g,’s to be orthonormal, (g;,g,)=5,,. Let
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%Efc{gugz,---} (3.1)

be the set of finite linear combinations of the g;’s. In the
following, smoothing operators and field domains will be
derived for test functions in V.

Theorem 3.1: Let {c}={c,,c,,. ..} be any sequence of
positive numbers. Define the smoothing operator A, by

A, sexp[—z)c;ch(g‘)z] (3.2)
and, in case of CCR’s, also
By, =exp [—Z‘)c;ZH@,)Z]. (3.3)

Then, for any |¢) € o, the application of 4, (or A ,B ;)
yields an entire vector for ¢(f),fe # [or, respectively,
for ¢(f) and T1(f),fc 9,]. To obtain a Girding domain,
or rather a dense invariant domain of entire vectors it
suffices to take {c}={¢}, to vary {c} through the positive
integers and to proceed as in the theorem of the
Introduction.

Pyoof: If fe %, then f=37_, tvgv for some n and £v.
Thus % can be identified with the space of all terminat-
ing sequences {£}={¢v...,£,,0,...}. For every (infinite)
sequence {c}={c,,--} of positive numbers the Hilbertian
norm

I &Z=20c2e (3.4)

exists since the sum is finite. The topology induced by
these norms is just that needed for ray continuity. One
obtains an equivalent system of norms if one restricts
¢, to the positive integers. The dual 9/ now can be
identified with the space of all sequences {n'}={n!, -},
with no growth restriction.

Again one has a @-space realization (and a P-space in
case of CCR’s) as in Sec. 2, now {1’} varying through
9,. As before one shows that the operator A, corre-
sponds to multiplication by

exp(=In’l12,)

in @-space,'? and similarly for B, in P-space.
Theorem 3.1 then follows from the results of Sec. 3 of
Ref. 2. QED

Remavk: If fis in 9 but not in %, and if one does not
have additional continuity properties, in general nothing
can be said whether or not |3) is in the domain of ¢(f).
If it should be possible to construct smoothing operators
of this kind for all test functions in 9, one certainly
will have to impose growth restrictions on the c,, as in
the case of . Otherwise c;* and the associated smooth-
ing operator might not decrease sufficiently fast to con-
trot ¢(f).

1V. DISCUSSION

The main idea in Secs. 2 and 3 has been to express
exp{- IIAIIEC} in terms of field operators. From the pro-
cedure it is clear that one can obtain a similar construc-
tion for those nuclear test function spaces whose topology
can be expressed by a set of (semi~) norms which, for a
suitable basis, become “diagonal” as in Eq. (2.5).

To obtain a dense domain of definition for the fields
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we needed, in the case of ¥, a countable number of
smoothing operators. It can also be shown for the case
considered in Theorem 3.1 that a countable number is
sufficient; however, it depends on the particular ex-
ample which of the smoothing operators have to be
taken. The question arises if one always needs an in-
finite number of smoothing operators. In general nothing
can be said about this. But when one has an irreducible
representation of the CCR’s a single smoothing operator
AB suffices. This is due to the following.

Corollary 4.1: If the representation of the CCR’s is
irreducible, then either the smoothing operator 4, is
identically zero or maps nonzero vectors onto nonzero
vectors. If A, #0 and if @ is a dense domain in s,
then A, @ is again dense in . The same holds for the
smoothing operator B, . Hence in the case of 5, there
is a {c} as given in Eq. (1.11) such that A, B, is a
dense Girding domain for ¢ and I1. In the case of
Theorem 3.1 a similar result holds.

This result follows in a straightforward ay from
Theorem 4.2 of Ref. 2. The particular sequence {c} that
will give the desired smoothing operator can, however,
depend on the particular representation of the CCR’s.

It is possible to express the smoothing operators in
terms of the unitary Weyl operators. From the integral
relation

e MR Zpdm) /2 [Ty W e Ben)
one obtains
e* 20N’ p(4m)? /szd)l P2/ 4 i () , 4.1)

and similarly for II in the case of CCR’s. Hence we find
for the smoothing operator of Eq. (3.2)

. fan 4 . 5
A =s-lim ]7_‘1___;1. %(’j%) exp {— ;Z_Zc?,k?,} U(Z) )\ugv) ,
4.2)

and a similar expression for that in Eq. (1.9). For
CCR’s, A, B can be expressed as*®

dadly  dhdd,

A =s-lim == in

(fle.) exp (-4 S (e +))0(%nz) V(E ")
(4.3)

and an analogous formula with the Hermite functions for
the test function space 5.
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The expressions of Eqs. (4.2) and (4.3) are very
similar to the ones given by Girding'* for representa-
tions of finite-dimensional Lie groups where the group
operators are integrated with Cg functions. One of
course can in the present case integrate the group
operators also with other functions; the main difference
to Girding’s procedure is that one first has to integrate
over n-dimensional subgroups and then take the limit
n—-o 15
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The limit of the group SO(p,1), for large Lorentz transformations, are studied. It is found that the
basis functions of the most degenerate representations of SO(p,1), constructed according to the
subgroups SO(p) and SO(p—1,1), asymptotically tend to the basis functions, constructed according to
the corresponding contracted subgroups. This result is applied to the matrix elements of SO(p,1) to
derive novel relations. The limit of the overlap functions are considered.

1. INTRODUCTION

Theory of groups and their representations has be-
come an established part of modern physical theory and
diverse aspects of this theory have been extensively
studied in recent years. One such aspect is the concept
of group limit and group contraction for Lie groups. '
By group contraction it is generally understood that one
has in mind a certain deformation of the Lie algebra
which corresponds to a singular transformation of the
algebra. Such is the case for the contraction of the
rotation group SO(3) with respect to its subgroup SO(2),
where the generator of the SO(2), J,, is left intact,
while the other two generators J;, and J, are multiplied
by €, which in turn tends to zero. Thus in the limit
e—0, e, &J,, and J, form the Lie algebra of the group
of rigid rotations of the plane, i.e., E{2). In other
words the SO(3) group manifold is deformed into the
E(2) manifold. To see more clearly what is involved in
this contraction, it is sufficient to consider the homo-
geneous spaces SO(3)/S0(2)=S? and E(2)/S0(2) = R®.
Under contraction, finite rotations on $* generated by
J, and J, become infinitesimal rotations on $* and finite
translations on R?, R? is the tangent plane to S°.

The concept of group contraction is applicable to a
wide range of Lie groups and is essentially a local
concept.' Another important related concept is that of
the group limit for noncompact groups.? By group limit
we mean the asymptotic form of the group manifold
when one or several of the parameters of the group are
allowed to become large. In other words one is interest-
ed in the behavior of the group manifold at infinity. A
simple visual aid is again the homogeneous space of the
noncompact group, for example SO(2,1)/S0(2) = H?, the
two-dimensional hyperboloid. A large boost will take a
finite point of H? to its asymptotic region. It will be
seen that in this region the group acts as the group of
linear transformations of the line. Clearly this group
limit is not the same as E(1,1), the group of rigid
motions of the Lorentzian plane, which is obtained by
contracting SO(2,1) in the conventional manner.

From the foregoing it is clear that it is the group
limit which is most relevent to the physics of the in-
finite momentum, and generally to high energy phenom-
ena.® But in the studies of group theory and their rep-
esentations the group contraction has been more close-
ly pursued than the group limit in the above sense.
Even when the latter has been considered, the concern
has been the group structure and the representation
types.? The question of the behavior of the representa-
tion space under the limiting procedure has been large-
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ly untouched. * It is the purpose of this work to tackle
this problem in a specific example in detail.

The concrete group we will address ourselves to is
SO(p,1), the group of Lorentz transformations in p +1
dimensions. This group plays an important role in
physical theory, both for its significance in relativistic
kimematics when p =3, and for its usefulness in
algebraic descriptions of hadrons.® The representations
of this group have been studied in some detail; in par-
ticular, the most degenerate continuous representations
of SO(p, 1) have been constructed both according to the
maximal compact subgroup SO(p,1) > SO(p), and ac-
cording to the SO(p,1) D> SO(p -1,1). ° In this article,
the limit of these representations are studied and vari-
ous consequences of the limit relations are exhibited.

In Sec. 2, we will review the basic elements of the
SO(p,1) representation theory. In Sec. 3, we will con-
struct the most degenerate representations of SO(p, 1)
according to the E(p - 1) subgroup. In Sec. 4 the
relevant aspects of the group limit are discussed and
then in Sec. 5 applied to a study of the behavior of the
basis elements for the representation space under a
large boost. It is found that the vectors of the canonical
basis, the basis constructed by diagonalizing the Casi-
mir operator of the SO(p) subgroup, are transformed
into the basis vectors constructed by diagonalizing the
Casimir operator of the Euclidean subgroup E(p - 1).
This limit relation will allow us, then, to read off the
limit relation between the matrix elements of a group
element in a representation constructed according to the
subgroup SO(p) and a representation constructed ac-
cording to its contraction E(p —1). Similarly the rela-
tion between two sets of overlap functions are found.

Finally, matrix elements of the form (A|exp(-iaK)|B),
where |A) and | B) are two “rest” states and K is the
generator of the boost, are found in the limit of large a.
These matrix elements emerge in resonance model cal-
culations of structure functions in the deep inelastic
scattering region.’

2. THE MOST DEGENERATE REPRESENTATION OF
SOfp, 1)

The most degenerate representation of the group
SO(p,1) may be built on /3(H*™), the Hilbert space of
square integrable functions on the two sheeted
hyperboloid, &

(2.1)
(2.2)

n e B l=qty, =1, 1=0,1,2,...,p -1,
frg LXEH™), (1,8 = [, anf (gt
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The generators of the group SO(p, 1) for this represen-
tation are
0 9

Suu:i(nu.du _nuau), Gu.:'a—,nT_nunvan_v; (23)
which form the Lie algebra of an SO(p -1, 1) sub-
algebra, and

r,=i5, +on,), (2.4)
which together with S, , commute as

[Su v Sol] = 7’( gucsuh —guusu)\ _gu)tsu,u +gu lsva)y (2' 5)

[Su.w Fklzi(guxru _guhrv), (2- 6)

[r,,I,]=iS,,, (2.7

to form the algebra of SO(p,1).

It is known that {Su s I‘u} form an irreducible repre-
sentation of SO(p, 1) and for

(2.8)

_The representation is unitary. 8 The canonical basis for
these SO(p,1) representations may be obtained by de-
composition according to the SO(p) subgroup generated
by

{S4ss Tty @,B8=1,2,...,p~1

and are

o=-3(p~=1)+ip, p real.

¥(,(n) =N, cosh’a tanhtac’lltgp-z)/z (* ) Y1)(Q,2),

cosha

N(")=2h<p-3)/21"<l +2 ;2) <[n +(p -2)/2]T(n -1 +1))1/2

70(n +1+p ~2)
(2.9)

Here (n)=(n,n,, . ..,n,.,) symbolizes the set of eigen-

values of the decomposition chain
SO(p)>SO(p —=1)++-+D80(2), n=n,, (2.10)

and (1) =(n,,n,, . ..,n,.;) symbolizes the eigenvalues of
the decomposition chain
SO(p-1)DS0(p -2):+-D80(2), n,,=1. (2.11)
Here the spherical coordinates of H*" are employed:
n°=¥cosha, O<a<e
n*=sinhasing,, - -sinf,, 0<9, <27

n?=sinha sing,._, « * sinf,cosd;, 0<6;<m

7.7"'"’ =sinha sind,_, cos#, s,
n*™' =sinha cosb,_,. (2.12)
Y(;,(®) are the usual spherical harmonics, forming the
canonical basis for the SO(p —1) subgroup.

Similarly a pseudobasis may be constructed accord-
ing to the decomposition

SO(p,1)D50(p -1,1)DS0(p =1)DSO(p -2)++ »DSO(2),
(2.13)

¥, (;,(n) =N, sinhg™*-3/2p {132/ 2 cosha) Y ,)(Q,.1),

N, = I‘(iv+l+2—%g->’.

v

vsinhmv\ /2
7

(2.14)
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3. THE DECOMPOSITION SO(p, 1) D E(p - 1)

We accomplish the decomposition of the most degen-
erate representation of the group SO(p,1) with respect
to its Euclidean subgroup E(p —1) by introducing the
parabolic coordinate system on H?™' which parametrizes
an element n* of H**! according to

710 +n1>-1:;eﬂ', 1]0—77"1=4=(e'“'+e"'7’2), —o<g! <o

7' =e"7sing, 5« «+ sinfy, 0<6, <27

n°=e"rsinb, 5+ + - sinb, cosé, 0<6,s7

';)"3 =e%rsing, ;cos, ,,

7’2 =e"rcosb, ;. 3.1)
The subgroup E(p —1) is generated by

E;=K;=S; 1, Epu=Ty=-T,,4,

Ly;=8;, L;,n=T;, i=1,2,...,p~2, (3.2)
where K, =-S,;. It is easily verified that

[E,, E;]=0 (3.3)

(Lo By =i gayEq = ZarEs)- (3.4)

Note that E,; and L; generate an E(p —2) subgroup of
E(p -1); and L,; generate an SO(p —2) subgroup of
E(p -2).

The representation of SO(p,1) are decomposed ac-
cording to the chain,

SO(p,1)DE(p —=1)DE(p =2)DSO(p -2)

D80(p =3)+++2S0(2). (3.5)

The Casimir operator of E(p —1) is E E,, where in

terms of the differential operators on H*"!, E, are
E,=—ie iy z=e™" (3.6)
i= %’ n 2z’ ’
0 [

= -G 3.7
E,, i3 iy (3.7

We call the eigenvalues of this Casimir operator A and
find the corresponding pseudobasis functions:

‘I’x’um(ﬂ) = (xA)llzz-wl/2J;1/2(I-12)Jm+(p-4)/z(x”') Y(m)(Q’_s).

(3.8)

¥y ., m) are eigenfunctions of the Casimir operators of
the above subgroup chain,

(EfEi)\PS\*,)x,(m):xz‘p;&*,)x,(m), (3' 9)
(L4 L UL, iy =m(m +p =4)¥L7, o, etc.,  (3.10)

and satisfy the following orthogonality and completeness
relations

Jpes GNES (i MY, (1) = B(A = ADE(X = )8 3y, (mrs
(3.11)

(ZD) f dA dx‘I’A,x,m)("‘l)‘I’A,x,(m>("7'):5("7 -n'). (3.12)

For reference we will write down the pseudobasis func-



627 F. Ardalan: The most degenerate representations of SO(p, 1)

tions for the SO(p, 1) representation according to the
decomposition chain,

S0(p,1)280(p -1,1)DE(p =2)DSO(p ~2)

DS0(p -3):++DSO(2). (3.13)

These functions are the generalized eigenfunctions of
the Casimir operator of SO(p —1,1), the Laplace—
Beltrami operator on H*™:

35,84 =~0%= zzé—a-z; -(p -3)za—a-z- +22V2,, (3.14)
where V2, is the Laplacian in (p —2)-dimensional
Euclidean space. The eigenfunctions of 6* are

X s (pety 1200 Yy (R5.3)5 (8.15)

where the K, are the modified Bessel functions of order
iv.?
4. GROUP LIMIT

In this section some elementary results on group
limit theory as applied to the group SO(p, 1) will be dis-
cussed. Under the action of Ad exp(-itK, ), one can
easily verify, by considering matrix representations,
that the Lie algebra of SO(p,1) approaches, the follow-
ing limits:

lim Ad exp(itK,.,)(S;;) =Sy,

lim Ad exp(itK,_ (S, ,.,) =3€'E,,

lim Ad exp(itK,., (K ;) =3¢'E,,

lim Ad exp(itK, (K, ,) =K,

lim Ad exp(itK,  (T';,)=T,,

lim Ad exp(itK, NT,.,) =3€'E,.;,

lim Ad exp(itK, ,)(Ty) =3€'E,,, i=1,2,...,p-2.
(4.1)

Thus the Lie algebra of SO(p, 1) approaches that of
E(p -1)® D, where D is dilation on R***. Here D=K,_,,

[Kp-l’Eot]ziEa; a=1,2,...,p-1, (4.2)
(K,..,T;]=0, (4.3)
(K,..1,S;]=0. (4.4)

It must be noted that to be exact one should consider
the limit of Adexp(itK,,)(K,/ze?), etc., in order to ob-
tain a well defined, finite Lie algebra instead of the
asymptotic limits considered above; and it is in this
sense that one Lie algebra is the limit of the other. But
we prefer to keep our asymptotic notation, as it makes
contact with its physical applications more readily.?

In a related but different procedure, contraction of
SO(p —1) with respect to its subgroup SO(p -2), a
similar connection between the two algebras may be
obtained. In this case the elements S, -1 are replaced
by €S; ,., and € is let to go to zero. The resultant Lie
algebra is that of E(p —2). As a consequence it can be
shown that the Legendre functions asymptotically ap-
proach the Bessel functions. The usual derivation of

J. Math. Phys., Vol. 15, No. 5, May 1974

627

this result is as follows'®: One considers a representa-

tion of SO(p — 1) with the weight , and calculates the
matrix elements of a group element, e.g., expl(i6/
l)S",,_l] in this representation, which are the Legendre
functions, and then allows [ to go to infinity, (1/7)S; ,.,
tends to E,, and as direct calculation shows, the matrix
elements of (1/1)S ;, 1 Detween the two SO(p - 1) states
approach the matrix elements of E, between two E(p —2)
states. Since the matrix elements of exp(i0E,) are the
Bessel functions, one has the desired relation.

In the next section we will prove the stronger result
that the basis elements in the SO(p, 1) representations
approach the basis elements of the representations of
the limit group E(p ~1)® D. From this result, the con-
nection between the matrix elements of two groups in
addition to some novel relations will emerge
immediately.

5. LIMIT OF REPRESENTATION BASIS

The elements of the canonical basis for the most de-
generate representation of the group SO(p, 1) which are
constructed according to the decomposition (2.10) are
determined by the eigenvalue equation chain,

(r,r* +%SWS‘“’)‘II(,,, ={-[(p-1)/2] - Pz}‘l’(n)’

p=0,1,2,...,p-1,
(TaTo +2S0sSas) ¥y =nln +p = 2)¥,,),
a,B=1,2,...,p -1,
%(Sas Saus)¥(m =1 +p =3)¥,,
38,80, =mlm +p -4)¥,,,, i=1,2,...,p-2.

Under the action of a Lorentz boost exp(itK,,_l), these
eigenvalue equations are transformed, asymptotically,
into the chain

(T, T* +48S, ,8*") exp(itK,.,) ¥,

={-[(p -2)/2F - p’texp(itK,..) ¥, (5.1)
(:€™E,E,) exp(itK,.,)¥,,=nln +p = 2) exp(itK,,)¥ ,,(5. 2)
(:€*'E E,) exp(itK, ) ¥,,=1( +p - 3) exp(itK,_,)¥,,, (5.3)
3(84;S,;) exp(itK, . )¥ ,, =m(m +p ~4) exp(itK, ) ¥(,,. (5.4)

These equations suggest that the boosted states
exp(itK,,)¥,,, form a basis for the representation of
SO(p,1) according to the decomposition (3.5), with the
characteristic parameters,

A=lim2ne,

teew
neco

(5.5)

x=1im2le™t,
t=w
neew

(5.6)

other parameters being identical to those of the canoni-
cal basis.

Similarly, the pseudobasis for the decomposition
(2.13) is suggested to be transformed into the pseudo-
basis for the decomposition (3.13). In the following we
will prove that these functions behave as suggested and
in fact the limit relations are pointwise.

To begin with, we consider the effect of a large boost
on one of our basis functions. By definition the effect of



628 F. Ardalan: The most degenerate representations of SO(p, 1)

exp(itK,.,) on such a function f is
[exp(itK,.,)f Itn) =1 lexp(= itK,.. )m]. (5.7

Therefore, it is sufficient to consider the effect of the
boost exp(~ itK,,_l) on the vector n* as ¢ tends to infinity,
and find the limit of f[exp(~itK,)n] as a function of n*.
We consider the spherical parametrization of the hy-
perboloid and seek the parameters of exp(-itK,_)n in
the parabolic coordinate representation (3.1). The re-
sult is

cosha, ;3 1/z, r=3¢, (5.8)
cotha, ,=% cosh(z/xr), (5.9)
6, ;== 7/, (5.10)

where a,, 8, =0%_, are the relevant parameters of
exp(—itK,,)n, and z and » are the relevant parabolic
parameters of n*.

As a first case, consider the pseudobasis functions
(2.14) of the decomposition, SO(p,1)>S0(p -1,1)
D SO(p —1). The asymptotic limit of the normalized
spherical harmonics,

Y ”(Qp-z) =mp-t)/2p (m + p ; 3)

[ +(p —3)/2]TQ —m +1)\*/2
X< 7Tl +m +p =3) )

XCP " /2(c0s6) sin™0Y,,(Q,.5), (5.11)

where m =n,_;, are easily found to be,
(_ 1)(m+p)/2h(p-3)/Z[xl/2,’,~[(p-‘i)/z]J'H(p_‘i)/Z(xr)y(m)(s‘z’-z)]-
(5.12)

Here x=lim, ,..(I/A), and the expression inside the
bracket is the normalized eigenfunction of E(p —2)
Casimir operator, as expected from the fact the
E(p —2) is the contraction of SO(p —1). The factor
(= 1){m#)/2 j5 3 phase factor related to the arbitrariness
in the definition of the functions in the limiting expres-
sions; and the A¢"*/2 factor is the result of a change of
normalization; the Y|,, are normalized to &, (;, while
the generalized eigenfunctions of the E(p —2) Casimir
operator are normalized according to

8(x -x'):)t lim A8(1 =17).

2w

Note that the limiting procedure invoked here, in-
troduces additional powers of A, coming from the
change of measure,

dQy., =sin’20d0dQ, 5,z AP P2 drdQ, , (5.13)

which explains the factor A%#-3/2

expression (5.12).

appearing in the

In the derivation of (5.12), we have used the connec-
tion between the Gegenbauer polynomials and Legendre
functions, and then the limit relation.

lim »*P;*(cosx/v) =J,(x). (5.14)

)

Similarly the limit of the remaining factors in the ex-
pression (2.14) for the pseudobasis functions may be
obtained by exploiting Whipple’s formula, ! connecting
the Legendre functions of the first kind with those of the
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second kind, and using the limit relation®!

lim v exp(—imp)Q*{cosh(z/v)] =K, (z). (5.15)

The final result is
[exp(itK,,.l)\Il,,,(,,](n) 1,1~ (- 1)(’"")/2)‘-1/2‘1’11,::, (m)(ﬂ)-
(5.16)

The coefficient (- 1)‘™*)/2 {5 a phase factor and the ad-
ditional power of A is again due to the change of
normalization.

The limit of the canonical basis (2.9) can be similar-
ly found. In this case, we obtain the pseudobasis (3.8)
of the decomposition SO(p,1) D E(p —1), only when we
let n, I, and » -1, tend to infinity simultaneously with
t. To find the limit behavior of (2.9), we observe that
when #n -1 =2N, for nonnegative integer N,

1 ) (Cp ENIIIN + L+ (p ~2)/2)

1+(p-2)/2
C, (¢

cosha @NIT[1 +(p -2)/2]
2
(-1/2,1+(p-3)/21 {1 _
X Py (1 cosh2a> ’
(5.17)

Then we use the expansion for the Jacobi polynomials, !

) " 222 N z 2k
PL/z im0 s)/zl<1 - ?) =2, b,,<—) ’

=0 T\ (5.18)
b = (=) TIN+I+k+(p-2)/2] T(N+3)
ETRIN-E)  T[N+I1+(p-2)/2] rk+3)?
and find that
Jim pk—l/z,mp-:n/zr(l - 2_;_;) - (%)1/2J_1/2(“z)
(5.19)
where
p=(A% ~x2)/2, A="1'i)£n” (n/2), x= lim (/2.
(5.20)
The limit of the canonical basis is then obtained:
VM) 1y e (DM ATED2E 0 ), (5.21)

where ¥' is defined in (3.8). The factor A°**"*"/2 jg
again due to a change of normalization.

In exactly the same manner we find that, for the case
n=1=2N+1,
\p(")(,n) I Xew Ed (_)N+m>\o+(p-3)/2‘1,j\+')x' (m)(n)' (5 22)

These limit relations can be used now to relate
matrix elements of SO(p —1) group elements with those
of E(p —2) group elements. To illustrate the point we
choose p=4, and calculate the limit of, 2

Pl leos(a/n)]= [ d@yP(@) expli(a/r), 1Y (@),

when 7 and X tend to infinity. Here P,, ,, are related to
the Jacobi polynomials. From (5.12), we have,

YHQ)—~ imal/? (x‘ / sz(xr)(—z‘:T—z eXp(imcb)) )

where the expression in the large parenthesis is the
normalized generalized eigenstates of the Casimir
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operator of E(2). Also from (4.1) we have,
J, = AE,.

Using these two relations, and paying attention to the
change of normalization, we obtain the known result,*?

P}l leos(a/M)], e ™ M e p(xa). (5.23)

m,m'
A further consequence of our limit relations between
the basis elements is the simple calculation of limit of
the overlap functions as expressed in Ref. 6. These
functions, K%(v,n), are inner products of the elements
of the canonical basis (2.9) and the corresponding ele-
ments of the pseudobasis (2. 14),

Kiv,n)= f,,p-x dﬂin, (n(’f?)‘l’u,(z)(ﬂ)-

They have been expressed in terms of the Meijer’s G
functions; and a direct calculation of their limits for
large ! and = is not trivial. However, we can use our
Eqgs. (5.16), (5.21), and (5.22), to find the limit of
K%(v,n) easily:

(5.24)

Av sinhmy\!/?
Kl ) (2100 (e g2 (L SR
I:AwdzzipKiu(xz)Jelz(uz): (525)

where €= -1, for the case n ~I=2N, and ¢e=+1, for
n=1=2N+1. (¥) refers to either sheets of the hy-
perbloid. The integral can be calculated, and the result
is

K‘;(V, n) 1,",_):“0 (:F)(b-e)/2(_)N+(m+p)/ZA-I/E-incp'vB”y(x,A),
o fvsinhmy \1/2_ (1 +¢/2 +i(p +v)
=2 7 r

Cv,u

2
xr<1—i€/i2+—’1p—‘—”—)>/r(1 +e/2),

Bp'u(x’ A):uE/ZAl/Zx-(l-l—e/Z*ip) '

1+e/2 +i(p+v) 1+€/2+i(p-v)
xXF D) ] 9

b

2
1+e/2;-%5>. (5.26)
Finally, we will evaluate the matrix elements of a

large boost between two vectors of the pseudobasis
(2.13), and then between two vectors of the canonical
basis (2.19). These matrix elements are known for a
finite boost,'* from which the limits can be obtained.
Here we use our limit relations between the basis ele-
ments and find the matrix elements immediately. The
matrix elements are

(p, v,(0)|exp(itK,.,)| p, v, 1, (0) (5.27)

where the state on the left is the ground state of the
basis (2.13), while the state on the right is a general
element of that basis. Now as ¢ and [ tend to infinity,
(5.27) tends to

(F) 12 (JHemyLeie(n y,(0)] p, v, %, (0)), (5.28)

where the state on the right is an element (3. 8) of the
Euclidean decomposition (3.13). We have used the limit
relation (5. 16).

To calculate the overlap functions in (5.28), we
consider
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{p, v, (O)IEiEi [ P, % (0) =x*p,v,(0) | p,v,%,(0)
=(p, v,(0)|[(p -2)/2F ++* -K2,
+(p - 2)iK,.,|p, v, x, (0)),
(5.29)

and observe that

ax (5.30)

the Eq. (5.29) will lead to a differential equation for the
overlap functions, whose solutions are

(p,v,(0)|p,v’, %,(0)) = cx®> /2K (x)8(v —v")

Ky I psV, X, (o) =7'(xi + %) lp’ Uy X, (o)»;

(5.31)

with the coefficient ¢ obtained from the completeness
relation for the lp, v, x, (m)) and is

= e

In the special case P =3, this result agrees with that
obtained by Chang and O’Raifeartaigh. !

]'1. (5.32)

The matrix elements of a large boost between two
canonical basis elements can be obtained from the above
result by observing that a (X,_,, X;) hyperbolic rotation
may be obtained by a combination of a (X »» Xo) hyperbolic
rotation and (X,,, X,) Euclidean rotation; alternatively
one may calculate the overlap functions

{p,(0)] p, A, x,(0))
directly. The result is
(p, (0)| exp(itK,.;)| p, 7,1, (0)) 300, n=I=2N+1,
N=0,1,2,...,
{p,(0)| explitK, ;)| p, 1,1, (0)) , 7.0 (=¥ "1+i*

2 ( I(p/2)
I(-5)\rT{(p -2)/2]

1/2
) u-l/zAlnd/Zx(p-S) /ZK(‘,(A),

n-1=2N. (5.33)
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The high-frequency backscattered field produced by a plane, linearly polarized electromagnetic wave
obliquely incident on a perfectly conducting disk of elliptical shape, is considered. The leading term
of the asymptotic expansion is obtained by means of the geometrical theory of diffraction, and it is
matched to the physical optics result for normal incidence via Bessel functions. The formula thus
obtained is uniformly valid for all directions of incidence and polarization; it reduces to the known
result for a circular disk in the case of zero eccentricity. Numerical results are presented for direct-
and cross-polarized monostatic cross sections. The difficulties encountered in obtaining higher-order

terms of the asymptotic expansion are discussed in detail.

1. INTRODUCTION

The high-frequency scattering behavior of flat metal-
lic plates has received considerable attention in recent
years, mainly because such plates represent good ap-
proximations to portions of airplanes and missiles such
as wings, fins, and tail structures. Two especially im-
portant studies are those on the rectangular plate by
Ross! and on the circular disk by Knott ef al.® The flat
metallic plate of infinitesimal thickness and elliptical
shape considered in this paper is important in its own
right, because it is one of the simplest edge structures
with variable radius of curvature on which Keller’s
theory can be tested and because it includes the circular
disk and the strip as limiting cases. Also, any scatter-
ing results for an elliptic plate are at once applicable to
the diffraction by an elliptic aperture in an infinite plane
screen, via Babinet’s principle. From a practical view-
point, an elliptic plate is a reasonably good approxima-
tion for studying the scattering properties of the wings
of certain aircraft at centimeter wavelengths.

Two general techniques are available in dealing with
high-frequency scattering problems. The first is
Keller’s geometrical theory of diffraction (GTD), which
represents by the inclusion of diffracted rays a system-
atic improvement of geometrical optics. The second is
Ufimtsev’s theory of fringe waves, which represents a
systematic improvement of physical optics surface cur-
rents through addition of nonuniform components. The
leading terms of the far-field asymptotic expansions are
the same in both theories; however, discrepancies arise
between the higher-order terms. Since both theories
are heuristic in nature, a preferential choice can only
be made on the basis of either experimental evidence or
asymptotic expansions of exact solutions of canonical
problems. Measurement data are inconclusive because
the difference between the two theories is often numeri-
cally small and thus rests within limits of experimental
errors. On the other hand, it has been theoretically
proven that Ufimtsev’s second-order term is definitely
incorrect for the strip® and most probably also for the
circular disk.? For these reasons, we chose GTD as
the method of analysis in this paper.
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In Sec. 2, the first term in the high-frequency expan-

sion of the backscattered field is obtained for oblique
incidence and arbitrary polarization of the incident wave.
It arises from two optical rays which are singly dif-
fracted at the two flash points on the edge of the elliptic
plate. These are the two points where the tangent to the
edge is perpendicular to the incident Poynting vector.
The expression thus derived for oblique incidence fails
at normal incidence, due to the caustic behavior of the
diffracted rays. However, the leading term of the back-
scattered field for normal incidence is trivially obtained
by physical optics, and a matching between the on-axis
and off-axis results can be achieved by employing
Bessel functions (Sec. 3). The resulting formula is uni-
formly valid for all directions of incidence, and reduces

to a previously known result in the particular case of the
circular disk.? Numerical values of the first-order mo-

nostatic cross section for vertical, horizontal, and
cross polarization are plotted in Sec. 4. Finally, a
detailed discussion of the difficulties encountered in ex-
tending the analysis to higher-order terms of the as-
ymptotic expansion is presented in Sec. 5. In particular,
the second-order backscattered field is derived for cer-
tain directions of incidence.

Criticism of GTD is usually twofold: First, the theory
suffers from inherent difficulties at caustics; second, it
leads to unacceptable results at or near geometric op-
tics boundaries. Both objections can be overcome, at
the price of cumbersome calculations, by boundary-lay-
er techniques. ? In particular, uniform asymptotic ex-
pansions which are valid at caustics have been obtained
by Kravtsov®~” and Ludwig, ® while an asymptotic solu-
tion which is uniformly valid near edges and shadow
boundaries has been provided by Lewis and Boersma®
and by Ahluwalia. ¥ Despite these advances, it is still
sometimes claimed that Keller’s theory leads to an in-
finite value of the diffracted field at geometric optics
boundaries (see, e.g., Ref. 11). Since this confusion
arises from an incorrect use of the diffraction coef-
ficients, in Appendix A we restate their correct values
at and near geometric optics boundaries. These values
are needed in the discussion of second-order
contributions performed in Sec. 5.

Copyright © 1973 American Institute of Physics 631
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FIG. 1. Geometry for the scattering problem.

2. THE BACKSCATTERED FIELD

The geometry of the scattering problem is illustrated
in Fig. 1. The elliptic plate is centered at the origin of
coordinates in the (x, y) plane, has major axis 2a or‘-
ented in the x direction and minor axis 2b. The incident
plane electromagnetic wave with wavenumber %2=27/x
and angular frequency w propagates in the direction of
the unit vectc-

i=-xsinf, cos¢p, — ¥ sinb, sing, — 2 cosb, (1)
with an incident electric field
E!=¢' exp[- ik(x sinf, cos¢, + y sinf, sing, + z cosb,)],
(2)
where
2= q;o siny - 50 cosy
= - X(siny sing, + cosy cosf, cosg,) + y(siny cos o,
— cosy cosb, sing,) + z cosy sing, (3)

and the time-dependence factor exp(—iwt) is omitted.
Without loss of generality, the angles 6, and ¢,, which
define the direction of incidence, and the polarization
angle y are restricted to the intervals

0<6,<n/2, ~a/2<¢,<n/2, 0<y<mu/2 (4)
The far backscattered electric field may be written as
E>* = (e /kr) (¢, S siny + 6,5, cosy), (5)

where 7 is the distance of the observation point from the
center 0 of the plate. If the minimum radius of curva-
ture of the edge is large compared to the wavelength,
i.e.,

kb2 /a <1, (6)

then the far-field coefficients S, and S, for vertical
(y=1/2) and horizontal (y =0) polarizations can be
asymptotically expanded in series of powers of k™1/2,
The dominant terms of these series arise from optical
rays which are backscattered from the flash points
P.(x,,9,) and P,(x,, v,) on the edge of the plate, as shown
in Fig. 2. The coordinates of these points and the radius
R of curvature of the edge at either point are given by
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X, = =%, =(a/A) cosdy, ¥ ==7y,=(b%/ad)sing,,
R=0%/aA®, (n
where
A =A(8, ¢,) =Cospy(1+ 5° tan?¢,)! /2 (8)
with
5=b/a. (9)

By following the prescriptions of GTD, 2 the divergence
factors T, and I, associated with the rays backscattered
from P, and P, are easily determined

g r, 1
b
= p A%/2 (24 5ing,) /2, (10)
r, -1
these expressions are valid if 6, is bounded away from
zero, i.e., for oblique incidence only.

The first-order backscattered field is
E®s ~[exp(ikv +in/4)/2V2nk] [T} 4, {é’},,l exp(— i2kA siné,)

+ T, 4, {é"}Pz exp(i2kA sind,)], (11)

where the column vectors {é"},,Jl and {2'}, are expressed
in terms of the local base vectors T,, N,, B, at P, and
T,, N,, B, at P,, respectively (see the Appendix):

T ,==T,=-%sing,+ 9 cose,,
N,==-N,=%cosp,+ J sind,, (12)
B,=B,=-1%;
hence,
siny — siny
{e'}s, = ~ cosy cos6,), {&'}p,=| cosb cosd,). (13)

cosy siné, — cosy sinf,

The matrices A, and A, are given by Eqs. (A4), (A7),
and (A9) in the Appendix with S=7/2 and

a=60=90,

for 4,

a=0=-6, for A, (14)

thus,

x>

FIG. 2. First-order scattering centers.
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1 0
-1- sinf, 0
) (-m)
A= 0 ( ~ sing, >cos o sing,
' X sinf,cosd, J’
1
0 (1— ; )Sineocoseo (1_ .1 )
sind, siné,
X sin’6,
(15)
-1+ ,1 0 0
sing,
1 5 1
- {1+ =
0 (1 + sin90> cos™6 ( sm90>
8,= .
X siné,cosé,
1 ~ 1
0 - {1 + ——) sin§ —
(1 sin60> sinf, cosf, (1 + sineo)

X sin®4,
(16)
It follows from Eqs. (5), (10)—(13), (15), and (16) that

_ 8f ka \'? _3,2[( 1 ) ( . .£>
Sﬁ _Z(frsinec,) A l;sineo expzzkaAsm@,,—z4

1 T
» . T 0.
+ <1:t sineo) exp( i2kaA s1n60+z4>], 6, # (17

In the particular case of the circular disk, §=A4 =1 and
Eq. (17) reduces to a previously known result. ? Observe
that (17) remains finite at edge-on incidence (6,=7/2).
(An infinity for edge-on incidence occurs in the second
term of the asymptotic expansion of Sj.)

For axial incidence (8,=0), the far-backscattered
field is easily obtained by physical optics

Sp~ +3i6k2a?,  6,=0. , (18)
H
The first-order solution is given by Egs. (5), (17),

(18).
3. CAUSTIC MATCHING

Since the first-order field obtained in the previous
section is nonuniform in 6,, we now introduce inter-
polating functions which yield results (17) and (18) as
particular cases. A correct interpolation could be ob-
tained by asymptotically expanding the exact solution of

the scattering problem, if such a solution were available.

A discussion similar to that performed by Keller*? for
the circular edge would yield an axial correction factor
containing a combination of Mathieu functions. For nu-
merical purposes, it is preferable to introduce matching
functions which are more easily calculated, such as
Bessel functions. We do not pretend that the formula
thus produced is the correct interpolation, but only that
it is sufficiently accurate for practical purposes.

A comparison between Eqgs. (17), (18), and the corre-
sponding results for a circular disk, as well as an in-
spection of the interpolation formula used for the circu-
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lar disk, >'13:!* Jeads us to suggest the following expres-
sion:

g ~i0ka (1 J,(2kaA sing,)
£ 24 sing,

The above equation reduces to the result for the circu-
lar disk when 6 =1, to the physical optics result (18)
when 6,=0 and to formula (17) plus terms O[(ka)*/?]
when the argument of the Bessel functions is large with
respect to unity.

~ iJ,(2kaA sin00)> . (19)

A comparison of (19) with the corresponding result
for a circular disk shows that the elliptic plate behaves
like a circular plate of effective diameter 2Aa. A geo-
metrical interpretation is given in Fig. 3: P, and P,
are the first-order scattering centers, @, and @, are
points of the edge with coordinates xo =~ xg, =acosg,,

Vo=~ y°2=b sing,, and V; and V, are the projections
of P, and P, on the straight line y =xtang,; then,
0
_5 —
L0
b=
£
-10
2]
O
@
-5
-20
0

8= b/a

FIG. 4. Monostatic RCS of an elliptical plate as a function of
axial ratio computed by the first-order theorv of GDT.
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RCS in db
[
o

=20

FIG. 5. Monostatic RCS of an elliptical plate as a function of
axial ratio computed by the first-order theory of GDT.

2Aa =V,V,=Q,Q,=20P, cos(p, - ¢,). (20)

The argument of the Bessel functions in (19) is there-
fore equal to the product of the wavenumber % times the
projection of the distance P,P, on the direction of
incidence.

In general, the polarizations of the incident and back-
scattered fields differ. The cross-polarized return may
be defined as

Ebs .iXe'=(e"/kr)5(Sg+S,) sin2y. (21)

Therefore, we introduce the far-field coefficient S .,
of the cross-polarized component of the backscattered
field:

S eross =3(Sg +Sy) sin 2y. (22)
From formula (19) it follows that

Seross = (#b/2A) J,(2kaA sinf,) sin2y; (23)

=0if §,=0, or y=0, or y=1/2, whereas,
| is maximum when y =7 /4.

hence, S . .

for given 6, and ¢,, 1S, s

The monostatic cross sections for vertical and hori-
zontal polarizations are

0g,x=(2/7)(Sg 4%, (24)
while the maximum cross-polarized cross section as a

function of polarization angle is

(A2/7) | (kb/2A,(2kaA sin6)) 2. (25)

Teross | rex/4=

4. NUMERICAL RESULTS

The final results for the monostatic radar cross sec-
tions (RCS) are given in (19), (24), and (25). We will
now present some numerical computations based on

these three formulas.
In Figs. 4, 5, and 6, the RCS for different polariza-
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S=b/a

FIG. 6. Monostatic RCS of an elliptical plate as a function of
axial ratio computed by the first-order theory of GDT.

tions is presented as a function of the axial ¢ ratio
6=b/a. [Because of the restriction on (6), the numeri-
cal results in Figs. 5, 6, and 7 may not be accurate,
say, for 6<0.4.] Since only the first-order field is in-
cluded in the calculation, we have oy =0, and, hence,
there are only two distinct curves in each figure. For an
incidence along the narrow direction of the elliptical
plate (¢,=0), it may be shown that

o (elliptical) =(bd/a)? o (circular with radius a),
for ¢,=0, (26)

for corresponding polarizations. Thus, for a fixed ka,
the RCS in Fig. 4 increases with the ratio of (5/a). For
an incidence along the broadside direction (¢,=7/2), we
have the relation

o(elliptical) =(a/b)? o (circular with radius b),

which, as expected, is symmetrical with respect to (26).
The presence of oscillatory behavior for the RCS in

Fig. 6 is due to the fact that Fig. 6 is computed for
fixed ka, not for fixed kb. Thus, the oscillatory behavior
in Fig. 6 may be explained in terms of the variation of
the RCS with a radius for a circular plate.

The second group of computations presented in Figs.
7 and 8 is designed to study the azimuthal variation of
RCS. The elliptical plate has the axial ratio 2:1. Gener-
ally o5 (= 0,) increases as the incident angle moves to-
ward the broadside direction of the plate. The maximum
cross-polarization, cross-section o, ,,, is oscillatory,
and is identically zero when ¢ satisfies the following
equation:

2 kasinf [cos? ¢, + (b/a) sin®p, ' 2 =4,,, for v=1,2,3,...

where {j,,} are the zeros of the Bessel function J,(x).
The first few {j, } have the following numerical values:
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RCS: ¢E/X or oH/AE (db)

_20 L 1 1
¢, (deg)

FIG. 7. Monostatic RCS of an elliptical plate as a function of
the incident azimuthal angle computed by the first-order theory
of GDT.

j»,=5.14, 8.41, 11.62, 14.80, 17.96, ...

Between zeros, the peak values of o, ,,, increase again
as the incident azimuthal angle ¢, moves toward the
broadside direction.

5. DISCUSSION OF HIGHER-ORDER CONTRIBUTIONS

The asymptotic expansions obtained in Sec. 3 can be
extended beyond the dominant term only at the price of
cumbersome calculations, and only for oblique incidence
(6,#0). Rather than deriving the complicated expres-
sions which apply to the case of arbitrary incidence
(6, @,), we consider the simpler case of a primary
wave propagating in a direction parallel to the (y, z)
plane (i.e., ¢,=7/2). A similar derivation is at once
applicable to incidence in a direction parallel to the
(x, 2) plane (i.e., ¢,=0). The second-order term in the
expansion of the backscattered field is due to optical
rays which strike the edge of the plate, are diffracted
along its surface, and, after striking the edge once
more, are finally diffracted in the backscattering direc-
tion. It can be shown that two independent paths exist,
each corresponding to two rays; these paths are shown
in Fig. 9 for the particular case considered here. The
first path of Fig. 9 lies in the plane x=0: The incident
ray is diffracted at P, (or P,) toward P, (or P,), whence
it proceeds in the backscattering direction. The second
path lies in a plane parallel to the x axis; the incident
ray is diffracted at P, (or P,) in the direction - x (or + %),
and it is then backscattered from Py (or P,). The posi-
tions of P, and P4 along the edge vary with the angle 6,
of incidence. Thus, this second path corresponds to two
“migrating” rays, which were first introduced by Knott
et al.® for the circular disk and by Senior and Uslenghi'®
for the flat-based cone. For all four doubly diffracted
rays, propagation occurs on both illuminated and shad-
owed faces of the plate. However, the backscattered
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RCS (g, max/\?) (db)

¢° (deg)

FIG. 8. Monostatic RCS of an elliptical plate as a function of
axial ratio computed by the first-order theory of GDT.

field has the same form for rays propagating on either
face? and, therefore, we consider rays on the illumi-
nated face of the plate only.

It is easily seen that the rays doubly diffracted at
P, and P, do not contribute to vertical polarization

(y=1/2),
SU|,.4=0.

For horizontal polarization (y =0), the incident field
E‘= - 6, exp|- ik(y sinf, + z cos6,)] (27)

generates the second-order contribution
Ev |1, = 6, (e'/k7) S,

where

(28)

SII{I |3 4 = kyeiZkb (Dz‘lD;l&r ri34 P341' + DZ3 D-fSr Fi43 r437)'
(29)

D}, and T, are, respectively, the Neumann diffraction
coefficient and the divergence factor associated with the

<>

N

ol
N
N>
o

P A
6 /" Pe Py

P
g g

FIG. 9. Optical ray paths for second-order contributions, when
bo=1/2,
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FIG. 10. Astigmatic cylinder for axial backscattering.

ray coming from P,, hitting the edge at P,, and dif-
fracted from P, toward P;. The subscripts “i” and “»”
represent the incident and backscattered directions. It
can be shown that

D€{34D’3{47=D€I43 Df(ir:i/(l”k 00590) (30)
and that

Ti3s Doy = T4 Ty, = — i/[276(1 ~ 82 cos®6,) /2], (31)
This last equation is valid if

7> [a/26(1 - 5% cos?6,)] | 26%(1 + sinb,y) - 1. (32)
Substitution of (30) and (31) into (29) yields

st |3‘4= e'2¥ /(15 cosfy(1 - 52 cos?6,)' /2] (33)

The coordinates of the migrating points P, and P, are
(34)

whereas the angle 3 between the direction of propagation
of the incident ray and the tangent to the edge at the
point of incidence P, or P, is given by

x,= - xg=a/(1+82sin20,)' /%, y,=y,=—x,6% sinb,,

sin B =(1+ sin®g,)"1/2, (35)

The second-order contribution to the backscattered field
due to the two migrating rays is

E™*- |11 =(i/87k) (1 + sin6,)e'* exp[i2ka(1 + 5° sin’6 ) /2]
x ( Fiss rssr Assr {A i56 é;}+ riss r65r Assr {Aiss é;})>

(36)
here &} and &{ are column vectors with components along
the local base vectors T, N;, By at Py and T, N, Bg
at P, (see the Appendix), where

~

-~ Xsinfy -~ x%-9sinf B.—B.=-3
Tg— (1+Sin290)172; NZ— (1+Sin290)172! 5 6 .
(37

The matrix A, is given by Eq. (A4), for a ray coming
from P, and edge-diffracted at P, toward P,. The column
vectors {4, 2!} and {4, &i} are expressed in terms of
the local base vectors at P, and P, respectively. Thus
we find that

Bsor{Biss2st|  _g sin(y ¥ 6.)
_ Zosimy i)

~ 1+ sin®§,
Assr{AiGS éé} °
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X(- % cos, ¥ sinb, cosf, + 2 sin®g,). (38)
The determination of the divergence factors is accom-
plished with the aid of Frenét’s formulas of differential
geometry. The final result is

Tis6 ey = Tise Tosr
=—(6%/27) [(1 + 8% sin?6,) (1 — 8% cos?6,)] /2 (39)
and is valid provided that
209 _ 52
¥ > a5%(2 - 0" cos26,) (1+ 6%sin®g,)"2/2, (40)

2(1 - 6% cos®4,)

Substitution of (38) and (39) into (36) yields

cos?
. i cos®g, R
SE = —TI_ . [(1 + 62 sin’ 90)
Hls,6 (sm 0,

X (1 - 8% cos?6,)|"1/2 exp[i2ka(1 + &% sing,)/2]. (41)

The total second-order contribution

SU=sY| +su (42)
H H H
3,4 5,6

is therefore given by Eqs. (26), (33), and (41); it is valid
under the limitations (32) and (40), which are satisfied
for all 6, if 56 <1. For the circular plate (6=1), both
(32) and (40) fail at §,=0, due to the fact that the z axis
is now a caustic of the diffracted rays. However, this
does not mean that the backscattering behavior of a
circular plate at and near axial incidence is more dif-
ficult to obtain than the corresponding behavior of an el-
liptic plate. On the contrary, in the latter case an astig-

matic cylinder of diffracted rays effectively precludes
the determination of the second-order terms of the back-

scattered field at and near 6,=0. A detailed study of
this phenomenon is given below.

Consider the case of axial backscattering. To the
first order, the only contributions arise from the four
rays diffracted at the edge points P,, P,, P,, and P, of
Fig. 10, provided that a+#b. In the degenerate case of a
circular plate, rays diffracted at all edge points must
be taken into account because the z axis is now a caustic
When a#b, the center of curvature C at the edge point
P is no longer on the z axis; its position in polar co-

a»b

FIG. 11. Two limiting cases for the astigmatic cylinder.
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ordinates (p,, ¥) is given by the equation

p(¥)=[(a? - b?)/(acos¥)] [1 + (5 tan¥)?/3]3/2 (43)

from which it follows that the point C moves from

Cfx, =a- b®/a) when P=P, to C(¥e,=b- a’/b) when
P=P,. The other three portions of the curve p (¥) are
obtained from C.C, by specular symmetries with respect
to the x and vy axes, and are indicated by broken lines in
Fig. 10. Since

et
a¥ v :

Y=0+ V=1 /2

(44)

the points C,, C,, C,, and C; are cusps. Thus, the curve
C.C,C4C, is the intersection with the z=0 plane of an
astigmatic cylinder with four cusps, whose generators
are parallel to the z axis. The minimum distance of the
cylinder surface from the z axis occurs at the four
points

Polma=a-b, ¥, =zxarctan \/3+{?T . (45)
Two limiting cases are shown in Fig. 11. If a>b (al-
most a strip), the cusps C, and C, are very far from the
ellipse, while, if a=b (almost a circle), all four cusps
are at a distance 2(a — b) from the origin 0, and the as-
tigmatic cylinder collapses on the z axis in the limit
a=>b.

An asymptotic expansion of the scattered field that is
uniformly valid near a single cusped caustic has been
obtained by Ludwig® for the scalar case; the derivations
have subsequently been simplified by Kravtsov.’
Ludwig’s results cannot be easily extended to our case
because of the vector nature of the field and because we
are here considering the four cusps instead of one. How-
ever, some insights into the difficulties of the problem
can be gained by examining the form that the scattered
field would take at a point @ on the z axis (see Fig. 10)
if no caustic correction is introduced. To this end, let
us consider the incident field

Ei=(Xcosf + § sint) e i* (46)

which produces the far-backscattered field

Ebs- =(XE%% cost +yE%® sing) e'*, (47)

where, according to first-order GTD,
E%s = (DE T, ,+DE T,.) exp[ik(z? + b%)/?]

(DR Tiot DL o Tis0) explik(2? + a?) /2], (48)

E%* =(DE T, o+ D& T.) explik(z® + a*)'/?)
—(DE T30+ DE LT, o) explik(22 + b2)H/2]. (49)

The superscripts E and H respectively indicate the
Dirichlet and Neumann diffraction coefficients of the
scalar theory. Since @ is near the boundary of the re-
flected field, Eq. (A10) of the Appendix must be used:

P A expli(n/4)] z w1/
Dlt=Dlio=- S | (1+ o ym)

+ 1281222 + )4 P(RM2[(22 + @B)/? - 2]1/?)

X explik(z — (22 + az)”z]}], (50)

y 5 expi(m/4)] z "1/
Dfao=D€f;o=- 2775 [<1+ =+ bz)1[2>
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ii2k1/2(22+b2)1/4F(k1/2[(22+ b2)1/2_ Z]I/Z)

Xexp{ik[z - (% + bz)”z]}]. (51)

If @ is very far from the plate

F(k'/2[(2* + a®)' /2 - 2]'/?) ~3V expli(n/4)] - (ka®/22)'/?
+0(z%?), z>a, (52)
with a similar approximation when ¢ is replaced by b.

The divergence factors are evaluated by disregarding
the proximity of @ to the caustic cylinder

T;,0= Tigo=—ib(a® - b*)/2 (2% + &) 1/4, (53)
Tiso= Tio=ala® - b?)™/2 (22 + b2)1/4, (54)
The final result is
EE'S' N(a - ib) (az - b2)-1/2 etke
¥y
+ [wkz(a® - b?) ]2 /2 {i2kab ¥ 5 [(a - b)
+i(a+b)]} et + 0(27372), (55)

Formula (55) is obviously incorrect. The first term does
not cancel the reflected field, and the second term does
not agree with the physical optics result (18). In fact, it
is not even proportional to z™!, These errors are at-
tributable to the divergence factors (53)—(54), and can
be corrected only by an extension of Ludwig’s theory
that is not presently available. However, let us consider
the case a>b of Fig. 11, in which the caustic cylinder
is as far as possible from the z axis. Formula (55) be~-
comes

EPs- ~gikry (ot /) nhz ) (i2kb ¥ 272 expli(n/4)] + O(273/2).
| (56)

The first term of Eq. (56) cancels the reflected field.
The second term resembles the dominant term in the
expansion of the field backscattered by a strip. For
broadside incidence, it exactly coincides with that term
if the contributions from P, and P, are neglected.

In conclusion, it is presently possible to obtain sec-
ond-order results in GTD only for oblique incidence;
even in that case, the calculations are tolerable only for
particular directions of incidence. The extension of GTD
to terms higher than the second would be very compli-
cated even if the caustic difficulties were overcome.
Specifically, one should then consider the following ad-
ditional contributions: (i) The variations in the radius of
curvature along the edge would require higher-order
corrections for the divergence factors; (ii) the diffrac-
tion coefficients considered in this paper are only the
leading terms of asymptotic expansions whose next
term, needed to calculate third-order GTD contributions,
can be found by a lengthy analysis involving boundary-
layer techniques; (iii)} the number of optical ray paths
increases and varies with the direction (6,, ¢,) of
incidence.

6. CONCLUSION

Even though the geometrical theory of diffraction was
developed about fifteen years ago, its application to
truly three-dimensional problems was carried out only
recently. The elliptical plate considered in this paper is
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FIG. 12. Geometry for diffraction matrix,

one of the simplest edge structures with variable radius
of curvature; thus, it provides a good testing ground for
the geometrical theory of diffraction. Following Keller’s
theory, the dominant term with a caustic correction of
the backscattering for an incident plane wave with arbi-
trary polarization is readily obtained. The final expres-
sion is given in (19) in terms of Bessel functions. To
improve its accuracy, one may attempt to include the
next order or even higher-order ray contributions. How-
ever, we have illustrated that such an attempt usually
leads to not only cumbersome results but also unsolved
problems associated with caustic corrections.

APPENDIX: THE DIFFRACTION MATRIX

Consider the perfectly conducting half-plane shown in
Fig. 12. The incident electric field is

E'=2'exp(iki- 1), (A1)

where i forms the angle g with the edge 0< g <7/2. The
diffracted portion of the total field is

0 pt expliki- ry+ iks +i(m/4)]

E
2v2rmks sinf

) (A2)

where s is the distance from the point Py(r,) of the edge
to the observation point P and the diffracted ray P P
forms the angle B with the edge. The unit vectors &* and
&% give the polarizations of the incident and diffracted

fields, and are related by
el = Aéi, (A3)

where

-(B+C) 0 0

A=[ (B+C)cotp sinf (B -C)cosfcosa (B-C)cosdsinal.

—(B +C)cotB cosé (B-C)sinfcosa(B - C)sinfsina

(Ad)

Both 2* and &¢ are column vectors with components along
the base vectors f‘, N , B; Nis normal to the edge and
points from metal into free space, B is normal to the
half-plane and points into the shadowed half-space, and
T=NxB. The angle 8 is the angle that 7 forms with the
direction i. The incident and diffracted rays are on op-
posite sides of the plane normal to T and containing P;
their projections on this plane form angles a and 6 with
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- B (see Fig. 12), where

-71/2<asu/2, -n/2<6<37/2. (A5)

If the observation point P is not near the boundary

0= a + 7 of the shadow region, i.e., if

| cosi(6- )| V2kssing >1, (A6)
then

B~1/cos3(6- a), (AT

whereas if P is not near the boundary = - a of the re-
flected field, i.e., if

| sin}(6+ a)| V2kssing > 1, (A8)
then
C ~1/sin3(6+ ). (A9)

The result embodied in (A4), (A7), and (A9) is a par-
ticular case of the wedge diffraction matrix of Senior
and Uslenghi. !® An equivalent matrix, expressed in
terms of ray coordinates rather than edge coordinates,
has been subsequently derived by Kauyaumjian and
Pathak. ' It represents an extension to the vector case
of the scalar results of Wolfe, " Ahluwalia ef al. ,
Lewis and Boersma, ° and Ahluwalia, '° and has the ad-
vantages of being simpler than (A4) and of remaining
valid at the optical boundaries.

In this paper, consistent use has been made of (A7)
and (A9) except for the backscattered field at axial in-
cidence discussed in Sec. 5. In that case inequality (A8)
is not satisfied, but a simple inspection of Sommerfeld’s
half-plane solution'®2° shows that, for g=1/2,

C =
+12V2ks F[¥V2Eks sini(6+ a)] (A10)
X exp{- iks[1 - cos(8+ a)]}

at and near the boundary of the reflected field, where

F(u):fume""zdv (A11)

is a Fresnel integral and the upper (lower) signs apply
when 6+ a<0 (6 + a>0). Similarly, if (A6) is not satis-
fied and B=17/2,

B=
+i2V2ks F[¥V2ks cos 3(6 - a)]

x exp{- iks[1+ cos(6 - )]}, (A12)

where the upper (lower) signs apply when 6 - a> 7w
(6~ a<m).
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The conservation laws in the exact operator form are derived for the two-component system of
interacting charged particles in magnetic and electric fields. These laws represent the equations of
motion for the mass-, current-, and energy-density operators, where both the pressure tensor and

energy-current operators are calculated exactly.

1. INTRODUCTION

The purpose of the present paper is to obtain equa-
tions of motion for the density operators for the inter-
acting charged Fermi (or Bose) particle system in
magnetic and electric fields. These equations are the
differential conservation laws for the charge-, current-,
and energy-density operators, where the stress tensor
and energy-current operators are calculated exactly,
it means, without any approximations concerned with
a range of the interparticle forces.

The quantum hydrodynamic (QHD) equations were
first introduced to one-particle quantum mechanics by
Madekung. ' In the many-body case, under the influence
of Landau’s phenomenological theory of helium, the
quantum -statistical hydrodynamic approach was suc-
cessfully used to calculate Green’s functions (or corre-
lation functions) for the normal and superfluid bosons
by Bogolubov, ? Kadanoff and Martin, 3 Hohenberg and
Martin,* and for the fermions by Galasiewicz.® The
derivations of QHD equations in operator form from the
many-body Hamiltonian were given by Puff and Gillis, ®
Kugler,” and recently by Robertson. ® In the last five
years the QHD method has been studied extensively,
especially by the Frohlich School® (structure of the
equations of motion and its application to superfluids),
and by the group of authors: Bierter, Garrison, Morri-
son, and Wong’® (mathematical structure of the algebra
of density operators and its physical consequences).

However the QHD description of a many-charged-
particles system in a magnetic field has not been con-
sidered, although, e.g., an electron gas and an ion
lattice seem to be an interesting subject for application
of such a theory. This is done in the present paper.
Starting from the Hamiltonian for the interacting charged
particles in the magnetic (and electric) field the exact
equations and conservations laws are derived in Sec. 2,
and in the Appendix.

2. CONSERVATION LAWS IN OPERATOR FORM

Switching on the magnetic field generated by vector
potential A(r,¢) leads to the change (we put i=1=¢)

0y ™ 0q —ieAy

so we introduce the operation denoted by semicolon as
follows:

d);az(lp,a —ieAad))E(au—ieAa)w) (1)
for destruction operators, and
Via =Y TieAgd, (2)

for creation operators of the fermion (or boson) field.
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In this notation the Hamiltonian of the two-component
system to be considered here is

H=3 H,

i=1,2.
Hi=@m*)™* [dr §i,(et)pi(xt) + [dr e n'(xt) Ulre)
+3 2 Javar V(e - it e e, @)
where we assume a summation over repeated indexes
@. Ulr,t) and A(r,?) are the time-and space-dependent

external scalar and vector potentials, The charge-~
density operators satisfy the neutrality condition

i;}g [dretni(r,t)=0,

which insures the stability of the system. [In (3) we
omit the spin. ]

The charge- (or mass-), current-, and energy-
density operators are defined in the symmetric form

pesi elnt, p’"E:ém'n‘,
ni(rt) = §ire) pi(re), (4)

Ja EZ{)J'S', e', ja=2idas
L3

Fart) =H@ha0* - Py, (rD), (5)
and
(pe)(xt) = = 23 (4m ) (Plaad' +9! ¥laa)x1)
+§) eini(rt) U(re) (6)
+2 2 it [ ViR| e — 1| nM(e ) de g (),
respectively.

From the commutation relations with the Hamiltonian
(3) it follows that

2, Y(rt) = [v*, H] = — @m*) L gk, o (v8) +e* p*(xt) Ulre)
+‘Z SV e —r |ni(x't) dr’ y¥(re). (7

The equations of motion for the density operators (4)~—
(6) can be calculated with the aid of (7) and have the
following form (see Appendix):

0p" == %,ar 3.0°==23("/m)jg a, (8)
970 ==Tas,s +; [(e'?/m*] [} xrotA],
_;(e{)zni(U,a +9,44), (9)

Copyright © 1974 American Institute of Physics 640
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dlpe)==1, o ~25(e!/m")je(3,U+3,A,)
+0,2.¢'n'U. (10)
The stress tensor operator, T,;, is symmetric and
gauge-invariant, and is given by
T aB= Taﬂ + TaB;

,i st (9o 0l + Dl Vi) = 2 T M (11a)
To=- deR RBJ dn Z avtk(m Pix,)e* n*(x ) pi(x.),
(11b)

where
x,=[r +3(x £ 1)R, ¢t].
The energy-current operator is given by

IBE Ié +1é,9
I== (/DT U /m) e = Vlaa ¥ls) - T @M 3 0

+3 Zk (m)™ [ Vi*(r — ) $i(x ') jXxt) iz L) dr,

(12a)
p=-1 [amfale [ p LI G i),
(12b)

Note, that the “semicolon notation” (1)—(2) underlines
the external similarity of Egs. (8)—(12) to those found
for the case A=0 (see, e.g., Ref. 6). The Lorentz
term (e/m) [j x3¢| +pE has a form identical with the
classical one, but in (9) p and j are operators.

3. DISCUSSION

We want to emphasize that the operators (11) and (12)
are calculated exactly (see Appendix), and then the
formulas (8)—(10) are valid for the various types of
two-particle interactions. Since these conservation laws
are written in operator form and, consequently, the
method of averaging can be arbitrary, they can be
applied also to systems far away from equilibrium.

The exact methods of closure of the set of QHD equa-
tions were given by Zubarev! and Robertson® for neutral
particles. These methods can be adapted to the case of
charged particles in a magnetic field and then apply to
an electron gas and/or an ion lattice. This is the object
of our current investigation. The approximate approach
has been made'? with the aid of the Bogolubov method®®
(hydrodynamic and acoustic approximation) and the
Gorkov quasiclassical ansatz. **
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APPENDIX

In this appendix the formula (11) for T, is derived,
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Putting (7) into 3, j,, where j, is given by (5), we obtain
by simple but tedious calculations the right-hand side of
(9) with the following expression for Tg:

5 a0 [ ar B TUE D e ey ey o (41)

It is convenient to pass to a new integration variable
R=r-r"

5 Tas, 6‘2[ E{S

birt)[nXr +R, t)

-n*r =R, )]pi(re) " (A2)
We use, in analogy to Ref. 6, the relations
ilyXr, 0), P()]=[V, - (ie*/c) Alrt) | y¥(r, 0),
exp[— iRP(#)]n*(r, 0) exp[iRP(t)] = n*(r +R, 0), (A3)

where P is the total momentum:
Po(0)= [dr T {/2)[i%(x, 0 9(x, 0) - *(z, 0) ¥*y(x, 0)]

—c et nk(r,0) A, (r, )}
With the aid of (A3) we have

iU n'(x =R) 9H(x), P()]U()

a—[ PRty n'(r - R, 1) p¥(rt)]. (A4)

[U(2) is the time evolution operator. ]

Consider now the integral

Jtr)= U'(t) j lddx j—i— exp[- i1+ )RP/2]9'(r) #*(r —R) 3'(r)

xexp[d(1+A)RP/2] U(r)

= ={di(rt) ni(r =R, 1) Y'(xt)
- Ji(r +R, ) n¥(rt) pi(r +R, 1)} (A5)

On the other hand, by differentiation of the integrand,
this integral takes the form

J(tr) =(i/2)R [, dx U'(¢) expl - i(x +1)RP/2]
x[§¥(x) n*(r - R) vi(r), P]exp[i(r + 1)RP/2] U(t)

~V,R: [Tan iz +5( + 1R, 1nfr +3( - 1R, /]

xpilr +3(x +1)R, ¢]. (A6)

By substituting (A5) and (A6) into (A2) we find the final
result given by Eq. (11b).

In an analogous way one can prove the validity of
Eq. (12b) for I1].

15, Madelung, Z. Physik, 40, 322 (1927).

2N. N. Bogolubov, Dubna preprint No. R~1395 (1963), see also
N. N. Bogolubov, Collected Papers (Naukova Dumka, Kiev,
1971, in Russian), Vol. 3.

L. P. Kadanoff and P, C. Martin, Ann. Phys. (N.Y.) 24, 419
(1963).



642 Zygmunt K. Petru: Quantum conservation laws

‘p, C. Hohenberg and P, C. Martin, Ann, Phys. (N.Y.) 34,
291 (1965},

57 .M. Galasiewicz, Nucl. Phys. 44, 107 (1966), see also
Z.M, Galasiewicz, Superconductivity and Quantum Fluids
(Pergamon, Oxford, 1970},

SR.D. Puff and N.S. Gillis, Ann. Phys. (N.Y.) 46, 364 (1968).

'A. Kugler, Z. Phys. 198, 236 (1967).

B, Robertson, J. Math, Phys. 11, 2482 (1970),

H. 'Frohlich, Physica 37, 215 (1967); J. Phys. Soc. Japan
26, Suppl. 189 (1969); Phys. kondens, Materie 9, 350 (1969);
G.J. Hyland and G. Rowlands, Physica 54, 542 (1971), Phys.

Lett. 33A, 197 (1970); 36A, 233 (1971); J. Low-Temp. Phys.

(to be published). H. Haug and K, Weiss, Phys. Rev. A 3,
717 (1971); Nuovo, Cimento Lett. 2, 887 (1971); Physica
69, 29 (1972).

J. Math. Phys., Vol. 15, No. 5, May 1974

642

1%, Bierter and H. L. Morrison, J. Low-Temp. Phys. 1,

65 (1969); Nuove Cimento Lett. 1, 701 (1969); J.C. Garrison
and H. L. Morrison, and J. Wong, J., Math, Phys. 11, 630
(1970); W. Bierter, Preprint of Max Planck Institute (1971),
submitted to J. Low Temp. Phys.

Hp N, Zubarev, Dokl. Akad. Nauk. SSSR 161, 537 (1965) [Sov.
Phys. Dokl, 10, 850 (1966)]; see also D. N, Zubarev, Non-
Equilibrium Statistical Thermodynamics (Nauka, Moscow,
1971, in Russian).

27, K, Petru, Bull. Acad. Polon. Sci., Serie Sci. Math. Astr.
Phys. 19, 159 (1971).

131,, P. Gorkov, Zh. Eksp. Teor. Fiz. 34, 735 (1958) (in
Russian),



Momentum distribution in the Tomonaga model at finite

temperatures

M. Aizenman* and H. Gutfreund

The Racah Institute of Physics, The Hebrew University of Jerusalem, Jerusalem, Israel

(Received 16 August 1972)

The momentum distribution function in the one-dimensional Tomonaga model is evaluated and its
properties are discussed. The effect of finite temperatures on the applicability of the model is

investigated.

1. INTRODUCTION

Tomonaga has shown' that a one-dimensional system
of electrons can be described in terms of collective
degrees of freedom which approximately satisfy boson
commutation relations. This model was used to investi-
gate the possibility of flux quantization in a one-dimen-
sional ring.? Recently it has also been applied to the
Kondo problem?® and to the threshold behavior of x-ray
absorption. *

The operators of the Tomonaga model which create
and destroy eigenstates of the total Hamiltonian obey
boson commutation relations only when evaluated within
a subspace of states, all of which have a filled core in
k space, i.e., have no holes in a certain interval
[=&*,k*], B* <kj, where kj is the Fermi momentum.
The consistency of the model depends on whether the
calculated eigenstates share this property. Tomonaga
argued that for sufficiently weak and long-range inter-
actions and for sufficiently low temperatures all the
relevant states belong to the subspace described above.
This assumption was checked in Ref. 5 (hereafter re-
ferred to as I) by calculating the momentum distribution
in the interacting ground state at T =0 and showing ex-
plicitly to what extent are the single particle states
within the core [~ k*, k*] actually filled. The analysis
in I leads to quantitative conditions on the strength and
range of the interaction necessary for the applicability
of the Tomonaga model. The purpose of this paper is to
perform a similar analysis for finite temperatures.

The Tomonaga model is reviewed briefly in Sec. 2.
In Sec. 3, the momentum distribution function at finite
temperatures is calculated. The properties of the
momentum distribution and the effect of temperature on
the applicability conditions are discussed in Sec. 4.

In view of the equivalence between the Tomonaga and
the Luttinger® models exposed in I, the present deriva-
tion of the momentum distribution applies with minor
changes also to the Luttinger model. However, there is
no problem of consistency in the latter case, because
in the Luttinger model the boson commutation relations
are exact.

If. THE TOMONAGA MODEL

Consider a system of fermions on a line of length L.
The second quantized particle field is written in terms
of plane waves as

Wx)=L""2 ) a, explik,x),
k,=(271/Ln, n=0, 1, ---,

(2.1)
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where a,, a, are the fermion destruction and creation
operators. We omit spin indices as they play no role in
the present discussion. The particle density may be
expanded as

p(x) =y*(2) () =L 2 p, exp(ik,x), (2.2)
where
P = Z; a;a,m.
Tomonaga decomposes the operators p, into two parts
Pn=0yF Py
p;zzl,m/za;aum (2.3)
p;: El<_"/2a;al-m'

The operators p; satisfy complicated commutation rela-
tions, which simplify considerably if the commutators
are evaluated acting on a subspace S of functions in the
neighborhood of the noninteracting ground state. These
functions are specified by the absence of holes in a
certain interval [-n*, n*), n* <np, where n,=(L/2mk;.
Within this subspace the operators p} satisfy, for

Inl, In'l <(2/3)n*, the following bosonlike commutation
relations

loyy p3]=n8,
(o ppl==-m0, ., (2.4)
lon, py]=0.
Let us define operators
Vinl b,=p:, for n>0
=p_, for n<0
Vin| b,=p, for n>0

=p, for n <O0.

(2.5)

These operators satisfy the commutation relations

[bm b;']=6nn" [bn, bn’]=[b;, b"]=0-

n

(2.6)

Since our treatment is restricted to states with parti-
cles and holes near the Fermi momentum, we can
approximate the free particle energy by a linear form

RZ/2m = (2m) " (ky +k, — k)’ =(2m) ' (2k 5k, - k2).
2.7
Tomonaga showed that the expression
Hy g =%kp/mk,bb, +E, (2.8)

is equivalent to the Hamiltonian of the noninteracting

643
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system. The constant E, is equal to the kinetic energy
of the filled Fermi sea.’

Any two-body interaction of the form
H,=3% [ [ p()p(x") | x = x'|)dxdx’ =% [ plx) J(0) dx
(2.9)
can be expressed in terms of the density fluctuation

operators as

HI=%"Z¢;Oannp-n +%p(2)JD_%p0J(0) (2'10)

or in terms of the boson operators b,, b;:

Hi=3 3 [ J,(6; +5.) (67, +b,) +503J, ~ 30, 10,
(2.11)
where
J,=J_,=L" [ Jx) explik,x) dx.

The full Hamiltonian, Hy gz +H,, can be diagonalized
by a canonical transformation generated by the operator

G=%i§,9n(b;b;—bnb-), (2.12)
where
2= 1 1n[1+(NJ,/2¢,)]

and N is the total number of particles. The Hamiltonian
may be expressed in terms of the “dressed” boson
operators as

H=29, b,b, +const, (2.13)
where

b, =exp(iG) b, exp(-iG) =b, cosh, +b’, sinhd,,

~ (2.14)

b ;=exp(iG) b; exp(~ iG) = b} coshd, +b_, sinhb,,
and

Q, =% |k, | /m)exp(26,). (2.15)
The interacting ground state is obtained by

|0 >=exp(iG)|0 >. (2.16)

The excited states may be expressed in terms of the
“bare” or the “dressed” boson operators

[{m (n)}>=11(5; )]0 > = expl(iG) 1} (b; )"¢]0 >,
(2.17

It was shown in Ref. 2 that the states of the form
T (b, )™4|0 > which belong to subspace S form a complete
basis in this subspace.

I1l. THE MOMENTUM DISTRIBUTION
As in I, the field operators are decomposed into posi-

tive and negative momentum parts:

P =(L)" 2 a,explik,x),
%0 (3.1)

0 =(I)* 3, a, explik,»).

We then start with the following expression for the
number of particles of momentum %,:
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n(k,)=<a.a,>
(3.2)
Lj2

=1- z—L/zf <y%) Pily) >explik,(x - y)]dxdy.

The upper sign refers to positive and the lower to nega-
tive momenta. The symbol <...> denotes the usual
canonical ensemble averaging. In the absence of external
fields the momentum distribution is symmetric about
the origin and it suffices to calculate n(k,) for positive .
To do this we shall derive an operator which is equiva-
lent to (%) P3(y) in the subspace S and is expressed in
terms of the boson density fluctuation operators. We
shall need the commutation relations of the boson opera-
tors with the field operators ¥,, ¥;. These are easily
found to be (for n >0):

(6,5 9300 ] = (V7)™ exp(— k%) ¥2(x) + (V7)™ explik,x) (VL )

X 2 a;exp(~ik,x), (3.3)
n/2<i<o

(6, ¥(x)]=(Vn)™ exp(ik,x) ¥:(x) = (V) explik,x) (VL )™
X 0(212 a;exp(—ik,x).

The other two relevant commutation relations may be
obtained from these two by

[8,, 0.(0)] =~ [b7, pAD) T,
(3.4)

[b;u qu(x)] == [b", KPI(X)]*

These commutation relations are rather complicated,
but they simplify greatly when evaluated between two
states of subspace S. The second terms in Eqgs. (3.3)
have zero matrix elements in subspace S and we are

left with the expressions (n >0)

(6,, ¥:(x)] = (V1) exp(= ik,x) Pi(x),
(3.5)
[b;, ¥2(x0)] = (V7)™ explik,x) ¥i(x),
and Egs. (3.4). The commutation relations for negative
n with §,, ¢, are either identically zero, or they give
terms which vanish between two states of subspace S.

Using these commutation relations we get (n >0)

(b, () g2 ] =iaX(x, y) v.(x) ¥:(y),

(3.6)
(63, 9.00) 939 ] = —ia,(x, 9) .(x) ¥(p),
b v (D] =0, v.(2) ¥(»)]=0,
where
,(x, y) =(i/Vn) [explik,y) - exp(ik,x)]. (3.7

We are looking for an operator U, which is a function
of b,, b,, satisfying the same commutation relations
with b,, b, as ¥,(x) ¥}(y), and in addition to that we
require

<o|Uulo>=<0

(%) () |0 >=L" ; explik (y - x)].

(3.8)

Such an operator U has the same matrix elements as
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$.(x) ¥*(v) between any two states of the type II (5;)™ [0 >.
It is easily seen that the desired commutation relations

are satisfied by the operator
UxD(x,y)exp[ig;,o(anb,ﬁOt,’:‘b;)]. (3.9)

The coefficient D(x,y) is determined by the condition
(3.8). Using the well-known identity

A

e B:eA eBe-[A,B]/Z’

(3.10)

we get
<0|U|0>=D(x, ) exp(-% 23| @, |*) <0|expli T axb;]

xexp[i> b, ]/0> (3.11)

and hence we find from Eq. (3.8)
Dlx,y)=expls 20| @,171(1/L) 3 explik,(y - x)]. (3.12)
n>nF

We shall now express the operator U by means of the
“dressed” density fluctuation operators [the inverse of
Egs. (2.14)]:

U=D(x,y)exp(i >, [a(b,coshe, — b, sinh6,)

>0

+ aX(b; cosh, - b_,sinhé,)])
=D(x,y) exp(iZ}‘S coshb, (@, b+ a*b?)
xexp(-i ) sinhd (@, bl +arh,)). (3.13)

The thermal averaging is easily performed with the
help of the known identity for the creation and destruc-
tion operators of a harmonic oscillator®

(explilab + a*p*) ) =exp[- | a| 2N +3)],

where the operator N measures the number of excita-
tions of the oscillator. Applying this identity to our case
of a system of uncoupled harmonic oscillators, we get

(3.14)

(%) $2(9)) =Dlx, y) exp[- 2 | @,|?(cosh?6, +sinh?6,)(N +3)]

=D(x,y)exp[-+2| a,|*]exp[- T| @,|*(sinh®s,
+cosh26, (N )],
with »
(N)=[exp(pR,) ~ 1],
where , is given by Eq. (2.15), and 8=1/2T. In view
of Eqs. {3.7) and (3.12), we find from (3. 15)
W) Py =exp[-Qx -3),T] L2 explik,(y - )],
n ﬂF
(3.16)

where
Qx—y,T)= § (2/n){sinh?@, +[cosh26, /(exp(22,) - 1)]}
X[1=cosk,(x - )]. (3.17)

For I'=0, the second term in the parantheses vanishes
and one gets Eq. (3.21) of I. Inserting Eq. (3.17) into
Eq. (3.2) and converting sums into integrals, we get
for the momentum distribution

n(k)=1-L" [7'" [ dxdy expl-Q(x -, 7)]
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x{/2m]," explilh’ - k) = )] ak’. (3.18)

We define x —y=v, k' -k =g, integrate over one of
the coordinates and pass to the macroscopic limit N, L
-0, Since @{r, 7) is symmetric in 7, we obtain

n(k)=1-1/27 [~ {exp[- Q(r, T)]}(f:_k cosqrdg)dr.

(3.19)

The range of integration over g may be split into two
parts: [k, —%,0] and [0, ~]. The integral from zero to
infinity gives a 8 function and hence

1/27 [ lexp(= 7, DI [, cosgrdgldr=%,  (3.20)
since (0, T)=0. Finally,
n(k):%“‘f‘ 2—1; : exp[ - Q(r, 7] U‘kp‘kcosq'rdq] dy
1,1 ”[e_’ﬂ?-——m{' &, T”j, sin(ep k) rdr.  (3.21)

0

IV. PROPERTIES OF nfk)}
A. Free particles

Let us first prove that the last expression reduces to
the ordinary Fermi-—Dirac distribution in the case of
free fermions. To this end we evaluate the function
Q(», T), defined in Eq. (3.17), for zero interaction (we
replace the sum by an integral)

Q(T,T)=2Lm&*f€;;(c—;§-“§’_—ljdk, (4.1)
where

w, =1k s/mk.
Denoting

o =(lkpB/m)™,

and substituting x=w,8, one gets®

Qr, T)=4 [ Sinz(%"”‘)dx:1n[“"mh("w)]- (4.2)

x{expx ~ 1) Tor

Inserting this expression into Eq. (3.21), we obtain’®

1 = sinlkp ~ k)7 1.1 kg =k
= - + - o ——— P -~ E o
n(k) 2 7@ L sinh{#ay) dr 2 *3 tanh 2a

= [exp(ﬁ—ii-’f-é (2 —-kp)) + 1} o

This is the Fermi-Dirac distribution with the linear
relation between free particle energies and momenta,
assumed in the Tomonaga model.

(4.3)

B. Behavior near k¢

The behavior of (k) near %, namely for small
(kp ~k), is determined by the behavior of exp{- Q(r, T)]/
# for large 7. To obtain this behavior we split @, T)
into two parts:

Qr, T)=Q(7,0) +Q,(v, T), (4.4)
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Qr,0)=2 f ~ sinh?6(k) (l;%’f’if)dk, (4.5)
cosh26(k) 1-coskr
Qr, T) = zf o B = ( 5 )dk. (4.6)

At T=0, one is left with @(r,0). The asymptotic be-
havior of @(»,0) was shown in I to be

Q(#,0) =x(0) Iny + C +0(1 /%), 4.7
where

A(k) =2sinh®6(k),

C=2 /" 1/k[A(k) - \(O)cosk]dk (4.8)

It was also shown there that the behavior of n(%) in the
neighborhood of k. is determined by the value of A(0).
If A(0)=0, n(k) has a finite jump at &, if A(0) <1, n(k)
is continuous at %, but has an infinite derivative there,
and finally, if A(0) >1, n(%) is continuous and has a
finite derivative at k.. It remains to derive the asymp-
totic behavior of @,(r,T). To this end we rewrite Eq.
(4.6) in the form

a1 =[" 1) (I-M> a,

where

f(%) =2k cosh26(k)/{exp[ (k)] - 1}.
Note that £(0) is finite. It is shown in the appendix that
Eq. (4.9) is asymptotically equal to

Q (7, T) =1 7r(0)r +£(0) In¥ +const + O(1/%). (4.10)

The leading term in this expansion assures that the
integral in Eq. (3.21) is absolutely integrable, and hence
n(k) is continuous at k2, and varies linearly in its imme-
diate neighborhood for any interaction.

(4.9)

C. Consistency conditions

Let us now evaluate n(k) for % significantly below &,
say k=3%kp. It is evident that the main contribution to
the integral in Eq. (3.21) comes in that case from the
region » <2k3. We expand @(r, T), an even function of
v, for small »:

Q(r, T)=17*/4b%, (4.11)
where
N Gl cosh26(%) >
=4 (smh o)+ e[ e (4.12)
Inserting Eq. (4.11) into Eqg. (3.21), we get
n(zkp) =3 +zeri(zkeb). (4.13)

For the Tomonaga model to apply, we want the error
function to be close to one or kzb to be large. Actually,
a value of kb =~2.8 is sufficient to give n(%kF) =0,99.

We write the consistency condition in the form
1> (kpb)2. (4.14)

To obtain a qualitative understanding of this condition
we choose a slowly varying potential of strength V and
range R. The Fourier components of such a potential

may be approximated by

Hk)=VR/L, |k|<ky=27/R,

J. Math. Phys,, Vol. 15, No. 5, May 1974

646
|k| > kg. (4.15)
This gives
6(k) =5 In[1+(V/2¢)(R/7,)], |k| <y
(4.16)

::0, k>kR’

where v, is the average interparticle distance L/N. Note
that a necessary condition for the Tomonaga model is

kg << kg, which implies R > 7,. Let us now estimate the
right-hand side of Eq. (4,15), Using Eqs. (4.12),
(4.16), and (2.15), we obtain after some trivial changes
of variables

(kb)) 2 =2(ky/kr)? sinh?0

COSh(2 6) (kp /[ kp)28e pexp(20) xdx
(Ber)® exp(46) exp(x) -1
© xdx

+ 7 —_— 4.17
(Ber (kg / kg )Bep exp(x)-1" ( )

where 6 is the rhs of Eq. (4.16). We assume that (B¢,)
> 1, otherwise states with k< kj are depleted because
of thermal excitations regardless of the interaction and
the Tomonaga model does not apply in that case. Thus,
the third term hardly effects the consistency condition
and we shall therefore omit it. In the second term we
extend the integration limit to «. Thereby we overesti~
mate the rhs of Eq. (4, 14) and we shall therefore obtain
only sufficient conditions for the applicability of the
model. Next, we distinguish between repulsive and
attractive interactions. In the first case the positive
exponential in the hyperbolic functions is dominant,
while in the latter case it is negative exponential which
may become very large. Keeping this in mind, using
Eq. (4.16) and putting k&, = 1/7,, we get for repulsive
interactions

) AT i T
(4.18)

The second term is small and the applicability of the
model depends on whether the first term satisfies the
inequality or not. Thus, in the case of repulsion one
finds the same conditions on the strength and range of
the interaction as in I for T=0. For attractive inter-
actions we get in the same way

o) -G - BT
(4.19)

Note that the model breaks down unless the expression
in the brackets is positive. Now, the second term may
be as important as the first one. If the values of V and
R are such that the model is still applicable at T =0,
then it will remain applicable at temperatures for which

oo sirlE-6E]

It follows that the range of temperatures for which the
Tomonaga model still holds for attractive interactions
decreases with increasing range and strength of the

interaction and with increasing density of the system.

(4.20)
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V.SUMMARY

The present paper is an extension of I to finite tem-
peratures. The momentum distribution is derived by
expressing products of fermion fields in terms of the
boson operators which destroy and create eigenstates
of the Hamiltonian. The thermal averaging may then be
performed very simply. The 7=0 results of I follow
immediately. The interaction dependent singular be-
havior of the momentum distribution at the Fermi energy
is washed out for 7 >0. The applicability condition in the
case of repulsive interactions is almost unaffected by
finite temperatures. On the other hand, one finds an
interaction-dependent restriction on the range of T in
the case of attraction.

APPENDIX

We want to prove Eq. (4.10) of the text. To this end
we decompose Eq. (4.9) into three parts in the following
manner:

f (1) LmCOskY °°s’" dk=1I,+I,+1, (A1)
where
I _f f(o)wdk, (A2)
= (f(k) - f(0) cosk\ {1- coskr
szo ( ] )( . )dk, (A3)
L= [ £(0)1zcosk °°Sk coskr dk. (A4)

The first integral is equal to [77(0)/2]r. Integrating Eq.
(A4) twice by parts one finds that the asymptotic behavior
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of I is O(1/7%). To evaluate the asymptotic behavior of
(A3), we again decompose the integral I, into three
parts:

L= fwg ) cosk —kcoskr dk+ f g(k)—g;e(o) cosk dk
~0 0

+ fo ”:‘f(i)le‘—g(—()-) coskrdk, (A5)
where we have defined
g(k):f(k) —’Je‘(O)cosk (A6)

The first integral is equal to g(0)Inr, the second is a
constant, and the third behaves asymptotically as 1/+%.
Note that g(0)= f(0). This completes the proof of

Eq. (4.10).
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Using the Kubo formalism, an expression is obtained for the lattice thermal conductivity of a
three-dimensional harmonic Bravais crystal, containing a certain number of randomly distributed
isotopic impurities, by the method of double-time thermal Green’s functions. It is shown that the
total thermal conductivity can be separated into two contributions, namely, diagonal and
nondiagonal contributions; the former in the case of small half-width of the phonons reduces to the
expression obtained from the Boltzmann transport equation. An approximate expression for the

dominant nondiagonal contribution to the conductivity is obtained.

1. INTRODUCTION

There have been many attempts to calculate theoreti-
cally the thermal conductivity of the solids containing
various defects using different techniques. Comprehen-
sive review of the work is available in the literature.!-*
These studies involve assumptions of one type or an-
other and mostly use the phonon Boltzmann equation,
first derived by Peierls,5 in the relaxation time approx-
imation. Although plausible from physical considera-
tions the assumptions are ad hoc and difficult to in-
corporate consistently into a mathematical framework;
this approach therefore suffers from the usual short-
comings of the kinetic theories as enumerated by
Hardy,® and Allen and Ford.” The solution of the usual
Boltzmann transport equation for the phonon occupation
number N, in the relaxation time approximation gives

dN,
Ny =M, -, <—dtﬁ) V' VT, )

where N}, T,,, Vy,, and VT are the equilibrium occupa-
tion number, relaxation time, group velocity, and the
temperature gradient, respectively. It is evident that as
k goes to zero, T, tends to infinity which implies that
for pure isotopic scattering, at some point, Eq. (1)
predicts negative occupation numbers. It seems some-
what unphysical. Horie and Krumhansl,® and Kwok and
Martin® have considered the generalization of the phonon
Boltzmann equation using the equation of motion method
for nonequilibrium Green’s functions. This approach has
recently been used by a number of authors'®~2 to

derive expression for the transport coefficients.

Recent theories on phonon transport in solids express
the thermal conductivity in terms of the correlation
functions of the energy flux. This approach allows one
to develop the theory of heat conduction in lattices on a
more rigorous theoretical basis. Schieve and Peterson!?
have studied the elastic scattering of phonons by ran-
domly arranged point defects in an anisotropic crystal
using the correlation function method. Recently Allen
and Ford” have investigated the energy transport pro-
perties of a one-dimensional isotopically disordered
chain by using the Kubo formalism. In a later paper,
they!* extended the treatment to an infinite three-di-
mensional harmonic lattice of atoms connected by
nearest-neighbor harmonic springs of equal strength.
Woll!® has also used the Kubo formalism to calculate
the lattice thermal conductivity of a one~dimensional
linear chain containing randomly distributed impurities
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using matrix propagator method. Maradudin!® has made
a similar calculation for a three-dimensional harmonic
crystal through perturbation theory using diagram tech-
niques and Chester and Thallung!? have used van Hove’s
many-body technique. Krumhansi and Matthew?® have
considered the problem of one-dimensional lattice in a
rather complete way. Elliott and Taylor!® using double~
time Green’s function technique have evaluated the re-
laxation time of a crystal containing one changed mass
at the origin. Yussouff and Mahanty,?° and Klein*' have
given general theories of phonon scattering in cubic
metals using the T matrix of generalized scattering
theory.

We rely on the Kubo formalism?? which is concise
and rigorous and provides a systematic method to in-
clude the low-frequency phonons. This approach has
recently been used by the authors® to obtain an expres-
sion for the thermal conductivity of an anharmonic
crystal considering nondiagonal terms in the energy flux
operator.? In this paper we have evaluated an expres-
sion for the thermal conductivity of a harmonic cubic
Bravais crystal containing certain number of randomly
distributed isotopic impurities using the method of
double~time thermal Green’s functions,?® which has
been widely used in a variety of many-body problems.
In Sec. 2 we give a general formalism of Kubo formula
for the thermal conductivity. In Sec. 3 the double-time
Green’s function is evaluated by the equation of motion
method and the results are used to evaluate the correla-
tion functions. In Sec. 4 we obtain an expression for the
thermal conductivity of the system.

2. GENERAL FORMALISM

The Kubo formula for the thermal conductivity of a
crystal is given by?®
kaB [~

K=lim——

B8
B TA dte'ﬂ[ dAA{Q(0) « Q¢ + i\ . @)

Here &, is the Boltzmann constant, 2 is the volume of
the crystal, ¢ is the parameter with units of time, A is
the parameter with units (energy)™, % is the Planck’s
constant divided by 27, f=(kyT)™, T being the absolute
temperature, Q(#) is the energy flux operator in the
Heisenberg representation, and the angular bracket
represents the thermal average, namely, for any
operator O

(O) =Tr(e40)/Tr(e*), ®

Copyright © 1974 American Institute of Physics 648
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where H is the crystal Hamiltonian. Hardy?: has given a
general expression for the energy flux operator for a
three-dimensional crystal with anharmonic forces and
has shown that even in the harmonic approximation the
total energy flux operator contains some nondiagonal
contribution besides the usual diagonal term. The total
energy flux operator introduced by Hardy?* can be
written as

Q) =Q4(1) +Q3, (1), (4)

where QS(#) and Q%,(#) represent the diagonal and non-
diagonal parts of the energy flux operator, respectively,
and are given by

Q) :st)ﬁwnNk, Ov,,, (5)
and
1 ’
Q=520 oy Vyyy Ay By (®)

Here, w,,, V,,, and N,‘sza,'[salm are the frequency, group
velocity, and the occupation number of the phonon in the
mode (ks), A,, and B, are phonon operators which are
defined in terms of usual phonon creation and annihila-
tion operators by A, =a,, +adl,,, B,,=a,,~al,,, aj, and
a,, are the creation and annihilation operators of the
phonon of wave vector k and the polarization index s and
Vs (s #s’) has the dimension of the velocity. The prime
over the summation in Eq. (6) denotes that s #s’. Using
the expression (4) for Q(#) into Eq. (2), the expression
for the thermal conductivity can be written as

K=K, +K,, )

where

. TBRpB [T ., . 8
K = et
°—151~I{)l 32 ), dte A dx

xzkz z‘}, wkswk's'vks * vt‘s'Rl.s.k‘s' (t + ﬂ[l) . (8)

. HksB - [B
K - et
1 __16121 a ), dte dx

’ s
xgs:/ k1§sﬁ Des@rs Vst * Vk181siL"ss' '*1513i(t +il). )

and

The correlation functions R and L are given by
Ry o (0=(al,(0)a, (0)al, (Day. , (1), (10)

and

Lyos,gagsy ) = (A4, (0)BLy (0)4, (DB} .. (2)). 11)

k) sy 18]

The evaluation of the thermal conductivity thus in-
volves the calculation of the two-time correlation func-
tions given by Eqs. (10) and (11). It is difficult to
evaluate them exactly. The evaluation is considerably
simplified if the correlation function {abcd) is unlinked
in the following manner.27~2°

{abed) =(ab)cd) +{ac){bd) +{ad){bc), (12)
where a,b,c, and d are operators. With this approxi-
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mation, the correlation functions (10) and (11) can be
written as

Ry, pe () =(a},(0)ay , (){ay,(0)al , (£))

+at, 0)al,, (Oay,©)ay 4(2)), 13)

Lyog, ryoys (0 =(As, 04, ()(Bi, OBy ,; (1)
+(A0)B] , ()(By, (014, , (1))
14)

The approximation (12) is sufficiently simple and re-
flects the number of interesting properties of the
system .33 Ag will be seen, in the present problem the
perturbation Hamiltonian is a quadratic function of the
phonon operators. Since only two-phonon vertices occur
in the problem, we are led to the result that the corre-
lation function can be written in the form (13) and (14).
It is to be noted that we have neglected the correlation
functions of the operators with the same time argument
because they will not contribute to the thermal conduc-~
tivity. For the sake of convenience, in what follows we
use index k as short form for ks and 2’ for k's’.

3. GREEN'S FUNCTIONS AND THE
HAMILTONIAN

We evaluate the correlation functions occurring in
Eqs. (13) and (14) with the help of one-particle retarded
Green’s function defined by?*®

G (t=1)=a, (); al.(t'))
==i8(t - t'X[a, (1), al. ("], (15)

where the step function 6(t~#')=1 for ¢>¢#, =0 for
t<¢'. The correlation function is given by

furlD =(al @ a,(t) = [ dwd,, (@)e e, (16)

where J,,.(w) is the spectral density function and is re-
lated to the Green’s function through the relation

Jylw) =[i/(e#¢ = D][G,pw +i€) = Gpulw = ie)].  (17)

G(w) is the Fourier transform of the double-time
Green’s function

1 «©
Gplw) =5 f dtG,,(t)etet. (18)

We consider a three-dimensional cubic crystal with
volume & of whose N - lattice sites are occupied by
atoms of mass M, while » sites are occupied by iso-
topic impurities of equal mass M’. It is assumed that
the impurities are distributed randomly and # is quite
small compared with N so that the distance between any
two impurities is so large that their mutual interactions
can be neglected. The total Hamiltonian for the dis-
ordered system may be written as

_» ) oy M
H“?‘?’:W’L%zM' (1 M)

1 ’
+3 DD a1 D0, as)
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where p, (1) and u,(I) are the a-Cartesian components of
momentum and displacement from the equilibrium posi-
tion of the /th atom, M and M’ are the masses of the
host and impurity atoms, ¢4(7,1') is the component of
the harmonic force constant between the atoms I and [’.
In writing Eq. (19) we have neglected any change in force
constant resulting from the introduction of defect atoms.
This will be true when the concentration of impurity
atoms is small compared to N and the impurities are
distributed randomly.

We now define the weighted harmonic mean M, of the
masses of all the atoms by the relation

1/M,=(f/M") +[(1 - H/M], 20)

where f=n/N. One might call M, the effective atomic
mass as seen by the phonons in the crystal. As seen
from the above equation, it differs from atom mass by
an amount depending upon the concentration of impurity.
Using relation (20) in Eq. (19) and expressing the mo-
mentum and displacement vectors in terms of phonon
creation and annihilation operators in the usual manner,
the Hamiltonian H in the second quantized form can be
written as

H:?h‘wk(a;ak +3) +H', (21)

where H’ is the perturbation part of the Hamiltonian
which is responsible for the scattering of the phonons
due to the isotopic impurities and is given by

H=-7 #C(ky, ;) B, B, , 22)

Ry kg

with

C(k1 ,kz) = (2 u)_l (MO/ZN) (wklwkz)l /2 ek1 . elzz

N n
X[Efe‘(‘l*“z"ar _ZJ ol (k) Ry ] (23)
1

Here w, is the frequency of the normal mode of the
crystal for wave vector &, e, is the polarization vector,
R, is the equilibrium position vector of the Ith atom,
and u=MM’/(M’'-=M). C(k,,k,) vanishes when n is
either zero or N.

In order to evaluate the correlation functions occur-
ring in Eqs. (13) and (14), we introduce the following
one-particle Green’s functions:

Gt = ') = (a,(8);aL(t")), (24a)
Hy (= ') =(ay(8);al, (")), (24b)
Ryt = ') = ()3, (D) (24c)
St — 1) =UA, (14, D), (24d)
D, (t =) =(BI#);BL{)), (24e)
E, (=) =(A,);B(t')). (241)

A convenient starting point for the calculation of these
Green’s functions is the equation of motion method.
Differentiating Eq. (24a) with respect to time ¢ and
taking a Fourier transform like Eq. (18), we obtain

(w ~ w, )G, (w)
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= (B, /27) +2 %} C(=, )G, yw) = F, p()],  (25)

where F,,(w) is the Fourier transform of the Green’s
function

Fo(t=1)={dl,(t);a, (') . (26)
Similarly the equation for F,,(w) is
(w + W) F(w) =2 ? Cl=k, By)[G, (@) = F, , (w)]. @27)
1

Combination of Eqs. (25) and (27) leads to a simple
relation between G and F as :

(W = ©,)Gp (W) = (6, /27) + (0 + W, ) Fpp(w). (28)

Inserting the value of F,,.(w) from Eq. (28) into Eq. (25)
we get

(W = )Gy (w) = (6,,./27) +[C(= £, ") /1(w + w,)]

+ 4%) [wle(— kyky)/ (@ +w, )G, p(w).
(29)
An exact solution of Eq. (29) presents great difficul -
ties. In order to get some physical results we use the

iteration process and to the second-order approximation
in the perturbation we write

(w = )Gy (w)

O 1 C(=R,E) 45 Cl=k, k)C(= oy, R Jwony.
T2m 1 (wmw) TR (@Fel-of)

C(=E,k,)C(= Py, ko) wp,w
+1 P3ad | 1y 72/ Wr Wry .

6’%},‘2 (w +wk2)(wz — wzl) szk'(w) (30)
The best approximation to cut-off the long chain of the
Green’s function can be obtained by taking k, =% in the
third term which means the higher-order scattering
processes are neglected. This reduces Eq. (30) to the
form

O,,. 1C —k,k’
[w - @, = £, (@M, (@)]G,y (w) = += ( a() L w,,))
445 Sk, )C= oy, B )wen

T W-0)lwtw,)”’ (31)

where

flw)=(w+w,)? (32a)

and

M, () =160, 27 [C(= b, k) C(= Ry )y, /(0? = 2 )]
h (32b)

The solution of Eq. (31) can conveniently be written as

G (w) =GYp(w) + G () + Gy (), (33)
where

G2p(w) =8,,./21[w ~ w, ~ f,(0IM, (w)], (34)

Gll) = Clot, k') (35)

w - w, )w-w, - f (M, ()]’
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and

4 3, [C(=F, k1) om C(= k1, B')/(w + wp) (w? —wu)]
[w = w, = f,(0)M,(w)]

Glw )_
(36)

For a small quantity ¢ tending to zero, Eqs. (32a) and

(32b) can be written as

(37a)

(30)

filwtie) =a,(w) Fiv,(w),
M, (w+ie) = &, (w) 7 in,(w),
where @,(w) and £,(w) represent the shift in the frequen-
cy, and ¥,(w) and 7,(w) are the half-width of the phonons

of wave vector k. The explicit expressions for them are
given by

o, (w)=Plw+w,)™", (38)
t(w)= 1ewk§ C(=k,k))C(=ky, k)w, Pw® =} ),

(39)
V() =78(w + w,), (40)
and
7 (@) =smk§ Cl=,k,)C(= Ry, EHOw = ) = 8(w +w, )},
(41)

where P denotes the principal value. From Eqs. (37a)
and (37b) the total shift in frequency A,(w) and the half-
width I',(w) are given by
A (w)=16w,P(w + wQ"? C(=Fk,k,)C(=E,,k)
1

X o.)klP(w2 - w,fl)‘1

- 87w, 6(w +wk)>;_) C(=k,k)C(=Ry, k)
1

x{6(w - wh) - 6w + w’ﬁ)}’ 42)

and

T,(w) =8mk‘k£ Cl=, k)C(= Ry, BB (w + w0, )P[2w, /(0 ~ )]

+P(w +w,) " [6(w ~ w) 5(w+wk)]} (43)

Similarly if we proceed with the equation of motion for
the Green’s functions (24b), (24c), (24d), (24e), and
(24f) and follow the procedure as used above, we obtain

C(k, k")

Huelw) =352 wpllw +w, = f (WM, (w)]* 4ha)

() =TT o) m (—_j;—-{ &)M,, @] (44b)

O e TR (440)

D) == 1 _wc’;gkjwk o’ (44d)
and

Eyl) = 71 00 RO (4e)

where f;(w)=(w - w,)™. In the above equations for

J. Math. Phys., Vol. 15, No. 5, May 1974

651

simplicity we have retained only the dominating term in
the expansion of the type (33) and higher-order terms
have been neglected.

4. THERMAL CONDUCTIVITY

With the use of Eqs. (13), (16), and (17) in Eq. (8),
the contribution K| to the thermal conductivity can be
written as

K, =K;+K,, 45)
where
.. 7%kgB E °
t e B -€t
K= 181}? 30 L, OOV vk,j; dte

8 Y e ilugmwy)t Hlwp=wypIhn
x£ dkv[”[” dwldwz(eﬂ,,w 1)(6‘”‘“’2—7?
X e G, p(w, +€) = Gppw, = i€)]

X[ G yp(w, +ie) = Gy (w, = 16)], (46)

and

3 nw
'““’2““1”3(“‘2““1) A
fdhf f dw,dw, @ o< 1) (@9 1)

X80,

. b
K'{,:—hrg LZ Ewkwk,vk-vk./ dte™®t
€
0

(w, +i€) = H, ,(w, —i€)]

X [y (W +1€) = Ry (w0, = d€)]. (41)
Interchanging w, and w, and noting that

(), —w, =) ~ (0, =~ w, +ie) =27i6(w, —w,),  (48)

Eq. (46) reduces to

. h—zka 2‘IT
Ki=-1lim 30 k'Z) WWye Vp,* Vs

b eBh
Xf (eBhw 1)2[ ,,,,'(w"'ie)—Gw(w—ie)]

X [Gyy (@ +i€) = Gy (e = )] (49)

If we substitute the value of G(w) from Egs. (33),
(34), (35), and (36) in the above expression we obtain an
explicit expression for K;. But as may be seen, the
major contribution to the thermal conductivity comes
from the Green’s function G°(w). The other terms give
nondiagonal contribution, i.e., the contribution from
the waves of different wave vectors but in the same state
of polarization. Their net contributions will however be
small as compared to the diagonal one. We evaluate
here the diagonal and nondiagonal contributions to the
thermal conductivity K| separately. Substituting the
value of G°(w) from Eq. (34) into Eq. (49) we obtain for
the diagonal part of the conductivity K] as

, K%k Bhw
Koy = 39332 ?‘*’ [ (esnw_ 2




652 B.S. Semwal and P.K. Sharma: Thermal conductivity

x T {w)
{lo =, (WP +T2(w)?’

where €,(w) =w, + A, (w). In the limiting case when T',(w)
is small the integrand in Eq. (50) has sharp maximum
around w~¢, and the integral can be evaluated analytical-
ly. We then obtain the following expression for the
thermal conductivity:

(50)

Xk 32 ebhe,
Kéd:—-:g_é—?w:vimfk’ (51)
where the relaxation time 7, is given by
7,=1/2T,. (52)

Equation (51) has the form similar to that obtained
from kinetic theory Boltzmann equation’? for the iso-
topic mass scattering and is obtained here as a direct
consequence of correlation function formula and the
choice of the Hamiltonian. Many ad hoc assumptions
(i.e., phenomenological phonon lifetime) employed in
the kinetic theory are avoided here. The lifetime in our
result arises in a natural way.

In Eq. (43) only positive values of the frequency are
meaningful, The density of states in % space is suffi-
ciently great, we may replace the summation over %, by
integration so that T, becomes

T, =87w,(2/87°) [ sin0d6der2dr, | C (- k,k,)|?

X P(w +w,) ™8 (w -wkl), (53)
where (0, ¢) measures the direction of %, with respect to
k. Because of the delta function the integration is to be
carried out over a constant energy surface characterized
by the energy #w in wave vector space. In Debye approx-
imation, w="Fkc, where ¢ is the sound velocity, we get

20
1"5%",%;[! Clk,k,) (54)

2
8infdode.
g l=Ixl

Expression (54) gives T, and hence the thermal conduc-
tivity for a particular configuration of the two kinds of
atoms over the lattice sites. In the case of random dis~
tribution of impurities, averaging the terms in bracket
in Eq. (23) over all possible atomic configuration, and
taking the directional average we obtain

T, = (wi2/24N1c®)(M,/ w)? f(L - 1), (55)

which shows that I', and inverse relaxation time 1‘;‘ of
the scattering of phonons by mass defect is proportional
to fourth power’® of the phonon frequency w, and the
square of the mass change M’ —M.%

With Eq. (65), for small w,, the expression (51) for
the thermal conductivity diverges. The divergence, as
is evident, arises because we consider an infinite har-
monic erystal and elastic processes do not lead to the
energy dissipation. To avoid this difficulty, one should
consider scattering processes in a pure crystal using
the Mathiessen rule® which states that different scat-
tering mechanisms (boundary, Umklapp scattering,
etc.) give additive contribution to 7;'. 7;'is therefore
replaced by 7}, = 7' +7;', where 7;' is the reciprocal
relaxation time for pure crystal due to Umklapp pro-
cesses and scattering by boundaries and uncontrolled
impurities.
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The nondiagonal part of the thermal conductivity K
can be obtained similarly by substituting the values of
G'(w) and G"(w) from Eqs. (35) and (36), respectively,
into Eq. (49). The result is

Ko = @2k B /30T w0y ¥, -V | Cl= 2, R)]?

X [~ dwletr= /(e = 12](P{(w - w,) (w = wp )T, (0T (w)
rlPlo- 0w =€, (@)]6(w = w,, )T, (w)

+Pw = wy) o ~€,(0)]6{w ~ w )T, (w)

+1lw =€, (w)][w €, (w)]6(w = ©,)6(w - w,)})

/l(w — ey (@)P + T2(w)][(w -6, (W) + T2 ()]}
+.l, (56)

where the dots represent the contributions arising from
higher-order Green’s functions in the expansion (33).
Fore,=¢,, I,=T,, w,=w, (k#k’), the above expression
is simplified to

, _Arcksf ,
Bona ::_?QB_;Z‘; W,y ¥,V [ Cl= R, R) |2
A 1 - a2

(Fhee-1F [ 2827, (a2 +T2P

AZ
+1f5(wk—w”y)'(-6—‘:+—;_,§?'] . 67)
The nondiagonal contribution K¢ to the thermal con-
ductivity arising from two-creation and two-annihilation

correlation functions is given by Eq. {47). Substituting
the values of the Green’s functions H,,. and &, from
Eqs. (44a) and (44b), this contribution turns out to be
equal to zero. In the higher-order approximation of the
Green’s functions, this is negligibly small. This is no
longer small in the case of superconductors because of
the law of conservation of momentum. Thus for normal
matter the contribution of the diagonal part of the energy
flux operator to the thermal conductivity is given by
Eqs. (50) and (57).

We come finally to the nondiagonal contribution K| to
the thermal conductivity due to the nondiagonal term in
the energy flux operator. If we make use of Egs. (14),
(16), (17), {44c), (44d), and (44e), we see that the ex-
pression for K, can be written in the form

K,=K!+K", (58)
where
1== (ﬁ2k5ﬁ2/39n)t§‘ E};ai Wis@iys Vs * Vigsys
X [ do[e /(@ = 1P )0y, 0py Ty (@) (@)
% Opapy 5810551
[(w* = & (P + ][ - ¢2, (@) + 7%, )]’ 59)
59

where 7, (w) is given by Eq. {(41) and

@2, (w) = w}, + &, ().
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Using the symmetry relations v, ==V, .. and w,,
=w_,, the above equation becomes

, ;[2 Ba ’ © eanw
K= 3;’# él\a‘ wzuwis,vzus,'/:ﬂ dww
% ﬂg,(w)'fhs' (w) )
(o = &2, ()P + 72, (W (? = @2, () + 7, ()]
(60)
Similarly, the expression for K1 is given by
" ;ﬁk ! * esh “
K1 - —38-_%,—62—&, wksw,s,vkss,- vks's'/_; dw wzm

X nks(w)nks' (w) (61)
[ = @, (WP + 7 ()][(w? - 2. (P + 7, ()]

Equations (50), (57), (60), and (61) give the expres-
gion for the thermal conductivity of a cubic Bravais
crystal containing isotopic impurities. Even in the
diagonal approximation for the energy flux operator, the
total thermal conductivity can be expressed as the sum
of two contributions, namely, diagonal and nondiagonal
ones. The relaxation time of the former in the case of
small half-width of phonons is approximately propor-
tional to the fourth power of the phonon frequency and is
similar to what Klemens® has obtained using the Boltz~
mann equation. Under the approximation mentioned
earlier, the nondiagenal contribution K, [Eq. (57)] de-
pends upon A;% and (2T,)"* and will thus be much smaller
as compared to the diagonal one. Expressions (60) and
(61) show that the nondiagonal contribution K, from the
nondiagonal part of the energy flux operator comes from
modes with different polarizations. Further the con-
tribution K, depends on higher order concentration of
impurities than K,. At temperatures which are so small
that only those phonons which suffer negligible impurity
scattering are excited, the diagonal contribution (50)
gives a reasonable approximation to conductivity of
crystals which contain impurities. At high temperatures,
the full form should be used. Hardy,?* using a classical
treatment, has argued that the nondiagonal energy flux
operator is made up of oscillating terms whose frequen-
cies are the sum and difference of the frequencies of
different branches and will give negligible contribution
to thermal conductivity compared to diagonal one when
averaged over a long period of time. The present work
and the earlier study?® show that their contribution is
finite, though expected to be much smaller than diagonal
contribution.

The present study shows that from the Kubo formula
using the double-time Green’s function technique, the
thermal conductivity due to isotopic mass scattering can
easily be obtained. Further the relaxation time of the
phonon scattering by impurities can be estimated much
more accurately than from the simple Boltzmann trans-
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port equation. It may be emphasized that the results
obtained in this paper differ from that of the conventional
theory based on the Peierls transport equation since

the latter makes no provision for the nondiagonal con-
tribution to energy flux operator.
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The two-dimensional complex sphere S} +5% +5% =S? forms a homogeneous space under the
SL(2,C) group. The little group of a point in this space is the SO(2,C) group or the horospheric
group T(2), according to whether S # 0 or § =0. Deformation of the SO(2,C) group into T(2)

is investigated and is demonstrated on unitary representations. This deformation is a counterpart to
that of the little groups SO(3) or SO(2,1) into E(2). We conclude with a formula relating the
matrix elements of unitary representations of the SL(2,C) group in SO(2) X SO(1,1) =S0(2,0)

basis to those in horospheric basis.

It is well known that horospheric subgroups, as well
as horospheres themselves, play an important role in
the representation theory of the SL(2,C) group. A
horosphere in a homogeneous space is the orbit of a
point under the subgroup of the form (}%) (or any conju-
gate subgroup).! The mathematical significance of
horospheres lies, among other things, in the existence
of horospheric integral transformations, since by means
of these we can associate with each function defined
over a space T, homogeneous under the SL(2, C) group,
another function defined over the manifold of horo-
spheres. This reversible integral transformation pro-
vides an opportunity to investigate functions defined
over the manifold of horospheres Z, instead of the func-
tions defined over the homogeneous space ¥. This con-
siderably simplifies the problem of, say, finding func-
tions on ¥ that transform according to unitary irreduci-
ble representations, since the functions in question,
generally speaking, assume a much simpler form on
Z,. The difficulties are in this way shifted to the subse-
quent integration accomplishing the inverse horospheric
transformation.

The two-dimensional complex sphere Z investigated
in the present paper furnishes a good instance of this.
As it will be shown, vectors on the complex sphere of
zero radius Z, can be associated with the horospheres
situated on Z. The space I, is equivalent to the space
of spinors z,, z,, in the sense that they are both quotient
spaces SL(2,C)/H with respect to the same, so-called
horospheric subgroup H. It is well known that in the
space of spinors, functions transforming according to
irreducible unitary representations in any basis assume
a rather simple form. Actually, the facts mentioned
above render it possible for the representation theory of
the SL(2,C) group to be built up on spinors in a relative-
ly simple way.® All more specific problems, such as
the search for spherical functions in certain homoge -
neous spaces, the evaluation of matrix elements of
representations in different bases, etc., reduce to
performing an inverse horospheric transformation. (In
many cases this is done implicitly, when the matrix
elements of representations are expressed in terms of
integrations over the spinor space.) Even if, in a parti-
cular case, this does not prove to be a simple task, and
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even if an integration is not the simplest way of evalua-
tion, at any rate the method concentrates the difficulties
where they are in fact present.

The subject of the present paper is the deformation of
the SO(2, C) subgroup of the SL(2, C) group into T(2),
the horospheric subgroup. As is known, the little group
of a point on the two-sheeted (one-sheeted) real hyper-
boloid is the SO(3) [SO(2,1)] group, which can be con-
tinuously deformed into E(2), the little group of the
light cone.®® The subgroups SO(2,C) and T(2) arise
when studying the two-dimensional complex sphere
SZ+S2+S7=S2, homogeneous under the SL(2,C) group.
It will be shown that if S# 0, the little group of a certain
fixed point on the complex sphere is the SO(2, C) group,
consisting of matrices of the form ($%-1). On the other
hand, the little group of a point on the complex sphere
of zero radius, S?+S7 +8¢=0, is the horospheric sub-
group (35) isomorphic to 7(2), the group of Euclidean
translations in two dimensions. Deformation of the
SO(2, C) group into the T(2) group will be accomplished
by considering the little group of a point on a complex
sphere with a radius depending on a real parameter 7,
which is introduced in such a way that the radius of the
complex sphere should tend to zero in the limit 7 — .,

Orbits arising under the little group obtained for
arbitrary values of the deformation parameter 7 can be
investigated in any space homogeneous under the
SL(2, C) group. Here we are concerned only with the
orbits produced by the above little group on the two-
dimensional complex sphere of nonzero radius. It is
found that these orbits are determined by the intersec-
tions of the sphere with complex planes having a normal
vector of length tending to zero in the limit of the horo-
spheric subgroup. Thus, the vectors of the complex
sphere of zero radius can be associated with the horo-
spheres, and vice versa.

To be strict, the above planes become undefined when
the horospheres degenerate into complex straight lines.
These are the horospheres of the second kind, consist-
ing of straight generators of the complex sphere. The

Copyright © 1973 American institute of Physics 654
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FIG. 1. Illustration of orbits on the complex sphere Z. The or~
bit on the complex sphere Z under the little group Hi(¢) is sit-
uated on the intersection of the complex sphere X and a com-
plex plane with a normal vector N,. In the limit 7—« the orbit
approaches the horosphere, which cannot be visualized so sim-
ply, since in this case the normal becomes a complex vector of
zero length (i.e., N%=0, though N, =0).

existence of horospheres of the second kind is well
known for the one-sheeted real hyperboloid,® and their
appearance in the present case is not surprising, since
the one -sheeted hyperboloid forms a subspace of the
complex sphere.

In the last section the process of deformation is
demonstrated on unitary representations. It is shown
how the spherical functions defined on the familiar
¢(z, z*) space, given in SO(2, C) basis, can be deformed
continuously into the spherical functions, in 7(2) basis,
by tending the deformation parameter 7 to infinity. The
deformation formula obtained is a counterpart to the
Wigner —Inonu contraction of the SO(3) [S0O(2,1)] group
into the E(2) group.?® We conclude with a formula relating
the matrix elements of unitary representations of the
SL(2,C) group in SO(2, C) basis to those in horospheric
basis by means of a deformation process.

. LITTLE GROUPS ON THE COMPLEX SPHERE
OF ZERO AND NONZERO RADIUS

Homogeneous spaces are useful tools in representa-
tion theory, because by embedding a homogeneous space
into the group G one obtains, on one hand, a subgroup
H as a little group of a point of the homogeneous space
and, on the other, an arrangement of the group into
cosets with respect to the subgroup . The most fre-
quently used homogeneous spaces are those of the
hyperboloid family yielding the subgroups SO(3), E(2),
SO(2,1) for SL(2,C). Here we shall investigate the
deformation of the two-dimensional complex rotation
group isomorphic to the two-dimensional real rotation
group with dilatations into the two-dimensional real
rotation group with dilatations into the horospheric
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group isomorphic to the two-dimensional translation
group T(2). To this end a family of homogeneous spaces
should be used the little groups of which are apt for
demonstration of the deformation process.

Since the proper Lorentz group is isomorphic to the
connected part of the three-dimensional complex rota-
tion group, ¢ the two-dimensional complex sphere

SE+S2+S82=8" (1.1)
(hereafter T ) forms a homogeneous space under the
proper Lorentz group, as well as under SL(2,C). The
three -dimensional complex vector 8=(S;, S;, S;), which
is the self-dual part of a Lorentz covariant antisymmet-
ric tensor S,{ @, =0, 1, 2, 3) under ge SL(2,C),
transforms as

S =g8g™, (1.2)
where §=08=0,5, +0,5, +0,5, and the o, stand for the
Pauli matrices.”

We choose a standard vector on T

S,=(0,0,9). (1.3)
Here S is supposed to be nonzero. The little group of
this vector, that is, the subgroup of SL(2,C) satisfying
the condition

S, =H,S,Hy! (1.4)
is clearly of the form
e-iw/z 0
Hy(@) = exp(-ipo,/2) = ) (1.5)
0 egiv/2

where ¢ = ¢, +i@, is a complex angle, with a real part
describing a rotation about the z axis and varying in the
range —-27< ¢, <27, and with an imaginary part de-
scribing a boost along the z axis and varying in the range
- <@, <w, It follows that this group is SO(2, C)

=S0(2) xS0(1,1).

In a similar way, by choosing the standard vector

8.=(S, iS, 0) (5+0) (1.6)
on the complex sphere of zero radius Z,, we arrive at
the horospheric little group isomorphic to the two-
dimensional real Euclidian translation group 7(2)

(cf. Ref. 8):

Ao =eml-igo/D=(3 1Y), .

1
where o,=0, +i0, and ¢ =@, +i@,. In the present case
both ¢, and ¢, vary from —« to «. It is easy to see the
validity of the inverse statement; namely, if the little
group of a three-dimensional complex vector is 7(2)
[S0(2,C)], then it is situated on the complex sphere of
zero (nonzero) radius. Here and throughout this paper
it is supposed that the point S=0 is excluded from Z,
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since this point is itself invariant under SL(2,C) and
thus the homogeneity of =, would be spoiled by including
it.

Consider now the vector
8, =([7/(1+7)]S, [ir/(1+7]S, [1/(1+7)]S) (1.8)

interpolating between 8, and S,. Here T is a real param-
eter describing the deformation varying in the range

0< 7T <oo,

The limits of the vector (1.8) as 7— 0 and 7— = are
8, and S, as given by Eqgs. (1.3) and (1, 6). Since the
length of the vector S,

[(S72)? +(8:2) +(Sp)*]/ 2= S/(1+7) (1.9)

is nonzero for T <, the little group of 8, is a SO(2, C)
group isomorphic to H,. For T— « the little group H,,
as given by Eq. (1.7), is obtained. By making use of
Eqs. (1.2) and (1.8) we get an explicit form of the little
group of S, for an arbitrary value of 7:

HT(cp)zexp< (0'3+TO’ )1_,_1_)

) 1 ¢
_exp(zl_”—z-) 2z-rsm<1+ 2)

0 19
M ST (1.10)
In other words, this is the subgroup satisfying the
equation
H{0)S. H¢)=S$,, (1.11)

with S, given by (1.8). The range of ¢ =¢, +i¢, in this
case is given by the inequalities

=27(l+ 7)< @, <27(1+7), —w<@,<e.

In the next section we proceed to an investigation of or-
bits generated by the above subgroup in the space of
complex vectors. In particular, we are interested in
the orbits as 7,

il. ORBITS ON THE COMPLEX SPHERE

According to Eq. (1.9) the final point of the vector S,
is situated on the complex sphere Zg,(;,, Of radius
S/(1+7), which is nonzero for finite 7 but tends to zero
as T~ «. In either case, S, has the little group as given
by Eq. (1.10).

Let us fix the value of 7 for the time being and see
what little group Hi(¢) is obtained if another standard
vector of the same length is chosen instead of S,. The
answer is trivial, since, as a consequence of the homo-
geneity of Tg, (1., there exists a ge SL(2,C) which
translates 8, into 8}:

=gS.g7 (2.1)
1t follows then from Eq. (1.11) that
HY@)S;H @) = (2.2)
where
HA@)=gH @) g™ (2.3)

It is obvious that H/(¢) is isomorphic to SO(2, C) when
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T <, and isomorphic to 7(2) as T — «.

Now, we are interested in orbits of a complex vector
S under the group (2.3). It is supposed that the final
point of S is situated on a complex sphere Z of nonzero
radius [not to be confused with the sphere Zg, (...
Under the group H!(¢) the vector S describes the orbit

S{@)=H\@)SHp)™. (2.4)

Since H¢) CSL(2, C) the orbit is obviously situated on
the sphere Z. Moreover, it will be verified that the or-
bit lies in a complex plane S (¢)N,=C,=const., where
N, proves to be identical with the S obtained previously
in Eq. (2.1). Indeed, it follows from Egs. (2.3) and
(2.4) that

8.(9)8; =3Tr[S ()8 =3Tr[H@)SH 9)S!]

=1Tr[SH( @) H¢)]=5Tr(85!) =88, =C,=const. (2.5)

According to this equation one can associate with each
orbit generated by the little group H A) a normal vector
S;. The orbit can be given by the homogeneous coordi-
nates (8., C,); nevertheless, apart from the singular
case C,=0, one can normalize C, to 1 by an appropriate
dilatation of S;.

As the above statements are independent of the value
of 7, we can take the limit 7 — «, which produces
horospheres. So, according to (2.3) and (2.4), horo-
spheres on Z are orbits described by the horospheric
subgroup

Hi(p)= ( )(1_“’) (a ﬁ)-l—gng'l (ab-yp=1)

for fixed g. Taking into account Eq. (1.9) and the fact
that transformation (2.1) leaves the length of 8, un-
changed, we get for 77—+

(SZ )2 +(8L,2 +(SL. )2 =0.

Thus, when the SO(2, C) group deforms into the horo-
spheric group as T — «, the normal vector N,=§;
characteristic for the orbits arrives at the complex
sphere of zero radius; that is, N>=8Z=0. Horospheres
of © are therefore determined by the equation SN, =1,
where N2 =0.°

At this point a remark is in order. We did not investi-
gate the question whether, in Eq. (2.5), the normal
vector of the plane of horospheres is unique up to a fac-
tor. From a more detailed investigation, which for the
sake of brevity is left to the reader, the following can be
shown. A single fixed point 8 of the space T is crossed
by a one-parametric manifold of horospheres. These
are second-order curves, which, generally speaking,
unambiguously define a plane with a normal of zero
length, as indicated above. However, in the manifold
of horospheres crossing a fixed point there are two
positions where the horosphere degenerates into a com-
plex straight line. These lines can be given in the form

S.(¢)=A¢ +8, 8.(¢p)=By +8§,
with
A=(A, +iA,, A, —iA, Ay =(S[S/(S+S,)],
=S, S[S,/(S+5)]),
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B= (Bl + iBz, Bx ‘iBz, Ba) = (‘ S[Sf/(S -33)2],
xS, S[S./(S=S,)]), (S+8,#0),

where the usual notation S, =S, +S, is used. Each point
S is thus crossed by two straight horospheres, that are
determined by the position of S alone. These horo-
spheres can be called horospheres of the second kind,
as distinguished from those of the first kind, which are
in one-to-one correspondence with the vectors of the
sphere of zero radius. Having obtained the horospheres
a horosphere transformation between functions on the
complex sphere of nonzero and zero radius could be
defined but the investigation of this problem goes beyond
the scope of present paper.

i1i. DEFORMATION OF UNITARY REPRESENTATIONS

To demonstrate the deformation on unitary representa-
tions, let us consider the linear fractional mapping of
the z plane which is a factor space SL(2,C)/(§ £-1):

2’ =(az +g)/(yz +0).

In the case of the SO(2, C) subgroup given by (1.5) this
reduces to

(3.1)

which is a rotation followed by a dilatation. In a similar
way, the horospheric transformation on the z plane
takes the form of an Euclidian displacement

2'=ez=¢%2¢ 12

z'=z-ip=2z+(p, —ip,).

The interpolating subgroup given by Eq. (1.10)
accomplishes a transformation similar to that of (3.1)
on the displaced z plane, i.e.,

2z +1=expl-ilo/1+T)}(z +7).

For realizing unitary representations the representa-
tion on the familiar ¢(z, z*) functions will be used.*®
Action of an element g=(%8) e SL(2, C) on these func-
tions is defined as

T,0(2)=(=yz + @)% (= y*z* +a*)®

5z -8 §*z* — g* )
(—yz+a’ —y¥*z* + a¥/’ (.2)
where
j=3Ujo=1+i0), k=3(~j,~1+i0). (3.3)

Here j, takes integer and half-integer values, while o
is an arbitrary complex number. In what follows we
restrict ourselves to the principal series of unitary
representations for which o is real. In Eq. (3.2) repre-
sentations are defined by displacement from the left,
which results in the following form of infinitesimal
generators:

. a . a
J+:J1+ZJ2:—6—;, K,:Kl'*lKg:Zkz*—z*zg*-,
St it A K-y e
; ! 2 0z - 1 27T g%
Jo=i 2 Ko— . 0
3—]‘-25;, s==k+z a—; (3.4)

These generators are related to the generators of spa-
tial rotations about kth axis, M, (k=1, 2, 3), and to the
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generators of boosts along kth axis, N,, as J,
z%(Mk +iNk)! KkZ%(Mk - iN,,).

Spherical functions in SO(2, C) basis satisfy the
eigenvalue equations

J3¢;m*(z7 Z*) =m‘P,°m*(2, Z*)}

(3.5)
Kyopmilz, 2¥) =m*@), 42, 2%),
where
m=3(u +iv), m*=3(p-iv), (3.6)

with =0, +3, +1, ... and v continuous. The above
basis is a generalization of finite dimensional spinors
to the unitary case, where m and m* correspond to
undotted and dotted indices of spinors. Unitary spinors
can be successfully applied to the evaluation of matrix
elements of unitary representations of the Lorentz
group, simplifying to a considerable extent the results
obtained in angular momentum basis. 10~

Using the explicit form of the infinitesimal generators
given by Eq. (3.4), the solution of (3.5) can be written
as

00 il 2, 2%) =(27)71 g7 gxeom*, 3.7

The requirement of single-valuedness on the complex

z plane yields the condition 2y =integer, or to be strict,
1 takes integer and half-integer values along with j,.
The functions (3.7) are normalized as

(Poimeks Popmx)

=31 [ d2dz* Q% ,nl2, 2*)* Ponalz, 2%)=8,,0(v" = v).

The horospheric group as given by Eq. (1.7) is
generated by the Hermitian generators M, — N, and
M, + N, or—equivalently —by the non-Hermitian genera-
tors J, and K_. In this basis spherical functions are
solutions of the eigenvalue equations

I Qmailz, 2%) =moy W2, 2%),
(3.8)

K @n,2,2%) =m*o], (2, 2*),

where m, m* are again written in the form (3. 6) but now,
due to the infinite range of the parameters ¢, and ¢,,
both u and v take continuous values.

The solution of (3. 8) assumes the form of two-
dimensional “plane waves”
Oz, 2%) =(2m) " exp(—mz +m*z*), (3.9)
In the present case the normalization assumes the form
(@mmrs Ommx) = 01" = 1) 8(v" = v).

In the case of the interpolating subgroup (1.10) the
eigenvalue equation reads

{A+7)1 g, +[7/(0+ 1)} 0F a2, 2%) = mg],  4(2, 2%),
(3.10)
{1+ 1)K, +[1/Q+ DK } ol x(2, 2%) =m*@7, x(2, 2*).
Solutions are as follows:
Prmi(z, 2%)

= (2m) . (m)(z +7) T (g% + )R (3.11)

2
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where

nm)=explilvtinT + (v ~ ) In(1+ DA+ 7). (3.12)

The parameters ¢, v were defined in Egqs. (3.3) and
(3.6).

Functions (3.11) have a branch point at z= -7. The
requirement of single-valuedness yields the quantization
(14 7) = integer or half-integer along with j,. As 7
grows this quantization imposes a weaker and weaker
condition on u, which is supposed to be fixed, until in
the limit 7 —~ », @ becomes continuous. Functions (3.11)
are normalized as

((P:"'""*’ Qa;m*)‘—‘ Ar(“,s “-) 6(7).' - V),

with

8, if7=0,

=Sl -]

(1+7)6,, if0<T<w,
6(“’ —#) if 7T— o0

Here the quantization of u has been taken into account.
It is easy to verify that spherical functions ¢]
approach those given in SO(2, C) [T(2)] basis as

7T— 0 (17— ); that is

U@ (2, 2%) = (2m) g/ gbom
and
LUme7 (2, 2%) =@71) exp(—mz +m*z*).

The phase factor in Eq. (3.12) was chosen to fit the
phases of (3.7) and (3.9) at 7—0 and 7 — .

It is deduced from (3.11) that “plane waves” of horo-
spheric basis (3.9) can be obtained from spherical func-
tions given in unitary spinor basis by means of the
following deformation procedure. Labels m and m* are
to be substituted by m.=m(1 +7) and m*=m*(1 +7), re-
spectively. Afterwards, a horospheric displacement is
to be performed by the special element z,=(} 7) as in-
dicated by (3.2). Then, following a multiplication by the
phase 7,(m), spherical functions ¢}, «(z,z*) are obtained
by means of the limit 7— «:

Prmx(2, 2%) =Lmn (m)T, ¢ 42, 2%), (3.13)
i.e.,
(2mtexp(=mz +m*z*) = l‘rigl'r]f(m)T,,T(Z’lI)'l Zi My gkhem¥
This limit is a counterpart to the Wigner —Inonu con-

traction of Legendre polynomials into Bessel functions.?
It permits us to relate matrix elements of unitary re-
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presentations of the SL(2, C) group in horospheric basis
to those given in SO(2, C) basis by means of a deforma-
tion. Owing to the unitarity of the operator Th.,.’ we ob-
tain from Eq. (3.13)

(¢:t’m’*’ Tg(p:m*) = lﬁﬁ!ﬂr(m')*ﬂv(m)(ThfP?u;, Tg T"1¢?n7)’

= 1}}?.}777(7”')*11,(’”)(99?"',: T,',: T, T,,Tq)?" )

T
=Hmn(m Y (m)(@5,, T, 05.),

where g< SL(2,C) and g, =h;'gh,. Action of T,, the
representation of the SL(2, C) group, on functions

¢@(z, 2*) is given by Eq. (3.2). The principal series of
unitary representations of the SL(2, C) group is known in
unitary spinor basis,! i.e., the matrix elements

(@3, T,9%) are expressed in terms of special functions.
With the aid of the above formula the matrix elements
of unitary representations of the SL(2, C) group can be
obtained in the basis defined by the horosheric subgroup

18,
01
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Lattice Green’s function for the diced lattice

T. Horiguchi and C. C. Chen

Department of Physics, Ohio University, Athens, Ohio 45701
(Received 14 January 1974)

It is shown that the lattice Green’s function for the diced lattice is expressed in terms of the one for
the triangular lattice. The distribution function of the squared frequency is shown by a graph and

compared with the one for the honeycomb Iattice.

The frequency distribution function for the honeycomb
lattice was obtained by Hobson and Nierenberg! and by
Huckaby.? The frequency distribution function is related
to the imaginary part of the lattice Green’s function at
the origin. The lattice Green’s function® for the honey-
comb lattice was shown to be expressed in terms of the
one for the triangular lattice which was exactly solved
in terms of the complete elliptic integrals of the first
and second kind at an arbitrary lattice site.* The ar-
rangement of lattice sites in the diced lattice, the net-
work of which is shown in Fig. 1, is the same as that
of the triangular lattice, but the path of the interaction
among the lattice sites is rather similar to the one for
the honeycomb lattice. In this short note, the lattice
Green’s function for the diced lattice is shown to be
expressed in terms of the one for the triangular lattice.

As shown in Fig. 1, the three kinds of the sublattices
are introduced. Each of them constitutes a triangular
lattice. When the initial lattice site belongs to the sub-
lattice o (a takes one of A, B, or C sublattice) the
lattice Green’s function is the solution of the following
set of three difference equations:

tGA%(la, mb) ~ {[GB*(la+ a, mb + b) + GB*(la~ a, mb + b)
+ GB%(la, mb - 2b)]
- (v/2)[G°*(la+ a, mb - b)
+ GC(lg - a, mb - b) + G°2(la, mb + 2b)]
=8,,00m,004,0 (1)
t GB*(la, mb) - [GA%(la+ a,mb = b) + GA®* (la— a, mb - b)
+ GA%(la, mb + 2b)]
=8,,0 81n,005,0 (2)

m,0

tGC(la, mb) - (v/2)[GA%(la+ a, mb + b) + GA%(la ~ a, mb + b)

+ GA2(la, mb — 2b)]
::61,06"1,050,:1’ (3)

where la=(r, - r,), and mb=(r,~r,),, and r; and r,
are the initial and final lattice sites, respectively. a

=+v3 /2 and b=1/2 if the nearest neighbor distance is
chosen to be equal to 1. y is the interaction parameter
between A and C sublattices when the one between A and
B sublattices is put equal to 1. ¢ is the parameter cor-

responding to the squared frequency in the lattice vibra-

tion or to the energy of the electron in the tight binding
approximation. ¢ is assumed to be a complex variable
in this note. The solution of these difference equations
under the boundary condition that G*%la, mb) is equal
to zero as I + m? tends to infinity, is satisfied by a
certain complicated integral. From that integral, one
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can see that the parameters a and 5 may be deleted
without loss of generality; we use the notation G*%(7, m)
instead of G*%(la, mb).

After manipulating the integral obtained from Eqs.
(1)—(3), we arrive at the following expressions:

21 m
AA —— . —_—
GM(t,m)= 13 Gfr 1, ) @
Y? 2t m
GBB(l, m): _——t(l +'}’2) 5,,0 6m,0+ m@(‘r; l, ?>;
(5)
1 2t y? m
cc, o —— —— . ——
G (l’m)'_ t(l +’)’2) 6l,() 6m,0+ (1+,},2)2 Gt(Ta l’ 3 ),
(6)

G42(1,m) = 7= (G A+ 1, d0m + 1)

+G (T3l =1, 3(m + 1))+ G (731, $(m - 2))],

("
GB4(1, m)=GAB(~1, - m), (8)

GAC(l, m)=yGP4(l,m), 9

FIG. 1. The network of the diced lattice.

Copyright © 1974 American Institute of Physics 659



660 T. Horiguchi and C.C. Chen: The diced lattice

T
1
1
]
'
1
- .
'
1
1
1
1
1

- 1 i ~

v
1

o ls)
T
‘\
\
/
/

R S |

L

FIG. 2. The distribution functions of the squared frequency
for the diced lattice (solid line) and for the honeycomb lattice
(dotted line).

GCA(l’m)___GAC(_ l: ""m)’ (10)

GBC(l, m) = GAml+2, H{m=-2))

—r
2t(1 + v?)
+2G,(1;l+1, §{m+1))

+G Tl 3m+4)+2G,(7;l, 3{m~-2))
+2G (7l -1, 3(m+1))

+G[(T;l-2, 3(m=2))}, (11)

GCB(l)m):GVBC(_ l, _m), (12)

where 7=[4 - 3(1+9%)]/2(1 +9?). G(7;l,m) is the lat-
tice Green’s function for the triangular lattice which is
given by

G,(r;l,m):—lz—f dx/ &) c‘;Sl"§°S”” :
™ o A T—=COS4X — 4COSXCOSY

(13)

G (71, m) is known to be expressed in terms of the com-
plete elliptic integrals of the first and second kinds at
an arbitrary lattice site.* Then the lattice Green’s
function for the diced lattice at an arbitrary lattice site
can be obtained from the knowledge of that for the
triangular lattice. These expressions (4)—(12) can be
reduced to the ones for the honeycomb lattice by

putting v =0,

When t=s — i€ where € is an infinitesimal positive
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number, the distribution function of the squared
frequency is obtained by

pls)= - Im[GA4(0,0) + G®2(0,0) + G°°(0,0)]  (14)
4s
-WImG,(T, 0,0). (15)

For y =1, p(s) is simply expressed in terms of the
complete elliptic integral of the first kind as follows:

81/228/4 1
TK'(E) for 1/\/2_S|s‘s3/‘/2_’ (16)
p(s)=
S&r k;
3172(1+k§)1/2 K<(1+k§)”2) for 0 < |s| <1/\/2T,
(1m
where
4. 21/4‘ Sl/a
k= (21/28_1)T/2(21—fzs+3)m s (18)
4.91/4,g1/2
k]——— (1_21/28)3/2(21/23+3)T[2, (19)
8 (20)

&= (1- 2 72)e T2 (21 2g + 3)1 72"

The curve for the distribution function of the squared
frequency for the diced lattice with y=1 is shown in
Fig. 2 together with the one for the honeycomb lattice.
When the sublattice C is incorporated into the sublattice
B, the diced lattice is then composed of the two sub-
lattices A and B, and the interactions exist only between
the lattice sites belonging to different sublattices. Thus
the diced lattice is one of the “alternating lattice. ”®
The symmetry properties of the lattice Green’s function
for the alternating lattice have been studied in Ref. 5
and p(s)=p(-s) is given as their special case.

13, P. Hobson and W. A, Nierenberg, Phys. Rev. 89, 662
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’D. A. Huckaby, J. Chem. Phys. 56, 198 (1972).

3s, Katsura et al., J. Math, Phys. 12, 892 (1971).

4T, Horiguchi, J. Math, Phys, 138, 1411 (1972).

5T, Morita and T. Horiguchi, J. Math. Phys. 13, 1243
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Errata: Elastic general relativistic systems [J. Math. Phys. 13,

1934 (1972)]

E. N. Glass
Princeton University, Princeton, New Jersey 08540

J. Winicour

University of Pittsburgh, Pittsburgh, Pennsylvania 15260
(Received 19 February 1974)

Add the term - P, S to the right-hand sides of Eqgs.
(2.11), (3.25), (4.25), and (4.26).

On the left-hand side of Eq. (A14), add the term

pa*S and delete — P*#S, 64 from the last term.

These corrections do not alter the fundamental theory
or any major results, but they do modify the equations
of motion,

Errata: A geometric generalization of Hooke's law [J. Math. Phys.

14, 1285 (1973)]

E. N. Glass
Princeton University, Princeton, New Jersey 08540

J. Winicour

University of Pittsburgh, Pittsburgh, Pennsylvania 15260
(Received 19 February 1974)

Equation (3. 20) should read

TY =DT' +g'/% Cikip, | (8.20)

where the Cauchy stress tensor density T is defined
in Eq. (3.18). The change in Hook’s law from tensors
to tensor densities adds the term —P#/£* , to the right
hand sides of Eqs. (3.23) and (3.24). As a check on
these equations, note that (P*/ - P¥)y, . is an exact dif-

ferential in accord with the first law of thermodynamics.

The relationship between the perturbed stress tensor
and tensor density below Eq. (3.25) should read

T = g1/2 pii,

661 J. Math. Phys., Vol. 15, No. 5, May 1974

since the deformation leaves the underlying geometry
unchanged.

On the right-hand side of Eq. (4.6), the second term
should read P*¢*,,. and the term B'£*,, should be added.

Delete the second term on the right-hand side of Eq.
(4.7). Equation (4.9) should read

pEi=[CY¥ ., ], = PEN,. (4.9)

On the right-hand side of Eq. (4.13), delete 6! from
the third term and delete the fourth term.

Equation (4.14) should read

PO =(\ +24 - P)V?0 - P, (07} + V3¢i), (4.14)

Copyright © 1974 American Institute of Physics 661



Erratum and Addendum: Unidirectional energy transfer
in nonlinear wave-wave interactions

[J. Math. Phys. 14, 911 (1973)]

P. K. C. Wang

School of Engineering and Applied Science, University of California, Los Angeles, California

(Received 27 November 1973)

It was brought to my attention by Professor L. Stenflo
that the coupling coefficient uf [Eq. (34)] as given in
Ref.9 is in error. Consequently, the implications of
condition (9) for unidirectional energy transfer in the
magnetized electron plasma under consideration are
altered. The correct expression for u’g is given by

jhauPwiwy  [ky — w(Soko/wy — Siky/w,)]
8Nowd  [(wy — $0)2 + Sjw,w2/20,]

“:) = (1 + S()Sl)

Straiihtforward calculations show that for S =S, =1,

Refufp,f < 0 for all i = k except Re{uip,} = Re{u’;pll}
2> 0. Therefore, for right-hand polarized transverse
waves condition (9) is not satisfied. For the case
where S, =S, =— 1,it can be readily deduced that
() Refupu;} >0 forj=1,2if
sgn[(w; + w,.)2 — w,w¥/ 2w,]
=— sgn[(wgy + w,)2 — wcwg/ZwO];
(i) Refuip} >0 j=0,1,2if

wolwy + )2 < ww3/2 < wy(w; + w,)2.

(45)

fori =12,
(46)

Thus, condition (9) for unidirectional energy transfer is
satisfied under condition (45) or (46). However, in view
of the propagation condition for left-hand polarized
transverse electromagnetic waves in a magnetized
electron plasma given by

wilw; +w,)>w?,  j=0,1, (41
it is evident that (47) is not compatible with (45) or (46)
for positive w, and w;.

In the sequel, we shall give examples of plasmas for
which condition (9) has a simple interpretation. First,
consider the nonlinear interaction of three longitudinal
electromagnetic waves (w, k,),7 =0, 1, 2, in a magne-
tized collisionless plasma. Using the linearized Vlasov
equation, Stenflo12 gshowed that under the matching con-
ditions k, =k, — #, and w, = wy— w,, the equations
governing the complex wave amplitudes have the form
(1) with coupling coefficients u, given by

-1
(wl,kl)> ’

de -1 de
o2l el
Ko L\ 7, \(Wo'ko) H1 AP

S ,<6€x )"1 (48)
- ’
2 \Now 1y, 0
where
q2 aF,/ dv
€ (w k) =1+ f o/ vy dv,
€gmbk (w—kv,) (49)
q3 dF, [ 2 -1
C;,=— ——( w.—k‘v,> dv
L €0m3 a’l)x i:O( i i x) ’

where F = F,(v,,v2 + v2) is the equilibrium velocity
distribution function.

For the zeroth wave, condition (9) requires
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de de -1
Re{ufu =—Cz[< ud >< x )] = 0,
Wonat P\ ow {(wo.ko) dw l(wl,kl)
de o€ -1
Ref{u} =cz[( £ >< = ):‘ > 0.
elWohs! L\ dw ’(wo,ko) ow |(u)2.k2)

Clearly, (50) is satisfied with strict inequalities if and

only if
e lepu) =G ) == G )
sgn = sgn|{— =— sgn{—— .
(woskg) 0w (uy,ky 0w ' (wy, k)
(51)

ow
Moreover, (50) cannot be satisfied if all the waves have
positive or negative energy. But if the zeroth and
second waves have positive energy and the first wave
has negative energy, then condition (9) or (50) is satis-
fied. In this case, if 7y(a,;) = Re{uhak(0)a;(0)a,(0)} = 0,
then n,(a(t)) = 0 for all / > 0 implying that the zeroth
wave gains energy at all time. On the other hand, if the
first wave has positive energy and the remaining waves
have negative energy, then the zeroth wave loses energy
at all time provided that 7,(a,) = 0. Analogous results
can be also established for the first and second waves.

(50)

In a similar way, we can derive conditions for the
unidirectional wave-energy transfer in the nonlinear
interaction of two transverse waves (w, %), (wy, %)
(with same polarization) and a longitudinal wave (w,, &,)
in a magnetized collisionless electron plasma. For
this case, the coupling coefficients p; are given by12

By = w%ciz 1/gi(‘-'-’0: ko) Hq = w%ctzl/gi(w 1%1),

. €, -1 (52)
pe == 2Ch{—— )
w (wz,kz)
where
{w2e?) )
g*(wi,ki) = —a—w—" (wi.ki)’ 1= 0, 1. (53)

The explicit expressions for €* and C%, are given in Ref.
12. By direct computation, it can be deduced that for the
zeroth wave, condition (9) is satisfied with strict in-
equalities if and only if
)
(‘"o kg (54)

Thus, condition (9) can be interpreted again in terms of
the signs of the wave energy as in the case of three
longitudinal waves.

€x

sgn[g*(wq, k)] = sgn[g*(w,, k)] =— sgn ( ™
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